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ASME  1992  Nadai  Lecture— 
Micromechanics  of  Inelastic 
Composite  Materials:  Theory  and 
Experiment 

Some  recent  theoretical  and  experimental  results  on  modeling  of  the  inelastic  behavior 
of  composite  materials  are  reviewed.  The  transformation  field  analysis  method 
(G.  J.  Dvorak,  Proc.  R.  Soc.  London,  Series  A43 7,  1992,  pp.  311-327)  is  a  general 
procedure  for  evaluation  of  local fields  and  overall  response  in  representative  volumes 
of  multiphase  materials  subjected  to  external  thermomechanical  loads  and  trans¬ 
formations  in  the  phases.  Applications  are  presented  for  systems  with  elastic-plastic 
and  viscoelastic  constituents.  The  Kroner-Budiansky-  Wu  and  the  Hill  self-consistent 
models  are  corrected  to  conform  with  the  generalized  Levin  formula.  Recent  ex¬ 
perimental  measurements  of  yield  surfaces  and  plastic  strains  on  thin- walled  boron- 
aluminum  composite  tubes  are  interpreted  with  several  micromechanical  models. 
The  comparisons  show  that  unit  cell  models  can  provide  reasonably  accurate  pre¬ 
dictions  of  the  observed  plastic  strains,  while  models  relying  on  normality  of  the 
plastic  strain  increment  vector  to  a  single  overall  yield  surface  may  not  capture  the 
essential  features  of  the  inelastic  deformation  process. 


George  J,  Dvorak 

Dr.  Dvorak  was  born  and  educated  in  Prague,  Czechoslo¬ 
vakia.  In  1964  he  joined  the  solid  mechanics  group  at  Brown 
University,  where  he  studied  with  D.  C.  Drucker.  His  initial 
research  interests  were  in  modeling  of  mechanisms  of  fracture 
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in  metals.  He  started  to  work  in  mechanics  of  composite  ma¬ 
terials  in  the  late  1960’s.  In  this  field,  he  developed  several 
theoretical  models  of  plasticity  of  composite  materials,  applied 
them  to  problems  in  fatigue  and  fracture  of  fibrous  metal 
matrix  laminates,  and  directed  experimental  studies  to  support 
predictions  of  the  theoretical  models.  His  other  interests  in¬ 
clude  damage  development  in  brittle  and  ductile  systems,  ther¬ 
mal  stresses  and  heat  conduction  in  coated  fiber  composites, 
and  modeling  of  fabrication  processes  in  ductile  intermetallic 
matrix  composites.  Among  his  significant  recent  achievements 
is  the  formulation  of  the  uniform  field  technique  for  hetero¬ 
geneous  solids,  the  transformation  field  method  described,  in 
part,  in  the  Nadai  Award  Paper.  He  is  also  credited  with  finding 
many  exact  results  in  micromechanics,  and  with  correcting 
some  errors  in  heuristic  micromechanical  models.  After  hold¬ 
ing  teaching  positions  at  Duke  University  and  The  University 
of  Utah,  Dr.  Dvorak  is  now  Head  of  the  Civil  and  Environ¬ 
mental  Engineering  Department  at  Rensselaer,  where  he  also 
directs  an  ARPA/ONR  sponsored  URI  project  on  mechanism- 
based  design  of  high-temperature  composite  materials. 

George  J.  Weng 

1  Introduction 

This  paper  provides  a  brief  summary  of  some  recent  results 
in  inelastic  analysis  of  heterogeneous  media  and  composite 
materials.  Both  theoretical  and  experimental  aspects  are  ex¬ 
plored.  In  the  theoretical  part,  we  discuss  the  transformation 
field  analysis  method  for  incremental  solution  of  thermome¬ 
chanical  loading  and  eigenstrain  problems,  which  was  recently 
introduced  by  Dvorak  (1991,  1992).  When  used  with  a  selected 
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micromechanical  model,  the  analysis  provides  piecewise  uni¬ 
form  approximations  of  the  instantaneous  local  strain  and 
stress  fields  in  the  phases,  and  estimates  of  the  overall  instan¬ 
taneous  thermomechanical  properties  of  representative  vol¬ 
umes  of  composite  materials  consisting  of  elastic-plastic, 
viscoelastic,  or  viscoplastic  phases.  The  method  incorporates 
many  of  the  currently  used  approaches  to  problems  of  this 
kind  as  special  cases,  this  is  shown  for  unit  cell  models,  the 
Mori-Tanaka  and  the  self-consistent  methods,  as  well  as  for 
other  methods  that  utilize  the  Eshelby  solution.  The  experi¬ 
mental  part  focuses  on  detection  of  yield  surfaces  and  plastic 
strains  in  unidirectionally  reinforced  boron-aluminum  tubes 
subjected  to  incremental  loading  in  axial  tension,  torsion  and 
internal  pressure.  Interpretation  of  the  experimental  results 
with  several  theoretical  models  shows  that  the  observed  shape 
and  position  of  the  yield  surfaces  is  well  predicted  by  the 
bimodal  plasticity  theory  of  Dvorak  and  Bahei-El-Din  (1987), 
and  the  plastic  strains  are  reasonably  well  approximated  by 
the  periodic  hexagonal  array  unit  cell  model  of  Teply  and 
Dvorak  (1988).  The  experimentally  found  overall  yield  surface 
is  shown  to  be  a  locus  of  yield  vertices,  where  the  plastic  strain 
increments  are  confined  within  a  cone  of  normals.  Therefore, 
theories  based  on  normality  to  a  single  yield  surface  are  bound 
to  be  of  little  value  in  predicting  the  observed  response. 

Section  2  contains  definitions  of  local  and  overall  properties 
and  of  the  eigenstress  and  eigenstrain  influence  functions  and 
concentration  factors  that  form  a  foundation  for  the  trans¬ 
formation  analysis  of  micromechanical  models.  Section  3  shows 
the  formulation  leading  to  the  governing  equations  for  local 
stress  and  strain  fields  in  composites  with  elastic-plastic  and 
viscoelastic  phases.  Section  4  discusses  corrections  of  certain 
shortcomings  in  the  Kroner-Budiansky-Wu  (KBW),  and  Hill 
(1965)  self-consistent  models  that  are  indicated  by  the  for¬ 
mulation  of  the  transformation  method.  Section  5  surveys  the 
bimodal  theory  and  the  periodic  hexagonal  array  model  that 
are  used  in  §6  to  interpret  the  experimental  results. 

The  notation  used  is  fashioned  after  that  introduced  by  Hill 
(1963);  (6x  1)  vectors  are  denoted  by  boldface  lower  case  Ro¬ 
man  or  Greek  letters  (6x6)  matrices  by  boldface  uppercase 
Roman  letters,  and  =  A'^A  =  I,  if  the  inverse  exists. 

Scalars  are  denoted  by  lightface  letters.  Script  characters  are 
reserved  for  quantities  that  change  during  deformation.  Vol¬ 
ume  averages  of  fields  in  such  as  A^x)  or  e^x)  or  of  a(x) 
in  V  are  denoted  by  A^,  €r  or  a. 


2  Overall  and  Local  Fields 

Consider  a  representative  volume  K  of  a  heterogeneous  me¬ 
dium  of  any  microgeometry,  e.g.,  that  found  in  a  polycrystal, 
fiber  or  particulate  composite,  or  laminated  plate  or  shell.  The 
medium  consists  of  two  or  more  perfectly  bonded  homoge¬ 
neous  or  homogenized  elastic  phases  residing  in  several  local 
volumes  Vr(r  ^  1,  2,  ...  TV”),  none  containing  more  than  one 
phase.  The  geometry  of  the  heterogeneous  microstructure  is 
given  or  assumed  to  be  represented  by  a  certain  microme¬ 
chanical  model,  such  as  a  unit  cell  model  of  a  periodic  or 
random  microstructure,  or  the  self-consistent  and  Mori-Tan¬ 
aka  models.  In  the  SCM  or  M-T  models,  kV  would  refer  to 
usually  ellipsoidal  inhomogeneities  of  one  phase.  In  the  unit 
cell  models  of  composites  or  polycrystals,  and  in  several  models 
of  laminated  plates  or  shells  which  regard  the  composite  struc¬ 
ture  as  consisting  of  homogeneous  layers  with  certain  effective 
properties,  the  local  fields  are  typically  found  with  the  finite 
element  method-  In  such  models,  Vr  would  designate  a  single 
constant  strain  element,  or  a  volume  associated  with  an  in¬ 
tegration  point  in  a  higher  order  element. 

At  any  given  time  f,  the  volume  V  is  subjected  to  certain 
homogeneous  boundary  conditions  on  the  surface  S  of  K, 

u(S)  =  e'’(Ox  t(S)  =  (r°(r)n,  (1) 


where  and  denote  uniform  overall  stress  and  strain  derived 
from  prescribed  tractions  t(S)  and  displacements  u(S),  de¬ 
fined  in  cartesian  coordinates  x. 

In  addition  to  (1),  the  representative  volume  may  be 
subjected  to  certain  local  eigenstrain  and  eigenstress  fields  in 
Vr^  K, 

-\-mrd^+  . . .  KiXyt)  =(r"(x,0  . . . 

(2) 

where  t'r  is  an  inelastic  strain  caused  in  Vr  during  previous 
loading  steps,  and  a"  the  corresponding  relaxation  stress  that 
would  be  created  by  ej."  at  a  fully  constrained  material  point 
x;  m;.  is  the  thermal  strain  tensor  containing  the  coefficients 
of  thermal  expansion  of  the  phase  residing  in  kV,  ir  is  the 
associated  thermal  stress  tensor,  and  6^  a  prescribed  uniform 
change  in  temperature.  Additional  contributions  in  (2)  may  be 
provided  by  such  sources  as  swelling  associated  with  moisture 
adsorption  or  diffusion,  and  by  shape  and  volume  changes 
produced  by  a  phase  transformation.  While  the  fields  (2)  are, 
in  general,  independent  of  the  current  applied  loads  or  dis¬ 
placements  (1),  and  of  each  other,  they  have  to  be  compatible 
with  (1)  in  the  sense  that  each  component  of  (2)  must  produce 
a  uniform  overall  eigenstrain  in  V  under  t(5)  =  0,  and  a 
uniform  overall  eigenstress  under  u(S)  =  0.  For  example,  the 
inelastic  fields  ej"  and  <r7  would  result  from  a  certain  history 
of  uniform  overall  deformation  of  K,  and  the  thermal  fields 
from  a  uniform  change  of  temperature  in  V. 

In  what  follows,  the  local  eigenstrains  and  eigenstresses  will 
be  referred  to  jointly  as  transformation  fields,  and  regarded 
as  deformations  or  loads  imposed  in  addition  to  but  inde¬ 
pendently  of  (1)  on  an  otherwise  elastic  heterogeneous  solid. 

At  small  total  strains,  one  may  assume  that  the  total  local 
fields  caused  in  the  local  volumes  r  =  1,  2,  ...  N,  by  the  loads 
(1)  and  transformations  (2)  can  be  additively  decomposed  as 

€Xx,r)  =  M;.(rXx,0  -f  /tXx,0 ,  <r,(x,r)  =  L,t^(x,r)  +  XXx,/), 

(3) 

where  the  L^.  and  =  L7  *  are  the  elastic  stiffness  and  com¬ 
pliance  tensors  of  the  phase  within  Vr.  The  /i^x,  t)  represent 
that  part  of  the  total  local  strain  not  caused  by  stress-induced 
elastic  deformation,  and  A^(x,  0  that  part  of  the  total  stress 
not  related  to  the  total  local  strain.  Since  the  eigenstrain  leaves 
an  unconstrained  volume  Vr  free  of  stress,  one  finds  that  for 
ey.  =  0,  or  for  Or  =  0, 

X,(x,/)  =  -L,Atr(x,0  =  -  M,X,(x,r).  (4) 

The  local  fields  caused  in  Kby  the  purely  mechanical,  uni¬ 
form  overall  strains  and  stresses  (1)  may  be  evaluated  using 
certain  mechanical  influence  functions  suggested  by  Hill  (1963), 

e,(x,/)=A,(x)6°(0  <r,(x,/)=B,(x)(r“(f).  (5) 

These  can  be  found  from  an  elasticity  solution  of  a  selected 
micromechanical  model  of  the  heterogeneous  material  in  V, 
and  are  thus  assumed  to  be  known. 

The  local  fields  caused  by  the  transformation  (2)  are  the 
residual  fields  that  are  present  in  V  even  if  the  overall  applied 
strain  or  stress  in  (1)  and  (5)  vanish;  their  evaluation  has  been 
discussed  in  some  detail  by  Dvorak  and  Benveniste  (1992).  Of 
particular  interest  here  is  the  response  of  the  elastic  hetero¬ 
geneous  medium  both  to  piecewise  uniform  transformations 
Mr(0>  Xr(/)  in  the  local  volumes  e.g.,  those  induced  by  a 
uniform  change  in  temperature  or  by  a  phase  transformation, 
and  to  nonuniform  transformation  fields  that  may  be  induced 
in  Vr,  for  example,  by  inelastic  deformation.  In  the  latter  case, 
the  subdivision  of  the  individual  phases  into  local  volumes  Vr 
must  be  sufficiently  refined,  so  that  the  actual  transformation 
fields  (2)  can  be  approximated  by  piecewise  uniform  distri¬ 
butions  /tr(0>  K(t)-  In  either  case,  the  residual  fields  are 
considered  as  caused  by  a  piecewise  uniform  distribution  or 
approximation  of  (2),  and  are  sought  in  the  form 
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A'  A' 

<,(x,/)  =  2  D^(x)Mj(0  oXx.O  =  2  F„(x)X,(0.  (6) 

5=  !  5=1 

The  D^^x)  and  F^Xx)  are  the  transformation  influence  func¬ 
tions  (Dvorak,  1990),  which  may  be  derived  either  in  terms  of 
the  Green’s  function  of  a  certain  comparison  homogeneous 
medium,  or  from  the  same  micromechanical  models  that  one 
would  use  to  find  the  mechariical  influence  functions  in  (5), 
under  the  homogeneous  boundary  conditions  e®  =  0  and 
=  0,  respectively;  (Dvorak  and  Benveniste,  1992).  For  ex¬ 
ample,  in  two-phase  media,  with  r  =  a,  there  are  exact 
connections  involving  phase  properties  and  the  mechanical 
influence  functions  (Dvorak  1990,  Eqs.  123-126) 

=  (I  -  A,){L<,  -  L^)-  'L„  D,3=  -  (I  -  A,)(L„  -  L3)-  'L, 

(7) 

In  multiphase  solids,  the  mechanical  influence  functions  in 
(5)  are  often  replaced  by  their  phase  volume  averages,  the 
mechanical  strain  and  stress  concentration  factors  and  B;.. 
Similarly,  the  transformation  influence  functions  D^j(x)  and 
F^(x)  in  (6)  are  replaced  by  their  volume  averages  and  F^, 
taken  over  If  the  and  are  estimated  from  either  the 
self-consistent  or  Mori-Tanaka  models,  then  Dvorak  and  Ben¬ 
veniste  (1992  Eq.  59)  show  that  the  respective  estimates  of  the 
Drs  and  F„  are  given  by  the  exact  connections 

D„  =  (I  -  A,)(L,  -  L)  -  '(orsl  -  c,  aJ)L,  ^ 

F„=(I-B,)(M,-M)-‘(6„I-c,b;)M„  (8) 

here  the  =  K/K  are  the  phase  volume  fractions,  and  L,  M 
designate  the  respective  estimates  of  the  overall  stiffness  and 
compliance  tensors;  5^  is  the  Kronecker  symbol,  but  no  sum¬ 
mation  is  implied  by  the  repeated  subscripts. 

Evaluation  of  the  mechanical  and  transformation  concen¬ 
tration  factor  tensors  in  unit  cell  models  has  been  discussed 
by  Dvorak  et  al.  (1993).  In  particular,  the  Aih  column  of  the 

matrix  for  any  two  elements  Vr  and  Ky  of  a  unit  cell  was 
found  as 

d*=B,P,K-'f„  (9) 

where  the  local  strains  are  related  to  the  overall  displacements 
u  by  tj  =  B^PjU,  K  is  the  overall  stiffness  matrix,  and  is  the 
overall  load  vector  corresponding  to  the  eigenstrain  fir- 

Dvorak  and  Benveniste  (1992  Eqs.  47-50)  show  that  re¬ 
gardless  of  the  evaluation  method,  the  transformation  influ¬ 
ence  functions  Frs  and  must  comply  with  the  exact 

connections 

A  A 

2  D,,(x)  =  I  -  A,(x)  2  =  I  -  B.(x) 

r^l  rssl 

N  N 

2d,.(x)M,=o 

r= I  r=\ 

c,Dj,M,  =  c,M,D^  Cs¥,rLr=CrLs¥l 

N  N 

^  =  0  c,-F^y  =  0.  (10) 

r= l  r=  I 

One  can  easily  verify  that  (10)  are  satisfied  when  the  trans¬ 
formation  influence  functions  are  evaluated  from  (7);  this  has 
to  be  carried  out  numerically  if  the  functions  are  found  from 
(9).  The  estimates  (8)  comply  with  (10)  for  two-phase  systems 
and  in  multiphase  systems  that  consist  of  or  are  reinforced  by 
inhomogeneities  of  the  same  shape  and  alignment,  and  thus 
admit  only  a  single  constraint  tensor  L’  or  M*  (see  (41)  below). 
Such  compliance  does  not  obtain  in  systems  w'ith  multiple  L* 
or  M*.  Benveniste  et  al.  (1991)  show’  that  the  self-consistent 


and  Mori-Tanaka  methods  do  or  do  not  yield  diagonally  sym¬ 
metric  estimates  of  L  under  similar  circumstances. 

Note  that  the  concentration  factor  tensors  A^,  Drs  and 
Trs  follow  from  solutions  of  certain  elasticity  problems,  and 
thus  depend  only  on  the  elastic  moduli  L,.,  and  on  the  overall 
and  local  geometry.  As  long  as  those  remain  constant  under 
the  loading  conditions  (1)  and  (2),  so  do  the  concentration 
factor  tensors.  (Of  course,  if  the  change,  e.g.,  as  functions 
of  temperature,  then  the  concentration  factors  may  need  to  be 
reevaluated.)  Under  such  circumstances,  the  fields  (5)  and  (6) 
may  be  superimposed,  and  the  volume  averages  of  the  fields 
generated  in  each  local  volume  Vr  within  the  representative 
volume  Kby  the  loadings  (1)  and  (2)  may  be  written  as 

N  .V 

e,(0  =  A,6°(r)  +  2  =  +  F„X.(0. 

5=1  5=1 

(11) 

Since  the  coefficients  are  constant,  one  may  readily  wTite 
the  corresponding  relations  for  the  local  strain  and  stress  rates 
as 

A  A 

5=1  5=1 

(12) 

Note  that  (II)  and  (12)  represent  three  distinct  fields  that 
coexist  in  the  heterogeneous  solid  under  the  loading  conditions 
(1 1)  and  (2i)  or  (I2)  and  {2^):  One  in  response  to  overall  uniform 
strain  or  stress,  the  residual  field  caused  by  the  transforma¬ 
tions,  and  the  transformation  strain  or  stress  field  itself.  The 
first  and  the  sum  of  the  last  two  must  comply  with  compatibility 
and  equilibrium  requirements.  However,  the  eigenstrain  and 
eigenstress  fields  themselves  are  not  expected  to  meet  such 
requirements,  particularly  at  interfaces  between  phases  or  the 
Vr  subvolumes.  It  is  also  of  interest  to  note  that  if  (lli)  is 
applied  to  the  fields  caused  by  a  transformed  homogeneous 
inclusion  of  ellipsoidal  shape  in  an  infinite  homogeneous  solid, 
then  the  self-induced  strain  in  Vr  is  =  Drr  fir  -  Sftr,  and  Drr 
=  S,  the  Eshelby  tensor. 

Turning  our  attention  to  the  overall  fields,  we  record  here 
the  relations  between  the  local  and  overall  total  stresses  and 
strains  (Hill,  1963) 

€(/)=(  tr{xj)dV  (7(/)=[  ar{xj)dV.  (13) 

0  y  J  y 

These  are  valid  for  any  representative  volume  V  subjected  to 
the  boundary  conditions  (1)  and/or  transformations  (2). 

However,  if  (2)  are  applied  in  addition  to  (1),  the  transfor¬ 
mation  fields  cause  independent  contributions  to  the  total  over¬ 
all  strain  or  stress.  If  V  is  free  of  external  tractions,  then  the 
local  eigenstrains  fiXx,  /)  cause  an  overall  eigenstrain  fi{t)y 
and,  if  V  is  fully  constrained  then  the  local  eigenstresses 
X;.(x,  0  cause  an  overall  eigenstress  X(r).  We  recall  that  to  be 
admissible  in  (2),  each  of  the  local  transformation  fields  should 
produce  a  uniform  contribution  to  the  respective  overall  field. 
In  such  circumstances,  the  local  and  overall  transformation 
fields  are  connected  by  the  Levin  (1967)  formula,  generalized 
by  Rice  (1970)  and  Hill  (1971),  and  derived  by  Dvorak  (1991), 
and  Dvorak  and  Benveniste  (1992)  in  the  form 

M(f)=f  hJ'{x)^ir(xJ)dV  X(r)=\  Ar(x)X,(x,/)a'K.  (14) 

J  y  J  y 

The  overall  response  of  the  material  within  V  to  (1)  and  (2) 
then  follows  from  the  constitutive  relations 

€(r)=Mc7(/)-^M(0  <r(/)=L€(/)  +  X(r),  (15) 
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where  L  and  M  =  L"‘  are  the  overall  elastic  stiffness  and 
compliance  tensors. 

Since  the  L  and  M  are  constant,  (15)  provide  an  analogous 
relation  for  the  overall  rates  as 

€(/)=:Ma(r)  +  A(0  ff(/)=:L6(0  +  X(/).  (16) 

This  may  be  compared  with  the  more  frequently  used  rate 
relations 

<  (r)  =  e(na(r)-rm0  (/)  a(/)  =  £MO  (17) 

where  <£  and  DR  =  £  ~ '  are  the  instantaneous  overall  stiffness 
and  compliance  tensors  of  the  heterogeneous  material  in  K, 
and  f,  m,  are  the  instantaneous  thermal  stress  and  strain  ten¬ 
sors,  represented  typically  by  (6x6)  and  (6x1)  arrays,  re¬ 
spectively.  Since  the  instantaneous  tensors  reflect  the  presence 
of  inelastic  straining,  they  change  during  deformation.  Their 
evaluation  involves  a  total  of  21  -r  6  =  27  coefficients  and  is 
often  quite  difficult.  In  contrast,  the  L  and  M  in  (15),  (16)  can 
be  found  relatively  easily  by  several  homogenization  methods, 
and  remain  constant.  This  reduces  the  evaluation  of  the  in¬ 
stantaneous  response  to  finding  the  (6x1)  array  of  overall 
eigenstrains  /x  ( r ) ,  or  eigenstresses  X  ( / )  =  -  Lft  ( r ) .  Of  course, 
if  some  of  the  local  transformations  (2)  are  known,  e.g.,  under 
a  thermal  change,  then  (15)  readily  provide  corresponding  con¬ 
tributions  to  the  desired  n(t)  and  X(/). 

3  The  Transformation  Field  Analysis  Method 

Here  we  consider  any  of  the  composite  materials  discussed 

in  §1,  but  allow  for  inelastic  deformation  of  one  or  more 
phases.  The  response  of  the  constituents  may  be  described,  for 
example,  by  certain  constitutive  relations  that  reflect  elastic- 
plastic,  viscoelastic  and  viscopiastic  behavior.  In  general,  each 
phase  may  exhibit  a  different  type  of  inelastic  response,  pro¬ 
viding  that  all  conform  with  the  additive  decomposition  of  the 
total  local  strains  and  stresses  indicated  by  (3).  The  goal  is  to 
extend  the  Eqs.  (1 1)  and  (12)  for  the  local  fields  under  known 
overall  and  transformation  loads  and  their  rates  into  systems 
for  evaluation  of  such  fields  during  local  inelastic  deformation. 
Once  the  local  fields  are  known,  one  can  find  the  local  inelastic 
strains  and  relaxation  stresses  from  (2)  and  (3),  and  then  em¬ 
ploy  (13)  or  (14)  and  (15)  to  find  the  overall  instantaneous 
response. 

First,  (2)  are  converted  to  volume  averages  over  and  used 
in  (11)  and  (12),  to  separate  the  pans  of  fir{t)  and  X^lt)  that 
depend  on  known  quantities,  such  as  and  ^.6^,  from  the 
and  o'ifit)  that  depend  on  the  as  yet  unknown  local  stress 
or  strain  history.  The  thermal  contributions  can  be  written  as 
(Dvorak  and  Benveniste,  1992,  Eq.  76) 

N  N 

^  ^  ]  F/^4*  (1^) 

J=l  J=1 

After  rearrangement,  (11)  and  (12)  become 

A’ 

S=  1 

Af' 

<rAt)  -  2  F„a7(0  =  B,<r°(?)  +  (19) 

1 

and 

/v 

s=  \ 

N 

i=  I 

Next,  the  local  constitutive  relations  are  introduced  to  ex¬ 
press  the  local  inelastic  strains  and  their  rates  in  terms  of  local 


stresses  or  stress  rates.  Similarly,  the  local  relaxation  stresses 
are  written  as  functions  of  the  local  strains  or  strain  rates.  This 
provides  governing  equations  for  evaluation  of  the  total  local 
fields.  The  procedure  is  best  illustrated  by  examples  involving 
different  types  of  phase  response. 

3.1  Elastic-Plastic  Phases.  The  phases  are  assumed  to  be 
inviscid,  hence  one  can  adopt  an  arbitrary  lime  scale  and  write 
the  local  constitutive  relations  for  the  total  rates  as  in  (17) 

e,(O=9Tl,cr,(/)+m,0®{O  aAl)=£AA!)^lre\!),  (21) 

where  311^  =  £/•”',  and  m,  =  -£rlr,  are  the  instantaneous 
mechanical  and  thermal  compliance  and  stiffness  tensors;  they 
depend  both  on  the  current  state  at  /,  and  on  the  past  history. 
The  inelastic  rates  follow  from 

er(/)  =  3Tl?a,(t)-^m?9“(/)  cr7(  t)  =£?«,(?)  + /). 

(22) 

where 

3Rf  =  DR,-M,  £f  =  £,-L, 

m^  =  mr—mr 

Moreover,  we  recall  from  (4)  and  (2)  that 

€r(/)  =  -M.a;^(/).  (23) 

Now,  substitute  (220  (230  and  use  the  result  to  replace 

the  relaxation  stress  terms  in  (190  and  (20:).  An  analogous 
sequence  provides  an  expression  for  the  inelastic  strains  in  (190 
and  (200-  For  the  composite  material  with  elastic-plastic  phases, 
this  leads  to  the  following  systems  of  governing  equations  that 
must  be  satisfied  by  the  local  increments  at  each  point  t  of  the 
thermomechanical  loading  path, 

5„I+  2  F„L,3Rfa,  =  B>'’+  b,-  ^  F.,4mf)  d° 

s^\  \  s=l  / 

M  /  ^'  \ 

J=1  \  5=1  / 

(24) 

where  drs  is  the  Kronecker’s  symbol,  but  no  summation  is 
implied  by  repeated  subscripts. 

The  solution  of  the  governing  equations  is  usually  sought 
in  the  form 

irr  =  <&rO°+6r8''  i  ,  =  ^,6°  +  0.6®,  (25) 

where  <S„  6r  and  Q.„  o,  are  the  instantaneous  mechanical  and 
thermal  concentration  factor  tensors. 

For  example,  in  a  two-phase  system,  r,  5  =  a,  /3,  under  a 
history  of  uniform  overall  stress  applied  through  certain  trac¬ 
tions  at  the  surface  S  of  F,  and  uniform  temperature  change 
in  V,  one  can  solve  (24 1)  and  find  the  instantaneous  stress 
concentration  factors  as 

(B„=[I  +  F„„L„3TtS-  (c<,/c3)F„flLs3Ilgl-' 

x[B„-(l/c3)F<^431lg] 

4=  [I  +  F„„L„9IIS  -  (c„/c3)F„s43ngr ' 

X  [b„- F„„La*na- FcgLemg],  (26) 

Similar  expressions  follow  for  (S^  and  by  exchange  of  sub¬ 
scripts. 

In  the  general  case  of  many  phases  or  subvolumes  r,  5  =  1, 
2,  . . .  N,  the  instantaneous  concentration  factors  follow  from 
(24)  in  matrix  notation  as 

(B,=  [diag  (I)+[F,,L,31l?]!-'[B.l, 

l£,=  [diag  (I)+[F,,L,CIllf]]-'Mb,l-  lF„L,m!f)  (27) 
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G,=  [cliag  (I)+[D„L,M^?]]'‘IA,1, 

la,=  [diag  (I)  +  (D„M,£?]]-'l  (a,l  -  lD,,M,f!f).  (28) 

The  instantaneous  overall  response  of  the  selected  system 
may  be  then  found  in  two  different  ways.  One  approach  em¬ 
ploys  the  connections  (13)  between  local  and  overall  total  strains 
and  stresses.  In  particular,  we  recall  that  for  6  =  0,  (14),  (16) 
and  (20)  imply  the  following  relations  for  the  overall  and  local 
•strain  rates  at  any  point  of  the  overall  loading  path, 

=  (29) 

kr=^rbn  (30) 

where  we  assume  that  the  local  fields  in  Vr  remain  uniform 
during  the  entire  deformation  history.  Now,  write  the  local 
stresses  as  in  (5)  and  (25),  and  use  (3)  and  (21)  to  obtain 

=  (31) 

where  M^,  and  CB^  are  the  instantaneous  local  compli¬ 
ances  and  stress  concentration  factors,  respectively;  a  denotes 
the  overall  stress  rate.  Next,  employ  the  relation  between  the 

local  and  overall  total  strain  averages  that  follow  from  (13)  as 

«  =  (32) 

r=  1 

where  q  denote  the  volume  fractions  K/K.  Then  substitute 
from  (31)  and  (29)  to  find  the  overall  instantaneous  compli¬ 
ances  as 

N  yv 

M  =  2  SC  =  2  Cr^r<Zr.  (33) 

r=l  r=I 

Another  approach  to  evaluation  of  the  overall  properties  is 
indicated  by  the  generalized  Levin’s  (1967)  formula  (14)  for 
the  local  and  overall  transformation  fields,  and  by  the  overall 
constitutive  relations  (15).  For  the  averages  of  the  inelastic 
strains,  (14)  provides 

(34) 

r=l 

Recalling  that  € '”  =  €  -  € and  €  J."  =  c  ^  one  can 
find  from  (29)-(31)  and  (34)  that 

N 

311  =  M  +  2  CrBfon:,  -  M,)(B,.  (35) 

r=l 

Note  that  the  elastic  M  follows  only  from  (33 1),  but  the 
instantaneous  is  given  by  both  (332)  and  (35).  Since  the  Cr^ 

and  Mr  are  constant,  and  911^  depends  on  the  local  defor¬ 
mation  history,  the  evaluation  of  the  instantaneous  stress  con^ 
centration  factor  (B^  must  be  subjected  to  certain  conditions 
that  guarantee  that  (332)  ^ttd  (35)  provide  a  unique  evaluation 
of  the  instantaneous  overall  compliance  911.  It  can  be  verified 
that  the  results  (27)  satisfy  this  requirement,  providing  of  course 
that  the  transformation  concentration  factor  tensors  comply 
with  (10).  For  example,  in  a  two-phase  system,  one  can  solve 
(332)  and  (35)  for  one  of  the  local  (B^  and  recover  after  some 
manipulation  the  expression  given  in  (260,  (Dvorak  1992,  Ap¬ 
pendix). 

3.2  Viscoelastic  Phases.  Another  example  can  be  given 
for  a  composite  consisting  of  viscoelastic  phases,  which  exhibit 
time-dependent  deformation.  In  this  case,  we  assume  that  an 
overall  history  of  uniform  overall  strain  is  applied  by  imposing 
certain  surface  displacements  at  S  of  K,  together  with  a  uniform 
temperature  change  history  within  V.  The  phase  constitutive 
equations  are  written  in  the  usual  form  (Christensen,  1971), 


but  adjusted  here  to  provide  the  expression  for  the  relaxation 
stress 

(r"(/)=(  G,(t-7)^^d7-hriAt).  (36) 

Jo  dT 

The  assumption  is  that  the  phases  are  thermorheologically 
simple,  so  that  any  effect  of  temperature  on  the  relaxation 
functions  Gr(t  ~  t)  could  be  accounted  for  by  replacing  the 
time  variable  by  a  new  variable  that  depends  both  on  time  and 
a  temperature  dependent  shift  function. 

For  a  local  deformation  history  starting  from  t  =  0  at  /  = 
0,  (36)  can  be  differentiated  with  respect  to  time.  The  result 
is  then  used  to  find  the  rate  of  relaxation  stress  as 

a7(;)  =  ff,(/)-L,(,(r)=G,(0)e,(/)-^  I  G,(;  -  T)e,(/)rfr. 

(37) 

Then,  (19i)  and  (20i)  are  rewritten  using  (23)  as 
(At)  +  2  D„M,a;'(/)  =  A/(0  +are“(/) 

S=\ 

yv 

£,(/)  + XI  D„M>;'(r)=A,f°(;)  +  a,@'’(r).  (38) 

S=  1 

After  substitution  from  (36)  and  (37),  one  finds  the  systems 
of  governing  equations  for  both  the  total  strain  and  strain 
rates.  The  outcome  is  self-evident. 

As  a  specific  application,  we  consider  a  two-phase  system  r 
=  a,  p.  Since  (13)  provides  the  connections  e  =  c^^a  + 
it  is  sufficient  to  evaluate  the  local  fields  in  only  one  phase. 
Note  also  that  the  last  relation  (10)  indicates  that  CoDora  + 
=  0.  Then,  for  the  phase  r  =  one  can  find  from 
(36)-(38)  the  following  relations  for  the  local  strain  and  strain 
rate 

€^(0  —^2^8(t)  -I- Q3  I  G0(r “  T)e0{7)dT 

Q,€0(O=n3  (  G0(t-‘T)k0(T)dr-U,e\t)-ilsf^{t),  (39) 

Jq 

where 

12j=D^„+  {C0/Ca)l>0a 

Q2  =  ^i3G^((^) 

123  =  (D^ttDa^  “  Daj^D^0)J^(O) 

04  =  D^a(Aa  —  1  /  CqI)  “  DqjjA^ 

For  any  number  of  phases,  the  governing  equations  are 
solved  under  the  initial  conditions  =  0,  ^  =  0  at  /  =  0, 
under  the  boundary  condition  «  =  €®(/)  on  5  of  1^,  and  for  6 
=  ^(0  in  V.  30(0)  is  creep  compliance. 

The  two  examples  illustrate  the  application  of  the  method 
to  composite  materials  consisting  of  inviscid  and  time-depen¬ 
dent  phases.  Similar  applications  are  possible  to  viscoplastic 
phases.  A  more  extensive  treatment  of  these  subjects  and  as¬ 
sociated  solution  methods  has  been  given  by  Dvorak  (1992) 
and  Dvorak  et  al.  (1993).  The  latter  work  explores  applications 
to  unit  cell  models,  which  are  typically  analyzed  by  the  finite 
element  method.  It  shows  that  the  TFA  and  finite  element 
methods  deliver  the  same  numerical  results  for  the  local  fields, 
but  that  the  TFA  method  is  more  efficient  with  meshes  up  to 
about  100  elements,  and  of  course,  it  does  not  require  imple¬ 
mentation  of  inelastic  constitutive  relations  in  a  finite  element 
program. 
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Fig.  1  Schematic  of  Hill’s  self-consistent  model.  In  the  Mori-Tanaka 
model,  the  overall  compliances  M  and  OTl  are  replaced  by  the  matrix 
compliances  M,  and  911,.  and  the  overall  stress  rate  b  by  the  volume 
average  of  the  matrix  stress  rate  o,. 


4  Correction  of  the  K-B-W  and  Hill  Models 

Following  the  early  work  of  Bruggeman  (1935)  and  Hershev 
(1954),  Kroner  (1961),  Budiansky  and  Wu  (1962)  and  Hill 
(1965)  presented  self-consistent  models  for  prediction  o:  over¬ 
all  instantaneous  properties  of  inelastic  polycrysiaiv  :na'  are 
easily  extended  to  composites.  The  key  assumption  o’  ouch 
models  is  that  interactions  between  the  phases  in  the  repre¬ 
sentative  volume  are  approximated  by  embedding  each  phase 
or  crystal  grain  of  elastic  compliance  into  an  effective  ho¬ 
mogeneous  medium  (of  compliance  M  or  SR)  which  is  then 
loaded  as  indicated  by  (1),  Fig.  1.  The  goal  is  to  estimate  the 
local  fields  at  each  step  of  loading,  or  with  reference  to  (5) 
and  (25),  to  estimate  the  elastic  and  instantaneous  stress  or 
strain  concentration  factors.  To  simplify  further,  the  embed¬ 
ded  phases  are  assumed  to  be  of  a  particular  ellipsoidal  shape, 
so  that  the  Eshelby  (1957)  tensor  S  of  the  transformed  ho¬ 
mogeneous  inclusion  in  the  effective  medium  can  be  utilized 
in  the  solution. 

The  Kroner,  Budiansky  and  Wu,  or  K-B-W  model  further 
assumed  that  M;.  =  M,  and  that  an  overall  inelastic  strain  f"' 
had  accumulated  in  the  effective  medium.  Since  the  entire 
aggregate  was  assumed  to  be  homogeneous,  the  total  strain  in 
a  phase  strained  inelastically  by  was  found  as 

+  (40) 

Here,  i  is  the  overall  applied  strain  rate,  and  S  depends  on 
M  and  the  inclusion  shape.  In  the  case  of  a  spherical  inclusion 
in  an  isotropic  medium,  S  reduces  to  a  scalar  with  the  eval¬ 
uation  2(4  5v)/(15(l  —  j/)).  Then,  the  e  "r  was  expressed  by 

(22),  and  both  the  total  and  inelastic  overall  strains  were  eval¬ 
uated  as  a  volume  average  of  the  local  strains  (32).  For  the 
homogeneous  aggregate,  where  =  I,  this  is  in  agreement 
with  (I4i). 

Hill  (1965)  concluded  that  in  the  K-B-W  model,  the  effective 
mediuni  imposed  a  purely  elastic  constraint  on  the  inelastically 
deforming  phase,  and  thus  “disregarded  the  pronounced  di¬ 
rectional  weakness  in  the  constraint  of  an  already  yielded  ag¬ 
gregate  .  Taking  into  consideration  the  local  heterogeneity 
and  both  local  and  overall  elastic  anisotropy,  he  proposed  to 
embed  each  phase  as  an  inhomogeneity  in  a  large  volume  V 
»  V,  of  an  effective  medium  with  elastic  compliance  M  (taken 
from  (330)  and  as  yet  unknown  instantaneous  overall  com¬ 
pliance  3TC.  The  key  assumption  in  this  model  is  that  at  each 
point  of  the  loading  path,  SfR  is  constant  in  K  -  and  3R, 
in  V,,  even  though  both  actually  depend  on  the  local  defor¬ 
mation  history  which  is  not  necessarily  uniform.  However,  if 
OR  is  taken  as  constant,  the  boundary  conditions  (1)  are  pre¬ 
scribed  at  the  surface  5  of  K,  and  the  inhomogeneity  is  assumed 
to  have  an  ellipsoidal  shape,  then  at  least  the  local  fields  a. 


and  ir  are  uniform  (Eshelby,  1957),  and  one  finds  the  self- 
consistent  estimates  of  the  stress  concentration  factors  in  (5), 
and  (33)  as 

B,  =  (M  V  M,) ■  ‘(M'  -k  M)  (B,  =  (9R “  +  OR.)'  ‘(OIZ*  +  3R). 

(41) 

The  SR*  =  S(I  -  S)‘‘M  and  SR*  =  S(I  ~  S)‘'S3R  (with  S 
evaluated  in  M  and  SR,  respectively)  are  Hill’s  constraint  ten¬ 
sors  that  can  be  interpreted  as  compliances  of  the  cavity  in  the 
effective  medium  M  or  SR  containing  V,,  under  boundary 
conditions  analogous  to  (I)  prescribed  at  Sr.  .A,fter  substitution 
from  (41),  (33)  provides  two  systems  of  implicit  algebraic  equa¬ 
tions  for  the  coefficients  of  M  and  SR. 

Since  the  late  1960's,  Hill’s  self-consistent  model  has  been 
accepted  in  the  micromechanics  literature  as  the  standard  pro¬ 
cedure  in  analysis  of  inelastic  heterogeneous  media.  However, 
we  recall  that  in  addition  to  the  relations  (13)  and  (32)  for  the 
total  strains,  an  admissible  model  must  satisfv  the  generalized 
Levin’s  (1967)  formula  (14)  or  (34)  for  the  local  and  overall 
transformation  fields.  Clearly,  if  the  (B,  are  taken  from  (41), 
then  (332)  and  (35)  yield  entirely  different  estimates  of  2R. 

To  correct  this  inconsistency  in  Hill’s  (1965)  model,  we  pro¬ 
pose  to  replace  the  actual  overall  stress  rate  a  applied  to  the 
effective  medium  in  Fig.  1  with  a  different  overall  rate,  denoted 
as  <r  .  To  find  we  utilize  the  fact  that  the  (B,  given  by 
the  transformation  field  method  in  (24i)  and  (25,)  satisfy  both 
(33:)  and  (35),  providing  of  course  that  the  transformation 
influence  functions  comply  with  (10).  In  particular,  we  evaluate 
the  a  from  the  requirement  that  it  provides  the  same  estimate 
of  ihe  local  stress  rate  Or  in  the  Hill’s  model  as  does  the  actual 
overall  rate  a  in  the  transformation  analysis.  With  reference 
to  (41),  this  can  be  recorded  as 

CB,^  -  (3R*  +  9R,)  -  '(OR*  -H  3R)a^^,  (42) 

where  the  (B^  are  now  given  by  (24})  or  (25))  rather  than  (41). 

Therefore,  application  of  the  overall  rate 

(3R*  -h  9R)-  ‘(3R*  -h  DR,)(B,a  (43) 

to  the  self-consistent  model  of  Fig.  I  recovers  the  local  stress 
and  strain  rates  that  coincide  with  those  found  by  the  trans¬ 
formation  method.  Also,  the  instantaneous  overall  compliance 
of  the  effective  medium  subjected  to  boundary  conditions  (I) 
and  (43)  will  coincide  with  that  found  from  (332)  and  (35).  An 
entirely  analogous  modification  can  be  easily  developed  for 
the  variant  of  the  above  approach  based  on  the  Mori-Tanaka 
method,  where  the  effective  medium  of  Fig.  I  is  replaced  by 
the  inelastic  matrix,  and  the  prescribed  overall  stress  by  the 
average  matrix  stress. 

Of  course,  (25j)  with  the  (B,  from  (26)  or  (27)  already  pro¬ 
vides  the  correct  estimates  of  the  local  fields,  but  the  modi¬ 
fication  may  be  useful  in  finding  estimates  of  the  fields  in 
regions  surrounding  the  inhomogeneities.  In  any  event,  the 
comparisons  with  experiments  and  the  PH  A  model  in  §5  below 
indicate  that  the  K-B-W  and  Hill  models  provide  a  poor  res¬ 
olution  of  the  local  fields  and  are  therefore  of  little  value  in 
predicting  observed  behavior. 


5  Bimodal  Theory  and  the  PHA  Model 

The  theoretical  models  that  have  been  useful  in  interpre¬ 
tation  of  the  experimental  results  described  below  are  the  bi¬ 
modal  plasticity  theory  (Dvorak  and  Bahei-El-Din  1987),  and 
the  periodic  hexagonal  array  (PHA)  model  of  Dvorak  and 
Teply  (1985)  and  Teply  and  Dvorak  (1988). 

The  bimodal  theory  admits  two  distinct  inelastic  deforma¬ 
tion  modes  in  the  fiber  system,  the  fiber-dominated  and  matrix- 
dominated  modes.  Each  mode  is  activated  by  a  different  overall 
stress  state  and,  in  conjunction  with  a  yield  condition,  has  a 
branch  of  the  overall  yield  surface;  the  internal  envelope  of 
the  two  branches  is  the  overall  yield  surface. 
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Fig.  2  The  slip  systems  ot  the  matrix-dominated  deformation  mode  of 
the  bimodal  plasticity  theory  of  fibrous  composites 


In  the  fiber-dominated  mode  (FDM),  the  composite  is  re¬ 
garded  as  a  heterogeneous  medium  where  both  the  fiber  and 
the  matrix  participate  in  carrying  the  applied  load.  The  local 
stresses  in  the  phases  may  be  estimated,  for  example,  by  the 
self-consistent  or  Mori-Tanaka  methods.  The  overall  yield  sur¬ 
face  indicates  the  magnitudes  of  the  overall  stress  that  cause 
local  stress  averages  to  satisfy  the  matrix  yield  condition.  In 
particular,  if  the  fiber  remains  elastic  while  the  matrix  obeys 
a  certain  yield  condition  given  in  the  fonn/(am)  =  0,  then  the 
yield  condition  of  the  composite  in  the  overall  stress  space  a 
becomes  F(<r)  =  /(B^cr),  where  is  the  elastic  stress  con¬ 
centration  factor  in  (52).  For  example,  B^:  may  be  found  as  a 
self-consistent  estimate  with  the  evaluation  suggested  by  (41 1). 
More  specifically,  if  /(a^)  is  represented  by  the  Mises  form, 
one  finds  the  FDM  branch  of  the  overall  yield  surface  as 

F(a  -  Of)  =  ^  (a  -  of)^(BiQBm)(a  -  a)  -  tq  =  0,  (44) 

where  a  denotes  the  current  position  of  the  center  of  the  yield 
surface,  tq  is  the  matrix  yield  stress  in  shear,  and  Q  is  a  sym¬ 
metric  6x6  matrix  with  Qu  =  On  -  Qi3  =  2/3,  Q\2  -  Qn 
=  Q23  =  - 1/3,  244  =  Q55  =  266  =  2,  while  the  remaining 
coefficients  vanish. 

In  the  matrix-dominated  mode  ^DM)  of  plastic  defor¬ 
mation,  all  applied  load  is  assumed  to  te  carried  by  the  matrix, 
while  the  fiber  constrains  plastic  deformation  of  the  matrix  to 
simple  shear  straining  on  planes  that  are  parallel  to  the  fiber 
axis  Xi,  The  matrix-dominated  mode  is  thus  represented  by  a 
variant  of  the  continuum  slip-model.  For  the  plane  state  of 
stress  that  was  applied  in  the  experiments,  the  slip  systems  that 
may  operate  in  the  matrix  mode  are  indicated  in  Fig.  2. 

The  initial  yield  condition  on  any  potential  slip  plane  (k) 
is  taken  as 

/(T<*')=(maxr^*>)'-r5  =  0,  (45) 

where  denotes  the  resolved  shear  stress.  The  active  slip 
system  is  defined  with  reference  to  Fig.  2  by  the  normal  /?,  to 
the  slip  plane,  and  by  the  slip  direction  5y,  so  that  the  resolved 
shear  stress  in  (45)  is 


T^ns  -^1  (*)♦ 

(46) 

where 

Ti  =  c;2iCOS0i  r2  =  “  a22  sin  201. 

(47) 

The  max  t„(0)  is  evaluated  from 

T„.(ar,,/00)  =  7,(075/00)  ^  r2(07:/00)  =  0. 

(48) 

Fig.  3  The  initial  yield  surface  of  the  matrix-dominated  deformation 
mode  of  the  bimodal  plasticity  theory  of  fibrous  composites 


For  the  slip  system  on  the  plane  k  =  1  one  finds  that 

/3i  =  ^  cos” ^  for  1^1  <  1 ;  /3i  =  0  for  1^  1  >  1 ,  (49) 

where  g  =  on/on  if  022.  ^  0,  and  the  angle  9^  between  the  slip 
direction  and  X\  is  given  by 

tan  sin  Pi.  (50) 

Q 

The  conjugate  system  on  the  plane  k  =  2  in  Fig.  2  is  specified 
by  the  angles  02  and  82  that  are  related  to  0]  and  61  by 

02  =  7r-0i,  62  =  81  for  \g\i<h  02  =  0,  02  =  ^1  for  i^l>l, 

(51) 

where  0  <  0i  ^  t/4  and  0  <  <  2t. 

Substituting  the  slip  system  parameters  that  assure  the  max¬ 
ima  of  the  resolved  shear  stress  under  the  applied  overall  plane 
stress  rate,  and  assuming  kinematic  hardening  for  the  matrix, 
one  finds  the  overall  yield  condition  for  the  MDM  mode  as 

fA.o)  =  ~ j  ~ 4=  -1=0  for  l^lsl 

-1=0  forl<7l>l.  (52) 

These  relations  suggest  that  the  MDM  yield  surface  is  an 
infinite  cylinder  of  oval  crossection  in  the  overall  plane  stress 
space,  with  generators  parallel  to  the  cn  direction.  Its  cros¬ 
section  in  the  a2icr22'Pi^^^  for  the  initial  state  021  =  022  =  0, 
is  shown  in  Fig.  3.  Note  that  this  surface  is  independent  of 
phase  moduli  and  volume  fractions. 

The  internal  envelope  of  the  two  branches  (44)  and  (52)  of 
the  overall  surface  are  plotted  in  Fig.  4  for  the  boron  aluminum 
system  examined  in  the  experiments.  The  FDM  segment  (44) 
of  the  overall  yield  surface  resembles  an  ellipsoid  in  the  overall 
plane  stress  space,  but  since  for  the  B/Al  system  it  contains  a 
part  of  the  MDM  oval  cylinder,  it  provides  the  end  caps  of 
the  overall  surface. 

The  experimental  results  that  follow  confirm  the  kinematic 
hardening  assumed  above,  and  indicate  the  evolution  of  the 
back  stress  components  of  the  matrix-dominated  mode  as 

ClcX‘y\^d02\i  doL22  =  ^^12y  f^^  I (7 1  ^  1 

doi2i=cla2\,  cIoc22  =  0  forl(7l>l.  (53) 

For  the  fiber  mode,  the  derivation  of  (44)  suggests  that  the 
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Fig.  4  The  branches  of  the  Initial  yield  surface  of  a  boron-aluminum 
system  evaluated  from  the  bimodal  plasticity  theory  of  fibrous  com¬ 
posites 


Fig.  5  The  periodic  hexagonal  array  (PHA)  model  of  fibrous  composites 
and  a  unit  cell 


vectors  connecting  the  local  or  overall  yield  surface  centers  to 
points  within  or  at  the  respective  yield  surfaces  are  related  by 

(c„-ccrrt)  (54) 

As  in  (53i),  the  experiments  suggest  compliance  with  the 
Phillips  et  al.,  (1972)  hardening  rule,  dct^  =  hence  the 
differential  form  of  (54)  suggests  hardening  in  the  fiber-dom* 
inated  mode  as 

da^da,  (55) 

Since  both  modes  operate  on  the  same  local  volume  of  the 
matrix,  hardening  in  either  mode  affects  the  entire  overall 
surface,  and  there  is  no  relative  translation  of  the  two  branches 
during  deformation.  The  bimodal  theory  will  be  seen  to  predict 
the  shape  and  position  of  the  observed  yield  surfaces,  but  not 
the  measured  plastic  strains. 

The  periodic  hexagonal  array  model  assumes  that  the  fibers 
are  represented  by  regular  polygons  and  distributed  as  indi¬ 
cated  in  the  transverse  plane  section  shown  in  Fig.  5.  This 
arrangement  permits  selection  of  one  of  the  triangular  domains 
as  a  unit  cell  that,  when  subjected  to  carefully  selected  periodic 
boundary  conditions,  can  represent  the  deformation  field  in 
the  entire  composite  under  uniform  overall  stress  or  strain. 
Details  of  the  procedure  have  been  described  by  Teply  and 
Dvorak  (1988).  The  unit  cell  is  then  subdivided  into  finite 
elements  and  the  solution  can  be  obtained  either  by  the  finite 
element  method,  or  using  the  transformation  analysis  of  §3 
and  4.  Figure  6  shows  two  meshes  used  in  interpretation  of 
the  experiments.  If  the  unit  cell  is  subjected  to  a  series  of  loads 
consisting  of  the  six  overall  stress  components  of  unit  mag¬ 
nitude,  then  the  stresses  found  in  the  elements  r  =  1,2,... 
M,  for  each  such  loading  represent  a  column  of  the  stress 
concentration  factor  matrix  B,  of  the  element  r.  Once  these 


Fig.  6  The  subdivision  of  the  PHA  unit  cell  into  finite  elements 


are  known,  one  can  prescribe  a  suitable  yield  condition  for  the 
matrix,  and  proceed  as  in  the  derivation  of  (44)  to  find  the  M 
branches  of  the  overall  yield  surface  that  correspond  to  the 
onset  of  yielding  in  each  element.  An  incremental  elastic-plastic 
analysis  of  the  PHA  model  then  leads  to  evaluation  of  local 
fields  and  of  the  overall  response.  If  the  procedure  (24)  is  used, 
the  transformation  concentration  factors  are  evaluated  from 
(9);  the  computational  effort  can  be  reduced  substantially  by 
taking  advantage  of  the  symmetries  of  the  unit  cell.  The  con¬ 
stitutive  relations  for  the  elements  are  of  the  kind  discussed  in 
§4.1.  The  overall  deformation  under  selected  loading  can  be 
evaluated,  for  example,  from  the  element  plastic  strains  found 
after  each  increment  of  the  overall  stress;  these  are  substituted 
for  the  eigenstrains  into  (6i),  and  the  resulting  overall  eigen- 
strain  increment  is  used  in  (16),  and/or  added  to  the  previous 
increments  in  (15).  A  detailed  description  of  the  implemen¬ 
tation  procedure  for  the  PHA  model  can  be  found  in  the  recent 
paper  by  Dvorak,  Bahei-EI-Din  and  Wafa  (1993). 


6  Interpretation  of  Experiments 

In  a  departure  from  much  of  the  current  activity  in  micro¬ 
mechanical  modeling,  we  have  supported  our  work  by  several 
experimental  studies  of  actual  behavior  of  inelastic  composite 
materials  under  incremental  loading  along  a  complex  path. 
Most  of  the  completed  work  was  done  with  the  boron-alu¬ 
minum  system  at  room  temperature,  similar  studies  on  high- 
temperature  systems  are  now  in  progress.  The  results  discussed 
here  were  found  by  Dvorak  et  al.,  (1988),  Nigam,  Dvorak  and 
Bahei-EI-Din  (1993a,  1993b).  Interpretation  of  the  results  with 
theoretical  models  was  discussed  by  Dvorak  et  al.,  (1991). 

All  the  work  described  was  performed  on  thin-walled  tube 
specimens  shown  in  Fig.  7.  The  tubes  were  fabricated  by  dif¬ 
fusion  bonding  of  monolayer  6061-Al/B  sheets  by  Amercom 
in  Chatsworth,  CA.  The  finished  tube  had  seven  layers  of  fiber 
in  the  wall,  all  aligned  in  the  axial  direction,  with  fairly  regular 
fiber  distribution.  Fig.  8.  The  fiber  diameter  was  142^,  volume 
fraction  Cj  =  0.45.  All  specimens  were  annealed  at  400‘’C  for 
two  hours,  and  C-scanned  for  damage  before  testing.  Gripping 
was  facilitated  by  steel  fixtures  indicated  in  Fig.  7,  which  were 
adhesively  bonded  at  both  faces  to  the  ends  of  the  tube.  The 
specimens  were  instrumented  with  strain  gages  and  ±45  deg. 
rosettes  for  axial,  hoop  and  shear  strain  measurement.  Loading 
was  applied  in  tension/compression  and  by  internal  pressure 
and  torque  in  a  computer-controlled  MTS  machine.  The  load¬ 
ing  rate  was  4.2  MPa/min  in  any  direction.  Accuracy  of  meas¬ 
urements  was  0.1  MPa  for  stress,  and  1  x  10”^  for  strain. 

The  specimens  were  subjected  to  various  loading  programs. 
Here  we  consider  the  results  found  for  loading  by  internal 
pressure  and  torque;  this  produced  a  transverse  normal  stress 
ori  and  a  longitudinal  shear  stress  in  the  tube  wall.  Since 
no  loading  compensation  was  made  for  the  axial  tension  in¬ 
duced  by  the  internal  pressure,  an  axial  normal  stress  o-  = 
oi^fl  was  induced  as  well.  The  measurements  were  thus  made 
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Fig.  7  Dimensions  of  the  boron-aluminum  specimen  tube  used  in  the 
experiments 


Fig.  8  Micrographs  of  the  crossection  of  the  boron  aluminum  tube 


Fig.  9  Cluster  of  the  initial  yield  surfaces  for  a  fine  mesh,  with  the 
MDM  surface  of  Fig.  3  and  experimentally  measured  yield  points 


Fig.  10  The  loading  path  applied  in  the  experiments 


in  a  stress  plane  inclined  lo  the  a2ia22-plane  used  in  Figs.  3  and 
4;  this  was  reflected  in  adjusting  the  scale  on  the  022  axis  to 
(V5/2)  of  the  applied  stress  magnitude.  The  axial  stress  was 
accounted  for  in  modeling. 

The  work  focused  on  detection  of  the  initial  and  several 
subsequent  yield  surfaces  along  the  loading  path,  and  the  plas¬ 
tic  strain  magnitudes  after  each  load  increment.  For  each  yield 
point,  the  yield  stress  was  defined  by  back  extrapolation  from 
a  small  excursion  into  the  plastic  region,  at  zero  offset  strain. 
The  experimental  yield  surfaces  were  constructed  by  fitting  the 
appropriate  sections  of  the  bimodal  yield  surface  of  Figs.  3 
and  4  to  the  detected  yield  points.  As  indicated  by  (44)  and 
(52),  the  matrix  yield  stress  was  the  only  adjustable  parameter. 

In  addition  to  the  bimodal  yield  surfaces,  we  constructed 
initial  and  subsequent  clusters  of  yield  surfaces  for  the  sub¬ 
elements  of  the  unit  cell  of  the  PHA  model,  using  the  refined 
mesh  of  Fig.  9.  Figure  9  shows  the  initial  yield  surface  con¬ 
figuration;  the  cluster  of  the  subelement  yield  surfaces,  and 
an  adjusted  transverse  section  of  the  MDM  surface  from  Fig. 
3,  with  the  experimentally  detected  yield  points.  As  expected, 
the  loading  excursions  to  the  experimentally  detected  yield 
points  involved  interaction  of  the  load  vector  with  some  of  the 
subelement  yield  surfaces,  or  micro  yielding.  The  complete 
loading  path  applied  to  the  specimen  from  this  initial  state  is 
shown  in  Fig.  10. 

Figures  11  and  12  show  the  rearranged  clusters  of  the  sub¬ 
element  surfaces,  together  with  the  current  bimodal  surfaces 
and  the  experimental  points  detected  by  loading  excursions 
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Fig.  11  Rearrangement  of  the  yield  surfaces  of  Fig.  9,  after  a  cycle  of 
internal  pressure  applied  to  the  tube  specimen  of  Fig.  7 


0 — 1  —  2—3—4 — 5 — 6  ^  Center  ol  Bimodal  YieW  Surface 


—  LoaOtng  Pattt 

Fig.  12  The  yield  surfaces  of  Figs.  9  and  11,  after  additional  loading 
by  pressure  and  torque 


within  the  bimodal  surface  from  the  current  end  point  of  the 
loading  path.  While  the  bimodal,  experimental  and  the  sub¬ 
element  surfaces  follow  the  Phillips  hardening  rule  (53)  and 
(55),  the  clusters  also  undergo  internal  rearrangement  due  to 
the  gradual  expansion  of  the  plastic  region  during  loading, 
and  the  residual  stress  field  (62)  generated  in  the  subelements 
by  the  relaxation  stresses  or  eigenstresses  ”  LjMj- 

After  sustained  loading  in  a  given  direction,  all  the  elements 
yield  and  the  yield  surfaces  then  pass  through  the  loading  point. 
This  is  particularly  evident  at  point  #6  in  Fig.  12.  Of  course, 
the  element  yield  surfaces  become  intercepted  during  excur¬ 
sions  from  the  loading  point  toward  the  individual  points  on 
the  current  yield  surface.  This  causes  micro  yielding  and  ad¬ 
ditional  rearrangement  of  the  cluster,  this  is  not  shown  in  Fig. 
12.  However,  it  is  evident  that  after  such  rearrangement,  the 
experimentally  detected  yield  surface  may  not  necessarily  pass 
through  the  loading  point  such  as  #6  in  Fig.  12.  This  phenom¬ 
enon,  piercing  of  the  current  yield  surface,  is  often  observed 
in  experiments  of  this  kind. 

At  any  point  of  the  path,  the  normals  to  tangential  planes 
to  the  surfaces  of  the  currently  yielding  subelements  form  a 
cone  of  normals  that  must  contain  the  overall  inelastic  strain 
increment  vector  (Hill,  1967).  This  is  borne  out  by  the  exper¬ 
imentally  detected  increments  shown  in  Figs.  II  and  12.  Note 
that  the  PHA  predictions  generally  agree  with  the  experimental 
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Fig.  13  Details  of  the  yield  surface  clusters  at  loading  points  with 
experimentally  measured  and  predicted  directions  of  the  overall  plastic 
strain  rate  vectors 


observations,  while  the  normals  drawn  to  the  bimodal  surface 
approximating  the  experimentally  detected  surface  tend  to  de¬ 
viate  substantially  from  the  experimenially  measured  plastic 
strains. 

This  is  illustrated  further  in  Fig.  13.  The  experimentally 
detected  surface  should  be  regarded  as  an  envelope  of  the 
instantaneous  vertices  of  the  cluster.  This  explains  the  lack  of 
normality,  without  violating  the  Drucker  (1951)  postulate.  On 
the  other  hand,  this  general  property  of  plastic  flow  in  het¬ 
erogeneous  media  disqualifies  simple  modeling  techniques 
which  base  the  determination  of  plastic  strain  increments  on 
normality  to  a  single  overall  yield  surface.  This  applies  in 
particular  to  the  approaches  based  on  the  self-consistent  or 
Mori-Tanaka  methods  discussed  in  §4.  The  bimodal  theory 
would  not  provide  much  better  estimates  and  therefore  is  not 
intended  for  this  purpose;  however,  as  the  experiments  show, 
it  is  quite  useful  in  prediaing  the  shape  and  position  of  the 
initial  and  subsequent  yield  surfaces. 

Figures  14  to  16  show  comparisons  between  the  predictions 
of  plastic  strains  along  the  path  of  Fig.  10,  obtained  from  the 
PHA  model  with  the  two  meshes  of  Figs,  6  and  9,  the  matrix 
mode  of  the  bimodal  theory,  the  Mori-Tanaka  version  of  the 
uncorrected  Hill  model  discussed  in  §4  (Gavazzi  and  Lagoudas, 
1991),  and  from  experimental  measurements.  The  inelastic 
constitutive  relation  for  the  matrix  in  the  PHA  and  bimodal 
models  was  derived  from  the  two-surface  plasticity  theory  of 
Dafalias  and  Popov  (1976);  implementation  of  this  theory  was 
described  by  Dvorak,  et  al.,  (1991).  The  comparisons  indicate 
that,  as  expected,  the  Mori-Tanaka  and  bimodal  theories  fail 
to  approximate  the  actual  plastic  strains,  in  contrast,  the  PHA 
model  provides  a  reasonable  approximation,  although  there  is 
a  significant  deviation  along  the  path  segment  5-6  in  Fig.  10. 
However,  the  overall  agreement  is  probably  better  than  that 
one  might  find  in  comparisons  of  the  two-surface  plasticity 
theory  with  similar  experiments  on  unreinforced  tubular  spec¬ 
imens  loaded  along  an  open  path. 

7  Conclusions 

The  transformation  field  analysis  is  presented  here  as  a  gen¬ 
eral  method  for  solving  transformation  loading  problems  for 
heterogeneous  media  with  many  interacting  inhomogeneities. 
The  method  accommodates  any  uniform  overall  loading  path 
and  inelastic  constitutive  equations  that  conform  with  the  ad¬ 
ditive  decomposition  of  local  strains,  as  well  as  any  micro- 
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Fig.  14  Observed  transverse  norma!  plastic  strains  tor  the  loading  path 
of  Fig.  10,  compared  with  predictions  of  various  models 
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Fig.  1 5  Observed  longitudinal  shear  plastic  strains  for  the  loading  path 
of  Fig.  10,  compared  with  predictions  of  various  models 


mechanical  model  that  offers  connections  between  local  and 
overall  fields  in  representative  volumes  of  elastically  deforming 
heterogeneous  aggregate.  Indeed,  many  existing  approaches  to 
analysis  of  inelastic  heterogeneous  media,  such  as  the  unit  cell 
models,  and  the  self-consistent,  Mori-Tanaka  and  other  meth¬ 
ods  based  on  the  Eshelby  solution  are  included  as  special  cases 
of  the  TFA  procedure.  The  elastic-plastic,  viscoelastic  and 
viscoplastic  deformation  problems  are  also  treated  in  a  unified 
manner,  by  solving  a  system  of  governing  equations  for  either 
total  local  fields  or  for  their  rates.  While  the  nature  of  the 
governing  equations  and  the  solution  methods  may  vary,  their 
derivation  is  accomplished  in  a  standard  form  that  incorporates 
local  geometry  effects  through  the  transformation  influence 
functions,  and  local  material  response  through  the  selected 
constitutive  relations. 

The  transformation  method  obviates  the  need  to  solve  in¬ 
elastic  inclusion  problems,  indeed,  such  solutions  were  shown 
here  in  association  with  models  that  violate  the  generalized 
Levin  formula.  A  correction  w-as  proposed  for  Hill’s  formu¬ 
lation  of  one  such  model. 

In  comparisons  with  experimentally  measured  plastic  strains, 
only  the  unit  cell  models  appear  to  provide  reasonable  ap¬ 
proximations  to  the  observed  magnitudes.  The  main  reason  is 
the  ability  of  these  models  to  monitor  the  correct  direction  of 
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Fig.  16  Observed  plastic  strains  for  the  loading  path  of  Fig.  10,  com¬ 
pared  with  predictions  of  various  models 


plastic  strains.  The  models  that  rely  on  normality  to  a  single 
overall  yield  surface  are  bound  to  provide  misleading  predic¬ 
tions,  because  no  such  single  overall  surface  actually  exists. 
The  experimentally  found  surfaces  are  seen  as  loci  of  vertices 
of  yield  cones  formed  as  inner  envelopes  of  the  clusters  formed 
by  multiple  local  branches  of  the  overall  yield  surface.  Nor¬ 
mality  is  thus  satisfied  only  within  the  cone  of  normals  to  the 
local  surfaces.  Only  those  micromechanical  models  that  can 
reproduce  the  plastic  strain  increments  within  these  cones  may, 
in  general,  provide  reliable  predictions  of  the  observed  be¬ 
havior. 

Acknowledgment 

The  work  surveyed  in  this  paper  was  supported  by  grants 
from  the  Advanced  Research  Projects  Agency  of  the  Depart¬ 
ment  of  Defense,  by  the  Air  Force  Office  of  Scientific  Re¬ 
search,  and  by  the  Mechanics  Division  of  the  Office  of  Naval 
Research.  Professors  Yehia  Bahei-EI-Din  and  Himanshu 
Nigam,  Dr.  Rahul  Shah  and  Mr.  Amr  Wafa  contributed  to 
the  various  research  results  described  here. 


References 

Benveniste,  Y.,  Dvorak,  G.  J.,  and  Chen,  T.,  1991,  “On  Diagonal  Symmeiry 
of  the  Approximate  Effeaive  Stiffness  Tensor  of  Heterogeneous  Media.’*  J. 
Mech.  Phys.  Solids.  Vol.  39,  pp.  927-946. 

Bruggeman,  D.  A.  G.,  1935,  “Berechnung  Verschiedener  Physikalischer  Kon- 
stanten  von  Heterogenen  Substanzen,”  Annalen  derPhysik,  Vol.  5,  p.  636-664. 

Budiansky,  B.,  and  Wu,  T.  T..  1962.  “Theoretical  Prediction  of  Plastic  Strains 
of  Polycrystals,”  Proc.  4th  C/.S.  Nat^l  Congr.  Appl.  Mech..  pp.  1175-1185. 

Christensen,  R.  M.,  1971,  Theory  of  Viscoelasticity,  An  Introduction.  Aca¬ 
demic  Press,  New  York. 

Dafalias,  Y.  F.,  and  Popov,  E.  P.,  1976,  “Plastic  Internal  Variables  Formalism 
of  Cyclic  Plasticity,”  J.  Appl.  Mech..  Vol,  43,  pp.  645-651. 

Druckcr,  D.  C.,  1951,  “A  More  Fundamental  Approach  to  Plastic  Stress- 
Strain  Relations,”  Proc.  1st  U.S.  Nat 'I  Congr,  Appl.  Mech..  pp.  487-491. 

Dvorak,  G.  J.,  1990,  “On  Uniform  Fields  in  Heterogeneous  Media,”  Proc. 
R.  Soc.  Lond.,  Series  A  431,  pp.  89-110. 

Dvorak,  G.  J.,  1991,  “Plasticity  Theories  for  Fibrous  Composite  Materials,” 
Metal  Matrix  Composites,  Mechanisms  and  Properties,  ed.,  R.  K.  Everett  and 
R.  J.  Arsenault,  Vol.  2,  Academic  Press,  Boston,  pp.  1-77. 

Dvorak.  G.  J.,  1992,  “Transformation  Field  Analysis  of  Inelastic  Composite 
Materials,”  Proc.  R.  Soc.  Lond..  Series  A  437.  pp.  511-327. 

Dvorak,  C.  J.,  and  Bahci-El-Din,  Y.  A.,  1987,  “A  Bimodal  Plasticity  Theory 
of  Fibrous  Composite  Materials,”  Acta  Mechanica.  Vol.  69,  pp.  219-241. 

Dvorak,  G.  J..  Bahci-EI-Din.  Y.  A.,  Machcrci,  Y.,  and  Liu,  C.  H..  1988. 
“An  ExF>erimcntal  Study  of  Elastic-Plastic  Behavior  of  a  Fibrous  Boron-Alu¬ 
minum  Composite,”  J.  Mech.  Phys.  Solids.  Vol.  36.  pp.  665-687. 

Dvorak,  G.  J..  Bahei-El-Din,  Y.  A..  Shah.  R.  S..  and  Nigam.  H.,  1991. 
“Experiments  and  Modeling  in  Plasticity  of  Fibrous  Composites.”  lUTAM 
Symposium  on  Inelastic  Deformation  of  Composite  .Materials,  George  J. 
Dvorak,  ed.,  Springcr-Verlag.  Nev.  York,  pp.  270-293. 

OCTOBER  1993,  Vol.  115  /  337 


Dvorak,  G.  J..  Bahei-El-Din,  Y.  A.,  and  Wafa,  A.  M.,  1993,  “Implcmcntaiion 
of  ihe  Transformation  Field  Analysis  for  Inelastic  Composite  Materials.”  Com¬ 
putational  Mechanics,  in  print. 

Dvorak,  G.  J.,  and  Bcnvenistc,  Y.,  1992.  “On  Transformation  Strains  and 
Uniform  Fields  in  Multiphase  Elastic  Media.”  Proc.  R.  Soc.  Lond  Scries  A 
437,  pp.  291-310. 

Dvorak.  G.  J.,  and  Teply,  J.  L.,  1985.  “Periodic  Hexagonal  Array  Models 
for  Plasticity  Analysis  of  Composite  Materials.”  Plasticity  Today:  Modeling 
Methods  and  Applications,  W.  Olszak  Memorial  Volume  ed.,  A.  Sawczuk  and 
V.  Bianchi,  Elsevier  Science  Publishers,  Amsterdam,  pp.  623-642. 

Eshelby,  J.  D.,  1957,  “The  Determination  of  the  Elastic  Field  of  an  Ellipsoidal 
Inclusion  and  Related  Problems,”  Proc.  R.  Soc.  Lond.,  Series  A  241.  pp.  376- 

Hershey.  A.  V.,  1954,  “The  Elasticity  of  an  Isotropic  Aesreeateof  Anisotropic 
Cubic  Crystals,”  J.  Appl.  Mech.,  Vol.  21.  pp.  236-240. 

Hill.  R..  1963,  “Elastic  Properties  of  Reinforced  Solids:  Some  Theoretical 
Principles.”  J.  Mech.  Phys.  Solids,  Vol.  11,  pp.  357-372. 

Hill,  R.,  1965.  “Continuum  Micro-Mechanics  of  Elasioplasiic  Polycrystals  ” 
J.  Mech.  Phys.  Solids,  Vol.  13,  pp.  89-101. 

Hill.  R.,  1967,  “The  Essential  Structure  of  Constitutive  Laws  for  .Metal  Com¬ 
posites  and  Polycrystals,”  J.  Mech.  Phys.  Solids,  Vol.  15.  pp.  79-95. 

Hill,  R.,  1971,  “On  Macroscopic  Measures  of  Plastic  Work  and  Deformation 
m  Micro-Heterogeneous  Media,”  Prikl.  Mat.  Mekh.  (PMM),  Vol.  35.  pp.  Si- 


Kroner,  E.,  1961,  “Zur  plaslischen  Verformung des  Vielkristails, ‘Mere Mew/.. 
Vol.  9.  pp.  155-161. 


Lagoudas,  D.  C.,  and  Gavazzi,  A.  C.,  1991,  “Incremental  Elastoplastic  Be¬ 
havior  of  Metal  Matrix  Composites  Based  on  Averaging  Schemes,”  lUTAM 
Symposium  on  Inelastic  Deformation  of  Composite  Materials,  George  J. 
Dvorak,  ed.,  Springcr-Verlag,  New  York,  pp.  465-485. 

Nigam,  H.,  Dvorak,  G.  J.,  and  Bahei-El-Din,  Y.  A.,  1993,  “An  Experimental 
Investigation  of  Elastic-Plastic  Behavior  of  a  Fibrous  Boron-Aluminum  Com¬ 
posite:  I.  Matrix-Dominated  Mode.”  Int.  J.  Plasticity,  in  print. 

Nigam,  H.,  Dvorak,  G,  J.,  and  Bahei-El-Din,  Y.  A.,  1993,  “An  Experimental 
Investigation  of  Elastic-Plastic  Behavior  of  a  Fibrous  Boron-Aluminum  Com¬ 
posite:  II.  Fiber-Dominated  Mode.”  Int.  J.  Plasticity,  in  print. 

Levin,  V.  M.,  1967,  “Thermal  Expansion  Coefficients  of  Heterogeneous  .Ma¬ 
terials,”  Mekhanika  Tverdogo  Tela,  Vol.  2,  pp.  SS-94.  English  Translation. 
Mech,  of  Solids,  Vol.  11,  pp.  58-61. 

Phillips,  A..  Liu,  C.  S..  and  Justusson.  J.  W.,  1972,  “An  Experimental 
Investigation  of  Yield  Surfaces  at  Elevated  Temperatures,”  Acta  Mechanica 
Vol.  21,  pp.  119-146. 


'  . . . -  rvciailUili  lur  1  imc- 

Dependent  Plastic  Deformation  in  Metals,”  ASME  Journal  of  Applied  Me 
chanics,  V'ol.  37,  pp.  728-737. 

Tepl) ,  J.  L.,  and  Dvorak,  G.  J.,  1988,  “Bounds  on  Overall  Instantaneous^ 
Properties  of  Elastic-Plastic  Composites.”  J.  Mech.  Phys.  Solids  Vol  36  di/ 
29-58.  'y 


338  /  Vol.  115,  OCTOBER  1993 


Transactions  of  the  ASME 


Modelling  Simul.  Mater.  Sci.  Eng.  2  (1994)  571-586.  Printed  in  the  UK 


The  modeling  of  inelastic  composite  materials  with  the 
transformation  field  analysis 


George  J  Dvorakf,  Yehia  A  Bahei-El-Din$  and  Amr  M  Wafaf 

t  Center  for  Composite  Materials  and  Structures,  Rensselaer  Polytechnic  Institute  Troy  NY 
12180,  USA 

t  Structural  Engineering  Department,  Cairo  University,  Giza,  Egypt 


Received  4  November  1993,  accepted  for  publication  4  November  1993 

Abstract  This  paper  examines  several  aspects  of  numerical  implementation  of  the 
transformation  field  analysis  (tfa)  method  in  applications  to  inelastic  composite  materials.  In 
its  general  form,  the  method  can  accomttKxlate  any  uniform  overall  loading  path,  inelastic 
constitutive  equations,  and  micromechanical  model.  The  response  of  a  selected  model  to 
thermomechanical  loads  and  local  inelastic  or  transformation  strains  is  found  through  mechanical 
transformation  influence  fimctions,  which  reflect  the  chosen  microgeometry  and  the  elastic 
response  of  the  phases.  Application  of  the  transformation  field  analysis  to  elastic-plastic  fibrous 
composites  considers  a  unit  cell  model  and  incremental  plasticity  constitutive  equations.  For 
moderate  mesh  subdivisions  of  the  unit  cell,  m  proved  to  be  more  efficient  than  the  finite- 
element  method. 


1.  Introduction 

Transformation  field  analysis  (TFA)  is  a  method  for  incremental  solution  of  thermomechanical 
loading  problems  in  inelastic  heterogeneous  media  and  composite  materials,  described  in 
recent  papers  by  Dvorak  (1991,  1992).  When  used  with  a  selected  micromechanical  model, 
the  analysis  provides  piecewise  uniform  approximations  of  the  instantaneous  local  strain 
and  stress  fields  in  the  phases,  and  estimates  of  the  overall  instantaneous  thermomechanical 
properties  of  a  representative  volume  of  the  heterogeneous  solid.  The  purpose  of  the  present 
paper  is  to  examine  several  different  aspects  of  numerical  implementation  of  the  method 
in  solutions  of  problems  for  composite  materials  consisting  of  elastic-plastic,  viscoelastic, 
and  viscoplastic  phases.  A  more  detailed  description  of  the  implementation  procedure  for 
several  material  types  is  described  by  Dvorak  and  co-workers  (1994). 

The  first  three  sections  of  the  paper  introduce  some  preliminary  concepts:  section  2 
contains  a  brief  summary  of  various  definitions  of  local  and  overall  properties;  section  3 
outlines  the  concept  of  eigenstress  and  eigenstrain  influence  functions  and  concentration 
factors,  while  section  4  describes  the  essence  of  the  tfa  method.  Details  of  this  method 
for  composites  with  elastic-plastic  phases  are  given  in  section  5  and  this  is  followed  by 
examples  in  section  6. 

The  notation  used  is  fashioned  after  that  introduced  by  Hill  (1963);  (6x1)  vectors 
are  denoted  by  boldface  lower  case  Roman  or  Greek  letters,  (6  x  6)  matrices  by  boldface 
uppercase  Roman  letters,  and  AA“'  =  A~'A  =  I,  if  the  inverse  exists.  Scalars  are  denoted 
by  italic  letters.  Bold  italic  characters  are  reserved  for  material  properties  that  change  during 
deformation.  Volume  averages  of  fields  in  V).  such  as  Ar(x)  or  €r(x),  or  of  <t(x)  in  V  are 
denoted  by  A^,  e,.,  or  <7. 


0965-0393/94/3A0571  +  16S19.50  ©  1994  lOP  Publishing  Ltd 


571 


572 


C  J  Dvorak  et  al 


2.  Local  and  overall  properties 

A  certain  representative  volume  V  of  a  „  i  j 

polycrystal,  made  of  many  perfectly  bonded  phases  r  -  1  V  ’  ^  vj 

«r(x.0  =  e;(x,0  +  (j,(x.I)  ^,(x,<)  =  <t;(x./)  +  A,(x.O  (1) 

where  X  are  material  coordinates  in  a  cartesian  system  in  V  /i\  j 

resp^dvdy.  .he  elastic  s.ai„  due  .o  cenain^X  JetL^da^  of  v'Td 

e”geXs“'„"oh^'  ’’"T  "■  "S':  and 

m  iKnceforth  referred  to  jointly  as  trantfomation 

fuiiher  I  physical  origin,  and  may  be  decomposed 

further.  For  example,  if  only  thermal  and  inelastic  effects  are  considered'^  ^ 


(2) 


Mr(x,  r)  -  m,9(r)  +  e^'fx,  r)  +  ■ . .  A,(x,  r)  =  l,«(r)  +  <r,''(x,  r)  +  .  • . 

thll'rt  “'.r'*  coefficient  of  m,  represent 

^linear  thermal  expansion  coefficients,  e?  denotes  an  inelastic  strain,  and  <r»  a  relLation 

With  these  definitions,  (1)  become 


Cr(x,  0  —  M.r<Tr{X,  /)  +  Illr0(r)  +  eJ.“(X,  t) 

(TriX,  t)  =  L,€,(X,  t)  +  \,d{t)  +  <T«(X,  t) 
together  with  the  interrelations 

M.tr^Cx,  t) 

Lr€i“(x,  t) 

where  L,  and  M,  =  L7'  are  the  elastic  phase  stiffness  and  compliance  tensors,  assumed  to 
be  diagonally  symmetric,  positive  definite,  and  constant. 

The  representative  volume  V  of  the  heterogeneous  medium  is  defined  either  as  a 
sufficienUy  large  sample  that  contains  many  phases  and  reflects  typical  macroscopic 
properties,  or  as  a  suitably  selected  unit  cell  of  a  (usually)  periodic  model  of  the  actual 
matena  geometry.  In  either  case,  macroscopically  homogeneous  response  and  the  implied 
existence  of  certain  overall  or  effective  properties  are  assumed  under  macroscopically 
uniform  overall  stress  <r(/)  or  uniform  overall  strain  €(r),  prescribed  through  surface 
tractions  or  displacements  specified  on  the  surface  5  of  V.  When  phase  eigenstrains  are 
present,  we  further  assume  that  if  V  is  free  of  surface  tractions,  the  displacements  on  5  of  V 
are  consistent  with  a  macroscopically  uniform  overall  strain  /j(r).  Similarly,  if  the  volume 
V  IS  subjected  to  zero  surface  displacements,  then  A(x,  t)  denotes  an  eigenstress  field  in  V 
that  causes  surface  tractions  on  5  consistent  with  a  macroscopically  uniform  overall  stress 

Mr).  In  analogy  with  (2),  ^(0  and  A(/)  will  be  referred  to  as  the  overall  transformation 
fields. 

In  actual  solutions,  the  continuous  fields  are  usually  replaced  by  piecewise  uniform 
approximations  in  the  phases  or  in  subvolumes  of  a  discretized  unit  cell. 


=  -M^lr  ej."(x,  r)  =  - 

Ir  =  — LrlUr  <y"(X,  t)  =  — 


Modeling  of  inelastic  composite  materials  with  tfa 


573 


^  ~  1*2 . A/,  €  V,,  and  M  N .  Then,  the  total  overall  and  local  fields  are 

related  by 

€p(f)  =  Ap€(r)  cTpit)  =  Bpcr(r)  (4) 

where  Ap  and  Bp  are  the  mechanical  strain  and  stress  concentration  factor  tensors. 
Moreover,  the  total  and  the  transformation  fields  are  related  by  independent  exact  relations 
derived  originally  by  Hill  (1963)  and  Levin  (1967) 


e(0  =  Cp€p(r)  <r(f)  =  Cp<Tp(r) 

p=i  p=i 

M  M 

Mt)  =  53  ^(0  =  53 


p=i 


p=i 


(5) 


where  the  volume  fractions  of  the  subvolumes  are  given  by  Cp  =  Qp/  V. 

The  overall  response  may  now  be  expressed  in  terms  of  the  overall  elastic  stiffness  L, 
or  compliance  M,  and  the  transformation  fields,  as 

e(r)  =  M<7-(r)  +  /i(r)  cr(r)  =  L€(r)  +  A(r)  (6) 

where  M  =  L"',  A(r)  =  — L/i(r),  ptit)  =  — MA(r).  The  decomposition  (2)  applied  to  the 
overall  quantities  suggests  that 

e(r)  =  M<r(0  +  ine(f)  +  e‘“(0  cr(0  =  Left)  +  10(r)  +  or"'(0  (7) 

and  the  relations  (5)  provide  the  well  known  connections  (Hill  1963,  Laws  1973) 

M  M 

L  =  ^^CpLpAp  M  =  5^CpMpBp  (8) 

p=i  p=i 


M  M 

•  =  23‘^p0p  +  Mp)  in  =  J^Cp(mp  +  Mpbp) 

P=1  p=l 


(9) 


where  1,  m  =  —Ml  are  the  overall  thermal  stress  and  strain  tensors,  and  ap,  bp  are 
thermoelastic  influence  factors  of  the  subvolumes. 


3.  Local  fields 

The  local  elastic  and  transformation  fields  are  sought  in  terms  of  piecewise  uniform 
approximations  within  phase  volumes  Vr,  or  subvolumes  J2p,  of  discretized  phases.  Each 
subelement  resides  in  only  one  phase  r,  but  each  phase  may  contain  one  or  more 
subelements.  As  in  (7),  the  effects  of  external  mechanical  loads  and  the  piecewise  uniform 
local  transformations  are  superimposed, 

M 

€p(r)  =  Ape(f)  + 

n=l 

,V/ 

CTpit)  =  Bp<T(f)  +  53 

f)=l 


(11) 
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£(;)  -  Tn®'  “"'’“'“I  concerffaSor  factor  tensors.  Under  overall  strain 

c(0  =  0.  Dp,  g  es  the  strain  caused  in  bv  a  unii  ..nifnrer,  . 

Under  overall  stress  ait)  -OF  eu  eigenstram  located  in  n,. 

a,.  In  what  fol"ws  D  J  F  "’win  ^  r' 

factor  tensors.  If  (lO)  were  apoli^  to  a  transf*^*  a° ^  **  ffansformation  concentration 
an  infini»  solid,  1“  - 

the  Eshelby  tensor  S.  ^  “  ®pp/*p-  hence  Dpp  would  be  equal  to 

as  ^-ted 

D,.  =  (I-A,)(L.-Ls)-'u  D,s  =  -(I-A,)(L.-La)-'Ls  (,2, 

F,.  =  (I-B,)(M.-Ms)-'m„  F,j  =  -(I-B,){H.-Ma)-'Ms.  ,13) 

bv  *'  aspressions  for  the  concentration  factor  tensors  were  found 

Mori-T.nss"i?.t"nf'F°  of  estimates  derived  with  the  self-consistent  or 

Mon  lanaJca  methods.  For  either  method,  the  results  are 

D„  =  (I  -  A,.)(Le  -  L)  (5rJ-  c^Aj)L^  r,  r=l,2 . N  (14) 

F.5  =  (I  -  B,)(aM,  -  M)  -  c,Bj)M,  r,  j  =  1.  2 . N  (15) 

teI;sors^wi;n''rn!fV''^f '  estimates  of  the  overall  elastic  stiffness  and  compliance 

factor  tensors-  l'  IVf  '  estimates  of  the  elastic  mechanical  concentration 

summ;,Hnn  -^ri-  phase  elastic  propenies.  is  the  Kronecker  symbol,  but  no 

summation  is  indicated  by  repeated  indices. 

^  f  'he  self-consistent  and  Mori-Tanaka  methods  are 

restricted  to  certain  matenal  geometries  described  at  the  end  of  this  section 

Evaluation  of  the  mechanical  and  transformation  concentration  factor  tensors  in  unit  cell 
m^els  has  been  discussed  by  Dvorak  etal  (1994).  In  particular,  the  ifcth  column  of  the  D„ 
matrix  for  any  two  elements  V;  and  V,  of  a  unit  cell  was  found  to  be 


^r,  =  B!PpK''f* 


k  =  1,2 . 6 


where  the  local  strains  Cp  are  related  to  the  overall  displacements  u  by  €p  =  B*PpU-  K  is 
the  overall  stiffness  matrix;  f*  is  the  overall  load  vector  due  to  the  component  ^of  a,. 

To  verify  the  accuracy  of  the  numerical  evaluation  of  the  mechanical  and  transformation 
influence  functions,  one  may  compare  the  results  with  the  general  propenies  of  these 
functions,  denved  by  Dvorak  and  Benveniste  (1992).  There  exist  two  exact  relations  for 
the  transformation  influence  functions  that  evaluate  the  local  fields  in  n„  caused  by  uniform 
transformations  in  f2p 


£d,p(x)  =  1- A,(x)  ^F,p(x)  =  I- 


Bn(x) 


iri 

^D,p(x)Mp  =  0 


^  ^  F,p(x)Lp  —  0. 


(18) 
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In  addition,  the  concentration  factor  tensors  in  (10)  and  (11)  must  satisfy 


(19) 

M 

Af 

j;c„D„=o 

(20) 

p=l 

p=l 

where  t],  p  =  1,  2, . . . ,  Af,  the  number  of  elements,  and  Ci^  =  These  connections 

are  exact  but  not  independent;  note  that  (18)  and  (19)  give  (20).  Actual  solutions  then 
show  that  only  (17)  and  (18)  or  (20)  are  independent.  This  provides  (2  xM)  independent 
relations  for  the  {M  x  M)  unknown  transformation  concentration  factor  tensors. 

It  can  be  verified  that  the  results  (12)-(15)  satisfy  (17)-<20)  for  two-phase  materials 
of  any  geometry,  and  for  those  multiphase  solids  that  contain  or  consist  of  inclusions  of 
similar  shape  and  alignment  (Dvorak  and  Benveniste  1992). 

The  periodic  unit  cell  models  usually  have  internal  symmetries  that  can  facilitate 
evaluation  of  the  transformation  influence  factors.  While  each  specific  unit  cell  geometry 
has  to  be  considered  separately,  Dvorak  et  al  (1994)  describe  the  procedure  for  the  periodic 
hexagonal  array  (PHA)  model  of  fibrous  composites  (Teply  and  Dvorak  1988). 


4.  Inelastic  response 

The  transformation  concentration  factors  open  the  way  to  evaluation  of  the  inelastic  local 
fields.  A  specific  constitutive  relation  must  be  adopted  in  to  connect  the  current. values 
or  rates  of  c'"(t)  or  cr^it)  to  the  history  of  er,(r  —  r)  or  c,,(r  -  r),  and  0(r  -  t),  respectively. 
For  piecewise  uniform  fields  in  the  local  volumes,  one  can  formally  write  such  constitutive 
relations  in  the  general  form 

<(0  =  g(£-,(^-T).0(t -T))  e‘;(r)  =  f(cr,(f-r),0(r-T)).  (21) 

When  substituted  into  (10)  and  (1 1),  this  provides  the  governing  equations  for  the  total  local 
fields 


M 

€,(t)  +  Y,  Dp,M,g(€,(r  -  r).  9{t  -  t))  =  \,eit)  +  a,dit) 

n^\ 


M 

<Tp{t)  +  Y  -  ^))  = 

r}-\ 


(22) 


(23) 


where  the  thermal  concentration  factor  tensors  are  and  bp  =  FpdI-i- 

The  mechanical  and  transformation  concentration  factors  depend  only  on  elastic  moduli 
and  on  local  geometry.  If  these  remain  constant,  the  governing  equations  can  be 
differentiated  and  used  for  evaluation  of  stress  and  strain  increments,  or  their  time  rates.  In 
this  manner,  the  inelastic  deformation  problem  for  any  heterogeneous  medium  is  reduced 
to  evaluation  of  the  various  elastic  concentration  factor  tensors  or  matrices,  and  to  solution 
of  one  of  the  equations  (22),  (23)  along  the  prescribed  overall  deformation  or  stress  path. 
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5.  Elastic-plastic  systems 

In  a  heterogeneous  medium  with  elastic-plastic  oha.^^  i<.f  fh.  ^ 
locally  uniform  fields  in  K  or  Q  be  ^  u  ’  *  response  under  the 

•n  t'r  or  u,  be  represented  by  the  constitutive  relations 

dtTr  =  Lr{er  -  /3,)dc,  +  lr{er  -  /3,)d0 

<^^r  =  Mr{(Tr-ar)  +  mr{<Tr-ar)<ie  ^24) 

theT:ert^ste^;rd^^m^  - 

of  yield  stress  w,th  temperature  l  ^  consequence  of  a  varmtion 

define  the  current  centers  of  the  vield  anH  stresses  and  back  strains  that 


do-"  =  LP  +  /Pd0 
L^r  =Lr-Lr 
MP  =  Mr  -  Mr 


de^"  =  M^dCr  +  mldd 

l^r=lr-\r 

mP  =  nir  -  mr 


.rs  “  -  —• - 

M  ^ 

+  E  Dp,M,I,Pde,  =  Apdc  +  ^  Dp,M,/P^de  (26) 

^  =  Bpdo-  +  ^  Fp,L;,mP^de.  (27) 

In  actual  numerical  solution,  one  may  reduce  these  to  the  matrix  forms 
{dcp}  =  [diag(I)  +  [D,,M,£P]]  '{[A,]de  -  [D,,M,]{1,  + /Pjd^ j  (28) 

fdtTp}  =  j^diag(I)  +  [F^,,L„MP]j  j[B^]do- -  [Fp„L,,]{m, +mP}d0[.  (29) 

The  solutions  are  sought  in  the  form 

{dcp}  =  [A^jde  +  {ap}d0  =  +  [hp]de  (30) 

where  the  instantaneous  strain  concentration  factors  [Ap]  and  the  thermal  strain 

concentration  factors  {dp}  are  found  as 

[Ap]  =  l^diag(I)  +  [D^,M,XP]  [a^]  (31^ 

(“p}  = -[diag(I)  +  [D^,M,£P]j  ([Dp,M,]{l,  4-/P}|.  (32) 
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A  substitution  of  (31)  into  (8),  when  the  latter  is  written  for  the  instantaneous  quantities 
then  provides  the  overall  instantaneous  stiffness  matrix  for  the  aggregate  as 

[I]  =  [c„r,][diag(D  +  [D„M,£;]]''[a.].  (33) 

The  instantaneous  thermal  stress  vector  is  found  as 


HI  =  [c.£,][diag(I)  +  [D.,M,iy]“  j  (.4  -  [D„M.]|i;|)  +  [fc.I, 


An  analogous  procedure  yields  the  overall  instantaneous  compliance  matrix  M  and  the 
thermal  strain  vector  m.  The  result  is 


[M]  =  [c,M4[diag(I)  +  [F„L,Mf]]‘'[B4  (35) 

(ml  =  [caM4[diag(I)+  [F„L,M;]]''|(b4  " 

I  f;=l  I 

The  solution  algorithm  for  elastic-plastic  composites  may  be  constructed  as  follows. 

Step  1.  For  the  given  interval  r,  <  r  ^  of  the  prescribed  histories  <7°(r)  and  0°(r), 
select  the  number  of  increments  n,  and  compute  the  time  increment  h  =  {t„+i  -  ti)/n. 

Step  2.  Set  the  initial  values  of  the  stress  field  <Tp(/i)  =  the  strain  field  €p(fi)  =  ip, 
of  the  center  of  the  yield  surface  otp(ti)  =  dp  (see  the  appendix),  and  of  the  tensile  yield 
stress  Yp{t\)  =  Yp,  \n  the  elements  p  =  \,2, 

Step  3.  For  k  =  1,  2, . . . ,  n,  do  steps  4-6. 

Step  4.  Compute  the  yield  function  -  OLf,dk)  in  the  appendix. 

Step  5.  If  <  0  =>  volume  ^p  is  elastic,  go  to  step  6;  if  gf'>  =  0,  compute  {dtTp}* 
from  (29),  with  dcr  replaced  by  dtr^itk)  and  (36  replaced  by  d0°(r»):  if  Ogp/3<rp)* -(dcTp)*  < 
0  =>  elastic  unloading,  go  to  step  6;  if  (dgp/d<rp)k  •  (do-p)*  >  0  =>  plastic  loading, 
compute  the  instantaneous  plastic  compliance  and  thermal  strain  vectors  Mp  {tr 
^p(<7’p*^  —  ,  6k)  in  the  appendix. 

Step  6.  Compute  the  stress  field  at  time  tk+\: 


=  Wp]k  +  (A/2){d<Tp +d<T;}^ 

=  {<i<rp{tk+i,[<Tp}k  +  h{d(Tp]J} 

where  d£Tp(t,crp)  is  given  by  (29).  The  corresponding  strain,  Cp  (ft+i).  p  =  1,2 . M. 

and  the  center  of  yield  surface  ap{tk+\),  p  =  1,2 . T,  are  found  from  the  constitutive 

equations  given  in  the  appendix;  T  is  the  number  of  elastic-plastic  element  volumes  at  time 
tk- 

The  solution  depends  on  the  selected  magnitude  of  the  time  increment  /i;  an  error  of 
order  is  expected  in  the  Runge-Kutta  formula  used.  Our  implementation  of  the  above 
algorithm  inc.uded  iterations  with  various  magnitudes  of  the  time  increment  h.  Specifically, 
the  solution  found  at  time  r^,.!  for  the  selected  number  n  of  time  intervals  was  compared  to 
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the  soluuon  found  when  the  number  of  time  increments  was  increased  to  In  The  soh,tinn. 

was  rervatin  ^  g^^^^er  than  y,  a  specified  tolerance,  the  process 

repeated  with  the  number  of  time  intervals  doubled  again  Consequently  a  sTries  .^f 

solutions  coirespoitding  to  t,m«  intervals  n,  2n,  4n,  in....  tas  generlSl  until’the  setoi 
oTr/^l'  r,"°"  ““  employed  “ 

for  eppie,  the  nme  mcrement  may  be  adjusted  according  to  a  specified  tolerance  (Sloan 


6.  Examples 

To  illustrate  the  numencal  results  obtained  from  (29),  we  apply  the  above  procedure  to 
m^e  mg  of  *e  e^tic-plastic  response  of  a  fibrous  boron-aluminium  composL.  The  pha 
m^el  descried  by  Dvorak  and  Teply  (1985),  and  Teply  and  Dvorak  (1988)  was  used  to 

^aT!I!d  fh  '  As  shown  in  figure  1,  the  fibers  are  arranged  in  a  hexagonal 

array  and  the  fiber  cross  section  is  approximated  by  a  six-  or  twelve-sided  polygon  The 

^mposite  volunie  is  then  divided  into  shaded  and  unshaded  triangular  prisms  It  has 
been  shown  in  the  above  work  that  under  overall  uniform  strain  or  stress  applied  to  the 
model  com^site,  one  can  denve  certain  periodic  boundary  conditions  for  the  prisms  that 
guar^tee  that  the  local  stress  and  strain  fields  in  the  shaded  and  unshaded  prisms  are 
related  by  a  simple  coordinate  transformation:  hence  one  of  the  prisms  can  be  selected  as 
the  representative  unit  cell  of  the  fibrous  composite.  Figure  2  shows  the  geometry  of  the  unit 
«11  for  a  hexagonal  fiber.  Higher-order  polygons  are  used  with  refined  meshes  (figure  3). 
The  calculations  reported  here  were  performed  with  the  crude  mesh  of  figure  3(a). 


Figure  L  Transverse  cross  sections  of  the  pha  model  microstructures  with  hexagonal  and 
dodecagonal  cylindncaJ  fibers. 


In  preparation  for  the  tfa  solution,  the  transfomiation  concentration  factors  Fp^,  p, 
^  1,2,...,  Af,  were  computed  for  the  M  subvolumes  of  the  pha  unit  cell  with  the 

procedure  described  briefly  in  section  3  (see  also  Dvorak  etal  1994).  The  elastic  properties 
of  the  boron  fiber  are  taken  as  £  =  379.2  GPa  and  v  =  0.21  and  those  of  the  aluminium 
matrix  are  E  =  68.9  GPa  and  v  =  0.33.  While  the  fiber  is  assumed  to  remain  elastic,  the 
matrix  is  elastic-plastic  with  initial  tensile  yield  stress  T  =  24  MPa.  Constitutive  equations 
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Figure  2.  The  geometry  of  the  unit  cell  of  the  pha  model. 


of  the  matrix  assumed  the  Mises  yield  condition,  the  Prager-Ziegler  kinematic  hardening 
rule,  and  a  linear  stress— plastic  strain  response  with  plastic  tangent  modulus  H  =  14  GPa. 
Details  of  the  constitutive  law  implemented  in  the  TFA  solution  algorithm  (section  5)  are 
given  in  the  appendix. 

The  overall  stress-strain  response  computed  under  transverse  tension  <722  and  transverse 
shear  a23  using  the  TFA  method  is  shown  in  figure  4.  The  response  coincides  with  the 
solution  found  by  direct  evaluation  of  the  overall  strains  using  the  standard  elastic-plastic 
finite-element  procedure  of  the  abaqus  program  for  the  PHA  unit  cell.  In  both  the  TFA  and 
the  ABAQUS  solutions,  the  number  of  load  increments  was  selected  as  40.  Tables  1  and  2 
show  the  stresses  computed  in  the  elements  of  the  coarse  mesh,  figure  3(a),  at  the  end  of 
the  overall  normal  stress  cycle  022  =  0  ->■  100  MPa  -►  0,  and  at  the  end  of  the  overall 
transverse  shear  stress  cycle  <723  =  0  ^  100  MPa  —*■  0,  respectively.  The  corresponding 
plastic  strain  components  Cji  ^23  matrix  elements  are  shown  in  tables  3  and  4. 

The  efficiency  of  the  TFA  meth^  in  comparison  with  the  ABAQUS  finite-element  (FE) 
solution  was  evaluated  in  terms  of  the  CPU  time  required  in  the  two  load  cycles.  Under  the 
transverse  tension  cycle,  the  ABAQUS  solution  required  204  s  while  the  TFA  solution  required 
67  s.  For  the  transverse  shear  loading  cycle,  the  CPU  times  for  the  ABAQUS  solution  and 
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Element  No 
in  figure  3(a) 

FE  solution  by  abaqus 
(MPa) 

TFA  solution 
(MPa) 

%  difference^ 

Fiber  - - - - - 

1 

1.901  83214667 

1.82551033611 

4.01 

4 

-  3.810858  37097 

-  3.827  160  550  68 

0.43 

5 

11.855  73011330 

11.78186132950 

0.62 

Matrix 

2 

-13.6435394470 

-13.6495023486 

0.04 

3 

21.2004259013 

21.167538  1753 

0.16 

6 

-13.7264248309 

-13.5985490140 

0.93 

13 

19.0704404461 

19.264129925  7 

1.02 

14 

-14.550383063  1 

-14.365  125  5519 

1.27 

15 

-13.034  2676901 

-13.005  221  759  8 

0.22 

*  ((ABAQUS  m:- 

■jde  -  TTA  magnitude)/(ABAQUs  magnitude)) 

X  100. 

Table  2.  The  element  stress  <723  computed  at  the  end  of  an 
<T23  =  0  -*■  100  -»  0  MPa. 

overall  transverse  sh 

Element  No 

FE  solution  by  abaqus 

TFA  solution 

in  figure  3(a) 

(MPa) 

(MPa) 

%  difference* 

Fiber 

1 

8.08962648043 

8.035  38699975 

0.67 

4 

4.387058  143  16 

4.134745  415  39 

0.90 

5 

0.742835  46995 

0.74120277604 

0.22 

Matrix 

2 

-1.641704  393  73 

-1.649721318  14 

0.49 

3 

-4.375  08035553 

-4.346638  83063 

0.65 

6 

-4.947529902  38 

-4.91791139298 

0.60 

13 

0.464416  13693 

0.47241002258 

1.72 

14 

-5.188  596  823  47 

-4.943  898  121  39 

4.27 

15 

-4.445  598  53765 

-4.443584  753  34 

0.05 

*  ((ABAQus  magnitude  -  tfa  magnitude)/(AflAQus  magnitude))  x  100. 


the  TFA  mediod  were  263  s  and  67  s,  respectively.  Additional  time  is  required  to  obtain  the 
transformation  concentration  factors.  This  is,  however,  a  once  only  operation  for  a  given 
mesh. 

Another  comparison  of  the  elastic-plastic  response  computed  with  the  TFA  and  FE 
methods  was  made  for  the  mesh  of  figure  3(fl)  and  a  complex  loading  path  in  the  a22-<^i3 
stress  space  (figure  5).  Figures  6  and  7  show  the  overall  stress— strain  response  computed 
with  the  TFA  method  where  the  numbered  symbols  correspond  to  the  loading  points  indicated 
in  figure  5.  The  local  stresses  and  plastic  strains  found  with  the  TFA  and  FE  methods  at  the 
end  of  the  loading  path  are  compared  in  tables  5  and  6,  respectively,  for  selected  elements. 
Again  the  local  fields  computed  by  the  two  methods  are  essentially  identical. 

While  the  TFA  method  appeared  more  efficient  than  the  FE  method  for  the  unit  cell 
considered  in  the  above  example  (figure  3(a)),  the  number  of  operations  required  in  each 
method  depends  on  the  number  of  elements.  The  cost  of  both  the  TFA  and  FE  solutions 
depends  on  many  factors,  such  as  the  specified  tolerance  and  the  number  of  iterations 
required  to  achieve  such  tolerance.  More  exact  comparisons  of  the  efficiency  of  the  two 
methods  can  be  made  only  in  specific  applications. 
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Figure  3.  Examples  of  finite-element  meshes  in  the  unit  cell  of  the  pha  model. 


Table  3.  The  matrix  plastic  normal  strain  computed  at  the  end  of  an  overall  transverse 
tension  cycle  <722  =  0  -»  100  ->•  0  MPa. 


Element  No 
in  figure  3(o) 

FE  solution  by  abaqus 
(10-«) 

TFA  solution 
(10-«) 

%  difference* 

2 

537.233  70558 

533.30674120 

0.73 

3 

1153.372617  18 

1154.158834  61 

0.07 

6 

1151.97490964 

1152.981  82129 

0.09 

13 

276.01680109 

271.873  80419 

1.50 

14 

-  47.401785  75 

-  50.23948819 

5.99 

15 

1158.020131  50 

1158.16415196 

0.01 

*  ((abaqus  magnitude  -  tpa  magnitude )/( abaqus  magnitude)) 

X  100, 

Table  4.  The  matrix  plastic  shear  strain  2623 
cycle  (723  =  0  -*•  100  -►  0  MPa. 

computed  at  the  end  of  an  overall  transverse 

Element  No 

FEM  solution  by  abaqus 

TFA  solution 

in  figure  3(a) 

(10-«) 

(10-«) 

%  difference* 

2 

2591.297325  47 

2590.428  124  82 

0.03 

3 

1368.390414  86 

1363.58835703 

0.35 

6 

1820.690  87664 

1827.880  19543 

0.40 

13 

3068.747  69946 

3070.460674  96 

0.06 

14 

-  708.059  347  36 

-  724.462  78567 

2.32 

15 

824.209068  91 

820.199975  76 

0.49 

*  ((ABAQus  magnitude  -  tfa  magnitude )/(abaqus  magnitude))  x  100. 


Note  also  that  the  TFA  method  can  readily  use  any  selected  constitutive  equation  for  the 
phases,  whereas  a  separate  UMAT  routine  would  be  needed  for  implementation  of  such 
equations  into  the  abaqus  program.  Such  examples  were  solved  for  viscoelastic  and 
viscoplastic  systems;  these  are  discussed  by  Dvorak  and  co-workers  (1994). 
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Figure  4.  Overall  stress-strain  predictions  found  with  the  finite-element  and  tfa  methods  for  an 
elastic-plastic  B-Al  composite  under  transverse  tension  loading  and  transverse  shear  loading. 


7.  Conclusions 

The  transformation  field  analysis  is  a  general  method  for  solving  inelastic  deformation  and 
other  incremental  problems  in  heterogeneous  media  with  many  interacting  inhomogeneities. 
The  various  unit  cell  models,  or  the  corrected  inelastic  self-consistent  or  Mori-Tanaka 
formulations,  the  so-called  Eshelby  method,  and  the  Eshelby  tensor  itself  are  all  seen  as 
special  cases  of  this  more  general  approach.  The  method  easily  accommodates  any  uniform 
overall  loading  path,  inelastic  constitutive  equation,  and  micromechanical  model.  The  model 
geometries  are  all  incorporated  in  a  similar  manner,  through  the  mechanical  transformation 
influence  functions  or  concentration  factor  tensors  derived  from  elastic  solutions  for  the 
chosen  geometry  and  the  elastic  moduli.  Thus,  there  is  no  need  to  solve  inelastic  boundary 
value  or  inclusion  problems;  indeed  such  solutions  are  often  associated  with  erroneous 
procedures  that  violate  (5);  this  was  discussed  by  Dvorak  (1992).  In  comparison  with  the 
finite-element  method  in  unit  cell  model  solutions,  the  present  method  is  more  efficient  for 
cruder  meshes.  Moreover,  there  is  no  need  to  implement  inelastic  constitutive  equations 
into  a  finite-element  program.  In  addition  to  the  examples  shown  herein,  the  method  can  be 
applied  to  many  other  problems,  such  as  those  arising  in  active  materials  with  eigenstrains 
induced  by  components  made  of  shape  memory  alloys  or  other  actuators.  Progress  has  also 
been  made  in  applications  to  electroelastic  composites,  and  to  problems  involving  damage 


1  2  3  4  5  6  7 


e22(x10-3) 


Figure  6.  The  overall  response  predicted  by  the  tfa  method  for  the  loading  path  of 

figure  5. 


development  in  multiphase  solids. 
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fiSTs^’  ‘’y  ‘*''=  ™  the  loading  path  of 


Table  5.  Element  stresses 

(T22  and  ff23  computed  at  the  end  of  the  loading  path  of  figure  5. 

Element 

<^22  (MPa) 

<3*23  (MPa) 

No* 

ABAQUS  TTA 

%  difference^ 

ABAQUS 

TFA 

%  difference^ 

Tiber  - - — _ 

1 

2.486314  943  2.484  838  314 

0.06 

6.199577  168 

6.196482812 

0  05 

4 

-  2.496518548  -  2.495  716646 

0.03 

2.734  338  180 

2.732595  877 

0  06 

Matrix 

2 

-15.199597040  -15.195  990720 

0.02 

-1.478601  859 

-1.478  106587 

0  03 

3 

-  0.237086563  -  0.233  915  256 

1.34 

-4.923  139542 

-4.922  870483 

001 

13 

3.611  850432  3.597884  176 

0.39 

0.508403072 

0.508  454  116 

0  01 

15 

-34.973  727  350  -34.967938  250 

0.02 

-5.455  541995 

-5.455  215  211 

O.OI 

*  See  figure  3(a). 

*’  ((abaqus  magnitude  -  tfa  magnitude)/(ABAQUs  magnitude))  x  1(X). 


Tablets.  Matrix  plastic  strains  and  2e ^3  computed  at  the  end  of  the  loading  path  of  figure  5. 


Element 

No* 

^2  no-«) 

26^3  (10-«) 

ABAQUS 

TFA 

%  difference** 

ABAQUS 

TFA 

%  difference** 

2 

-  14.265  822  5 

-  14.267543  7 

0.01 

2612.041  23 

2612.15041 

0.004 

3 

-  945.350097  1 

-  945.433  174  0 

0.01 

1378.96867 

1378.979  82 

0.001 

13 

-  7.695  4323 

-  7.5805950 

1.49 

3077.51206 

3077.52259 

0.000 

15 

-1014.387  7280 

-1014.377  705  0 

0.001 

599.298  64 

599.438  07 

0.02i) 

“  See  figure  ' 

((abaqus  mitude  -  tfa  magnitude)/(ABAQus  magnitude))  x  100. 


Appendix 

This  IS  a  brief  summary  of  constitutive  equations  for  elastic-plastic  homogeneous  materials 
subjected  to  uniform  stress  or  strain  and  temperature  changes.  Response  under  such 
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thermomechanical  loads  is  determined  with  the  help  of  a  yield  surface  g({r,  0)  =  0,  which 
contains  the  stress  states  that  cause  purely  elastic  deformations.  Assuming  kinematic  and 
isotropic  hardening,  the  Mises  form  of  the  yield  surface  is  given  by 


=  |(s-a) :  (s-a)  -  y^(0)  =0  (Al) 

where  s  is  the  deviatoric  stress,  a  is  the  center  of  the  yield  surface  in  the  deviatoric  stress 
space,  and  Y  is  the  yield  stress  in  simple  tension.  In  (Al),  we  use  the  notation  (a:b)  to 
denote  the  inner  product  of  second  order  tensors  Hij  and  b,y.  The  elastic  behavior  is  in 
effect  if  g  <  0,  or  if  g  =  0  and  [(dg/do")  :  d<T  +  (dg/d&)d6]  ^  0.  On  the  other  hand, 
elastic-plastic  deformation  takes  place  if  g  =  0  and  [Og/a<T)  :  dtr  +  idg/d6)d6]  >  0.  In 
this  case,  the  instantaneous  plastic  compliance  AfP,  stiffness  L^,  and  the  thermal  strain  and 


stress  vectors  mP,  IP  in  (25)  are  given  by  (Bahei-El-Din  1990,  Shah  1991) 

AfP  =  (3/2//)(n  :  n^)  XP  = -(2G/(1  + ///3G))(n  ;  n^)  (A2) 

mP  =  -i(^nd)/{V2H))n  (A3) 

IP  =  (2G/(1  +  A//3G))(n^m  +  (Y'ie)/V6G))n  (A4) 

H  =  (dd  -  Y'(6)d6)/d€^  da  =  y/(|ds  :  ds)  dfP  =  y(|dcP  :  deP)  (A5) 

n  =  (l/y(2/3)K)[jiij22j332j322j3i2si2]^  s  =  <T  —  a.  (A6) 


Here,  G  is  the  elastic  shear  modulus,  Y'id)  =  dY/dd,  cP  is  the  plastic  strain  vector,  and  H 
is  the  plastic  tangent  modulus  of  the  stress-plastic  strain  curve.  The  product  n:n^  in  (A2) 
denotes  the  tensor  product  n,;ni/;  m  is  the  elastic  thermal  strain  tensor. 

Evolution  of  the  center  of  the  matrix  yield  surface  a  and  the  plastic  tangent  modulus  H 
may  be  described  in  several  different  ways,  to  fit  experimental  observations.  Specific  forms 
of  the  Prager-Ziegler  and  Phillips  hardening  rules  for  thermomechanical  loads  can  be  found 
in  the  articles  by  Bahei-El-Din  (1990),  Dvorak  (1991)  and  Shah  (1991).  The  variation  of 
the  plastic  tangent  modulus  H  can  be  found  with  a  two-surface  plasticity  theory  such  as 
that  given  by  Dafalias  and  Popov  (1976). 
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EFFECTIVE  LOCAL  PROPERTIES  FOR  MODELLING 
OF  FUNCTIONALLY  GRADED  COMPOSITE  MATERIALS 
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Wright  Laboratory,  Wright— Patterson  APB,  OH  454SS-7817,  USA 


Abstract 

A  brief  survey  is  presented  of  recently  developed  techniques  for  estimating  overall 
elastic  stiffness  of  statistically  homogeneous  multiphase  solids  subjected  to  large 
stress  gradients.  The  stiffness  estimates,  based  on  linearly  varying  fields,  provide 
local  properties  for  a  finite  element  analysis  of  functionally  graded  composite 
materials.  Comparisons  with  selected  experiments  are  encouraging,  however, 
significant  differences  in  local  fields  and  overall  response  are  found  in  comparisons 
with  predictions  obtained  firom  standard  homogenization  techniques. 


1.  Introduction 

Functionally  graded  materials  are  typically  manufactured  as  particulate,  layered  or 
fibrous  composites  with  variable  concentrations  of  the  phases.  In  service,  they  pe 
intended  for  applications  involving  large  stress  and/or  temperature  gradients,  which 
may  produce  significantly  different  local  fields  in  distinct  subvoluiiies  of  the 
microstructure.  Therefore,  both  variable  local  properties  and  field  gradients  must 
be  taken  into  consideration  in  analysis  and  design  of  graded  material  parts.  A  finite 
element  analysis  is  indicated,  with  element  properties  derived  from  a  suitable  modd 
of  the  microstructure.  However,  even  if  the  material  property  variation  is 
approximated  as  piecewise  uniform,  standard  homogenization  techmques,  for 
statistically  homogeneous  systems  under  uniform  macroscopic  fields,  may  not 
provide  reliable  estimates  of  effective  material  response  to  the  gradient  stress  or 
deformation  fidds.  Instead,  the  effect  of  field  gradients  must  be  considered  in 
modelling  of  the  effective  dement  properties. 

This  paper  outlines  derivation  of  overall  stiffness  estimates  for  statistically 
homogeneous  composites  subjected  to  linearly  varying  overall  stress  or  strain  fields, 
in  terms  of  volume  fractions,  shapes,  and  dastic  moduli  of  the  phases  [1,2].  The 
microstructure  is  modeled  as  a  collection  of  ellipsoid  il  indusions,  and  the 
Asaro— Barnett  [3]  solution  of  the  non-uniform  transformation  strain  problein,  in 
conjunction  with  modified  dilute  approximation  and  Mori— Tanaka  [4]  assumptions, 
is  used  in  finding  estimates  of  mechanical  phase  concentration  factors  for  linear  local 
fidds,  and  of  the  overall  stiffness.  Under  given  gradient  loads,  the  standard  and 
linear  methods  predict  very  different  strain  energy  densities  and  local  and  overall 
strain  gradients,  in  materid  volumes  containing  less  than  about  100  fibres  or  1000 
particles,  which  may  be  comparable  in  size  to  finite  elements  subdividing  a  graded 
material  part  or  structure. 
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2.  Inclusions  and  Inhomogendties  in  Linearly  Varying  Fields 

For  ellipsoidal  inclusions  in  isotropic  solids,  Eshelby  [5],  and  in  anisotropic  solids, 
Asaro  and  Barnett  [3]  show  that  if  the  applied  eigenstrain  distribution  is  bnear, 
then  the  strain  field  in  the  inclusion  also  varies  linearly.  In  particular,  let  a  large 
volume  V  of  an  elastic  material  of  stiffness  be  subjected  to  the  overall  strain 

=  +''iiq^q.  (1) 

imposed  by  corresponding  displacements  on  its  surface  S.  Let  £  V  contain  a 
homogeneous  ellipsoidal  inclusion  subjected  to  the  eigenstrain 

^kl’  (3^)  =  +  7kip  (Sp  -  ip),  (2) 

where  x  is  the  centroid  of  V^.  Then,  the  local  strain  field  in  is  given  by 

fir  (i)  =  f  if  (i)  +  Sijki;iU>  +  tU;,  (fi.  -  5J.  (3) 

where  Syki  is  the  Eshelby  tensor  in  Lj  and  ^ijkiqm  is  the  linear  Eshelby  tensor  that 
relates  the  Unear  strain  gradient  component  in  the  ib-direction,  to  the  iq-direction 
component  of  the  gradient  of  the  applied  eigenstrain  (2).  Using  a  Unear  field 
variant  of  the  equivalent  inclusion  method,  one  can  show  that  the  strain  field  in  an 
ellipsoidal  inhomogeneity  Lr  in  V^,  under  the  overall  strain  field  (1)  varies  Unearly 
and  can  be  written  as. 


fir(*)=fif 

with  the  evaluation. 


(4) 


er  =  [i  -  Sl/(Li  -  i,)]\€Q  =  L,e, ,  (5) 

A  A 

where  Cr  and  eo  are  the  local  and  overall  Unear  strain  fields,  represented  by  (24x1) 
and  (24x24)  matrices,  with  (6x1)  and  (6x6)  submatrix  coefficients, 


I 

h 

0 

0 

0 

So 

0 

0 

0 

II 

0 

I 

0 

0 

A 

h  = 

0 

I'r 

0 

0 

s  = 

0 

Su 

S12 

^13 

0 

0 

I 

0 

0 

0 

h 

0 

0 

S21 

S22 

^23 

0 

0 

0 

I 

0 

0 

0 

0 

^13 

^23 

■■■  ■  . 1 

The  I  and  I  are  (6x6)  and  (24x24)  identity  matrices,  Lj  is  analogous  to  Lr,  So  is  the 
(6x6)  matrix  form  of  the  Eshelby  tensor,  and  Sj;  are  (6x6)  submatrices  derived  from 
the  Unear  Eshelby  tensor. 
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3.  Statistically  Homogeneons  Solids  under  Linear  Boundary  Conditions 

Consider  next  a  .representative  volume  element  of  a  multiphase  medium  with  a 
microstructure  that  can  be  approximated  as  a  collection  of  inhomogeneities  r  =  2,  S, 
...  N,  bonded  to  a  common  matrix  r  =  1,  with  constant  phase  volume  fractions  in  a 
representative  volume  element.  Again,  the  applied  overall  strain  is  prescribed  as  in 
(1).  The  local  strain  fields,  which  may  be  nonuniform  and  possibly  discontinuous, 
are  approximated  by  linear  fields  (4).  Connections  between  the  local  and  overall 
fields  are  obtained  from  a  least  square  approximation  of  the  local  strains  and  their 
averages  as. 


'iS’  =  -  /  '‘ilUqk  =  -  / /y  =  Lxi-Xi)(Xj-Xj)dV  (6) 

^  V  ^  V 


4j’ 


r)  j{  r) 


-  / (7) 


Substituting  (7)  into  (6),  and  assuming  that  V  is  symmetric  with  respect  to  the 
planes  ,  one  can  find  the  connection, 

C  e.  =  i  C, (8) 


■  I 

0 

0 

0  ■ 

I 

0 

0  0  ■ 

0 

All 

0 

0 

A 

I 

A^i 

0  0 

— 

0 

0 

A2I 

0 

C,  =c. 

0 

4j’I  0 

0 

0 

0 

A  3^ 

V"! 

0 

0  /jS’i 

If  V  is  not  symmetric,  off— diagonal  terms  appear  in  the  lower  (18x18)  submatrices. 

As  in  the  case  of  heterogeneous  media  under  uniform  boundary  conditions,  the 
local  strain  fields  can  now  be  related  to  the  overall  strains  by  certain  concentration 
factors.  For  the  linearly  varying  local  and  overall  fields,  we  write 

~  ^0  >  (®) 
A 

where  Ar  is  the  mechanical  strain  concentration  factor  matrix  that  can  be  evaluated 
from  certain  micromechanical  models;  a  similar  form  can  be  written  for  the  local 
stresses.  For  example,  the  dilute  approximation  assumes  a  model  composite 
material  reinforced  by  ellipsoidal  inhomogeneities,  but  neglects  their  interaction. 
Each  phase  is  regarded  as  a  solitary  inhomogeneity,  hence  one  can  utilize  (5)  to  the 
dilute  approximation  estimate 
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a1“)=  [i-SL;‘{L,-L,)]'‘K,-  (10) 

A  modified  Mori-Tanaka  [4]  assumption  simulates  interaction  of  the  phases  by 
embedding  each  inhomogeneity  in  a  large  volume  of  the  matrix  {r  =  1)  which  is 
loaded  by  remotely  applied  displacements  corresponding  to  the  matrix  average 
strain  and  strain  gradient.  In  particular,  for  a  single  inhomogeneity  in  a  large 
volume  of  matrix  of  stiffness  Lj , 

=  T,  =  i  T,  =  a[^)  for  r>  i.  (11) 

With  reference  to  (8),  one  can  then  find  the  strain  concentration  factor  as 

aM  =  [C,  +  E  C,  TJ''C  aM  =  T,aM  {orr>l.  (12) 

The  self— consistent  estimate  can  be  formally  derived  in  a  similar  manner,  however, 
its  evaluation  is  unlikely  at  present,  as  the  Eshelby  tensors  (3)  would  need  to  be 
known  for  an  elastic  solid  with  the  same  gradient  stiffness  as  the  effective  medium. 
In  contrast  to  the  simple  diagonal  form  shown  in  (5),  this  stiffness  will  have  nonzero 
off— diagonal  terms,  hence  the  Asaro— Barnett  results  wiU  not  apply. 

A 

The  overall  or  effective  gradient  stiffness  L  of  the  statistically  homogeneous 
medium  can  be  found  in  terms  of  the  known  strain  concentration  factors.  Noting 
that  the  local  and  overall  stresses  are  related,  in  analogy  with  (8),  as, 

A  N  A  A 

C  or,  =  C,  a,  ,  (13) 

we  use  (Sj)  and  (9)  to  find. 


^  =  i  to  i  =  c'‘ C,  L,  A,  .  (14) 

This  effective  gradient  stiffness  can  be  written  in  terms  of  the  (6x6)  submatrices  Lij. 
To  emphasize  the  differences  between  (14)  and  an  analogous  estimate  derived  from  a 
standard  homogenization  method  for  uniform  local  and  overall  fields,  we  write  the 
expanded  forms  of  the  two  effective  gradient  stiffiiesses,  in  terms  of  the  (6x6) 
submatrices  Lij  : 


r  Loo  0 

0 

0  ■ 

L 
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0  ■ 
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4.  Comparisons  of  Strain  Energy  Densities 

To  appreciate  the  differences  between  the  predictions  of  local  fields  and  overall 
properties  found  from  the  mean— field  or  standard  Mori— Tanaka  method  and  its 
gradient  form,  we  evaluate  the  strain  energy  density  of  a  specific  composite 
material,  with  overall  gradient  stiffness  estimated  by  the  two  forms  (15),  under 
identical  boundary  conditions.  In  a  given  volume  V,  the  strain  energy  density  is 

W  =  —  r  o'i:(x)  dV  =  -  CL  ^<T .  (16) 

2V ^  2 

The  composite  material  has  an  isotropic  carbon  (C)  matrix  (E  =  28GPa,  u  =  0.3) 
reinforced  by  aligned,  continuous  silicon— carbide  (aiC)  fibres  or  spherical  particles 
(E  =  320GPa,  u  =  0.3);  the  reinforcement  volume  fraction  is  taken  as  equal  to  0.5. 
However,  only  a  single  fibre  or  particle  occupying  a  1  mm^  volume  is  considered  in 
finding  the  inertia  tensors  in  (7).  We  evaluate  (16)  with  the  two  stiffnesses  (15), 
and  show  the  ratio  of  W/Wgtd  for  selected  overall  loading  conditions. 

Figure  1  shows  the  energy  ratio  as  a  function  of  rjnzlo’n,  the  ratio  of  the  applied 
stress  gradient,  in  the  transverse  X3— direction,  of  the  overall  normal  stress  in  the 
fibre  direction  ii,  to  the  normal  stress  itself.  When  the  gradient  stress  field 
component  is  zero,  the  energy  ratio  W/Wgtd  =  1,  and  there  is  no  difference  between 
the  two  procedures.  This  is  expected,  since  the  modified  method  provides  the  same 
estimate  for  the  upper  left  (6x6)  sub— matrix  as  the  standard  method. 

This  and  other  comparisons  indicate  that,  for  particle  reinforcement  with 
Ep  >  Em,  the  energy  ratio  is  larger  than  one.  This  suggests  that  the  standard 
M^ri— Tanaka  method  overestimates  the  gradient  stiffiiess  of  the  particulate 
composite.  For  the  fibrous  system,  the  energy  ratio  may  be  either  higher  or  lower 
than  one.  Thus  the  standard  method  will  overestimate  certain  stiffness  components 
while  underestimating  others.  Of  course,  different  conclusions  may  reached  for 
other  than  the  SiC/C  systems. 


Fig.  1  Comparison  of  strain  energy  densities 
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5.  Interpretation  of  an  Expjiment 

In  his  1967  paper,  Margolin  [6]  observed  that  the  bending  modulus  of  thin  fibrous 
glass/epoxy  plates  was  dependent  on  the  thickness  of  the  plate.  The  plates  were 
formed  with  1—10  layers  of  fibres  through  the  thickness,  of  constant  fibre  volume 
fraction  equal  to  0.38.  In  the  above  gradient  stiffness  (15i),  for  fibres  aligned  in  the 
Xi— direction,  the  bending  modulus  corresponds  to  L22[l,l].  the  1,1  coefficient  of  the 
L22  submatrix.  The  extensional  modulus  is  given  by  Loo[l,l]-  In  finding  these 
estimates,  the  inertia  terms  in  (6)  and  (7)  were  computed  for  a  rectangular  array  of 
1  —  10x10  fibres.  For  the  specific  phase  properties  of  the  tested  composite  plates. 
Figure  2  shows  a  comparison  of  the  measured  and  computed  moduli  ratios,  using 
both  the  gradient  and  standard  stiffness  estimates. 

This  result,  and  the  energy  comparison  in  Fig.  1,  imply  that  the  presence  of  large 
stress  gradients  in  small  heterogeneous  volumes  may  have  a  significant  effect  on 
local  response,  and  therefore,  should  be  accounted  for  in  estimating  local  properties. 
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Fig.  2  Comparison  of  predictions  with  Margolin*s  [6]  experiments 
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A  simple  micromechanics-based  procedure  is  used  to  evalu¬ 
ate  initial  failure  maps  for  brittle  composite  laminates 
under  combined  in-plane  loads  and  temperature  changes. 
The  maps  are  derived  from  local  stresses  in  the  fiber,  matrix 
and  at  their  interfaces,  and  from  selected  magnitudes  of  the 
respective  strengths.  In  a  particular  loading  plane  or  space, 
the  maps  indicate  the  damage-free  load  range  of  the  lami¬ 
nate,  and  the  source  of  likely  initial  failure  by  fiber  or 
matrix  cracking,  or  by  fiber  debonding.  An  application  to 
AljOj/MoSi,  laminates  with  unidirectional  and  (0/±45)5 
layups  is  presented.  In  this  system,  the  thermal  stresses  are 
very  small  in  the  1200°-20°C  range;  hence  laminate  failure 
is  dominated  by  mechanical  loads.  Propensity  to  fiber 
debonding  appears  to  limit  the  load  magnitudes  that  can  be 
safely  applied  to  the  angle-ply  laminate. 

1.  Introduction 

OUR  objective  is  to  find  the  local  stresses  in  the  fibrous  plies 
of  a  laminated  plate  of  any  layup  which  preserves  symme* 
try  about  the  midplane,  as  functions  of  uniform  implane  loads 
and  temperature  changes  applied  to  the  laminate.  The  quantities 
of  interest  are  both  the  average  matrix  and  fiber  stresses,  and 
their  distributions  at  and  in  the  vicinity  of  the  fiber-matrix  inter¬ 
face.  Extreme  values  of  the  stress  components  are  identified, 
related  to  certain  selected  strength  magnitudes,  and  then  plotted 
as  branches  of  the  failure  maps  in  the  overall  or  laminate  stress 
plane.  Internal  envelopes  of  the  various  branches  represent 
boundaries  on  the  allowable  overall  stresses  that  should  not 
damage  the  laminate. 

The  analytical  procedure  combines  the  laminated  plate  the¬ 
ory  for  evaluation  of  average  ply  stresses  under  the  prescribed 
thermomechanical  loads  with  estimates  of  the  local  stresses 
within  the  plies,  found  from  a  variant  of  the  Mori-Tanaka 
method,  as  outlined  in  Refs.  I  and  2.  Systems  with  coated  and 
cylindrically  orthotropic  fibers  are  discussed  in  Refs.  3  and  4. 

II.  Local  Stresses  and  Overall  Properties 

First,  we  outline  evaluation  of  average  stresses  in  the  plies, 
and  in  the  fiber  and  matrix  phases  within  the  plies,  due  to  uni¬ 
form  thermomechanical  loads  applied  to  the  laminate.  The  rep¬ 
resentative  volume  element  of  Fig.  1  is  used,  with  an  overall 
Cartesian  coordinate  system  X  defined  such  that  the  mid- 
plane  is  the  plane  of  symmetry;  the  plies  are  numbered  in  the 

±X^  direction  as  /  =  1,2 . /?,  and  their  total  number  is  2n. 

The  volume  fraction  of  the  ply  (/)  is  c,  =  r/r,  the  total  thickness 
of  the  plate  is  2t  =  2S/,,  and  2c,  =  1.  Each  ply  is  made  of  a 
homogeneous  matrix  bonded  to  fibers  aligned  in  a  certain 
direction  .v',  that  contains  the  angle  with  the  X,-axis  and 
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serves  to  define  a  local  Cartesian  coordinate  system  x'  with  = 
X3.  The  elastic  symmetry  of  the  plies  is  at  least  orthotropic: 
material  symmetry  planes  coincide  with  the  planes  of  the  x' 
system. 

The  plate  is  loaded  by  self-equilibrated  surface  tractions, 
derived  from  uniform  in-plane  overall  stresses  S  =  [S,, 

5 12]^  defined  in  the  X  coordinates,  and  by  a  uniform  change 
in  temperature  =  6  -  ki  the  symmetric  plate,  the 
resulting  deformations  are  the  in-plane  overall  strains  E  = 
[£,,  E22  2Ei2]^.  Engineering  small  strains  and  the  matrix 
notation  are  used.  The  macroscopic  response  of  each  ply  is 
identified  with  that  of  a  homogeneous  layer;  the  layers  are 
assumed  to  be  perfectly  bonded;  hence  the  ply  strains  £.  = 
[£',1  £22  2£‘i2]^  measured  in  the  X  system  must  satisfy  the  com¬ 
patibility  condition 

E=^E  (1) 

However,  the  £33  strains,  while  uniform,  may  be  different  in 
each  ply. 

The  overall  stresses  S  create  a  complex  stress  field  within  the 
laminate.  Evaluation  is  simplified  by  the  assumed  macroscopic 
homogeneity  of  each  layer,  which  provides  for  uniform  average 
stresses  in  each  ply;  these  are  denoted  as  S,  =  [5'„  SU  ‘^12]^  in 
the  X  system.  The  averages  may  be  related  to  the  overall 
stresses  5  by 

S,  =  H,5  +  h,A6>  {2a) 

i  c,S,  =  S  i2b) 

i  =  I 

2c,H,  =  l3  (2c) 

i=  I 

2c,h,  =  0  (2d) 

'  =  I 

where  the  stress  distribution  factors  H,  and  h,,  derived  below, 
are  (3  X  3)  and  (3X1)  matrices,  respectively.  The  remaining 
relations  provide  for  equilibrium  of  the  membrane  forces,  and 
1 3  is  a  (3  X  3)  identity  matrix. 

We  now  proceed  to  find  the  stress  and  strain  volume  averages 
in  the  matrix  and  fiber  phases,  in  the  local  coordinate  system  x, 
in  each  layer.  Thus  we  first  transform  the  ply  averages  ( I )  and 
{2a)  from  the  overall  system  X  to  the  local  system  x,,  as 


i! 

Fig.  1.  Representative  volume  element  of  a  laminated  plate. 
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(3a) 

O',  =  R,(H,5  +  h,A^)  (3^) 

where  the  matrices  N,  and  R,,  in  the  notation  m  =  cos  n  = 
sin  4;,  ,  are 


m- 

mn 

m* 

—  mn 

-2mn 

2mn  (m'— / 

'm^ 

/z' 

2mn 

n~ 

wr 

—  2mn 

—  mn 

mn 

(m^-n^) 

(4a) 


(4b) 


Then,  the  phase  strain  and  stress  averages  in  the  x,  system  are 
related  to  the  transformed  ply  averages  (3)  and  to  the  local 
change  A  ^  by 

e]  =  A;N,£  +  a;A^  (5a) 

o*:  =  b:r.(h,5  +  h,^e)  +  h]^e  {st) 

where  r  =  f,  m;  A;,  BJ,  are  (6  X  6)  mechanical  stress  concen¬ 
tration  factors,  and  a[,  b-  are  (6X1)  thermal  stress  concentra¬ 
tion  factors.  To  find  correct  phase  field  averages  f  and  a'  as 
(6  X  1)  vectors,  the  products  R,H,S  and  R,h  A^  m  Eqs.  (5) 
must  be  augmented  by  zeros  in  rows  3,  4,  and  5  into  ib  x  l ) 
vectors. 

To  find  the  factors  A^,  B[,  a[,  b[,  H,,  and  h,.  we  assume  that 
the  fiber  and  matrix  are  both  homogeneous  and  possibly  aniso¬ 
tropic  elastic  solids,  and  write  the  constitutive  relations  for  the 
elastic  phases  as 

a]  =  L[e[  +  l,"A^  (6a) 

e;  =  M;ct'  +  m[A^  (6i) 

L[  and  M"  =  (L[)“‘  are  phase  stiffnesses  and  compliances; 
i;,  m;  =  -  M[l[  are  phase  thermal  stress  and  strain  vectors;  all 
are  displayed  in  the  Appendix. 

Estimates  of  the  mechanical  concentration  factors  A;  and  B; 
in  a  fibrous  ply  can  be  obtained  by  several  micromechanical 
methods.  Here  we  use  the  Mori-Tanaka^  procedure  that  also 
will  be  useful  in  finding  the  stress  distribution  in  the  matrix  at 
the  interface  with  the  fiber.  The  assumption  is  that  a  representa¬ 
tive  volume  of  the  fibrous  ply  is  either  loaded  by  an  overall  uni¬ 
form  stress  a  or  deformed  by  an  overall  uniform  strain  e, 
represented  by  (6  X  1 )  vectors.  The  local  stresses  or  strains  in 
phase  s  =  f ,  m  then  follow  from  the  expressions  cr,  =  B,ct  or 


e,  =  A^e,  where" 

A,  =  (L*  +  L3)-‘(L*  -H  L)  (la) 

B,  =  (M*  +  MJ-‘(M*  -h  M)  (Jb) 

L  =  [IcSL*  +  -  L*  (7c) 

M  =  [Zc\(M*  +  M,)-*]-'  -  M*  {7d) 


The  L  and  .M  are  estimates  of  the  overall  stiffness  and  compli¬ 
ance  of  the  composite  material  in  the  representative  volume,  L, 
and  M,  are  the  phase  propenies,  and  L*,  M*  -  (L*)''  are 
given  in  the  Appendix.  In  a  two-phase  composite,  the  thermal 
factors  can  be  derived  from  the  mechanical  as^ ' 

a,  =  (I  -  A,)(L,  -  L,„)-'(I,„  -  I,)  (8a) 

b,  =  (I  -  Bj{M,  ~  M,^)"'(m,„  -  mf)  (8^) 

Substituting  the  moduli  of  the  phases  r  in  layer  (i).  one  obtains 
the  (6x6)  A]  and  B'  matrices  needed  for  evaluation  of  the 


local  fields  (5)  in  the  phases.  A  similar  substitution  in  Eqs.  (8) 
provides  the  (6  X  1)  a[  and  b[  matrices. 

To  find  the  stress  distribution  factors  H,  and  h,  in  Eq.  (2a)  we 
first  reduce  the  (6  X  6)  L  and  M  matrices  in  Eqs.  (7c)  and  (Id) 
to  plane  stress  forms  by  deleting  the  third,  fourth,  and  fifth  rows 
and  columns  from  M.  This  gives  the  (3  X  3)  ply  compliance 
M,  ,  and  the  stiffness  L,  =  M,"'  of  the  layer  (/)  in  the  local  ply 
coordinates  x,.  Transformations  (3)  and  (4)  from  x,  to  the  over¬ 
all  system  X 


C  =  NJL.N,  (9a) 

M,  =  RJM.R,  (9^,) 

I  =  N7I,  (9c) 

Hi,  =  R^m,  (9^) 


provide  the  layer  properties  in  the  X  coordinates. 

Constitutive  relations  of  the  plies  in  the  overall  system  then 
are 


5,  =  L,£,.  +  i^A^  (10a) 

E,  =  M,5,  4-  m,A^  (I Ob) 

An  analogous  form  is  used  for  the  in-plane  response  of  the  lami¬ 
nated  plate, 


S  =  LE  +  lA^  (11a) 

E  =  M5  +  mA^  (11b) 


where  the  ply  and  overall  stresses  and  strains  are  related  by 
Eqs.  (1)  and  (2).  Substituting  into  these  equations,  we  find 


=  L,M 

(12a) 

=  L,m  +  i, 

{I2b) 

N 

L 

=  ^c,L, 

»**  I 

(12c) 

M 

=  (L)-' 

(12d) 

N 

1  - 

=  lc,l 
«  =  1 

(12c) 

and  h^^e  the  distribution  factors  in  Eqs.  (2),  L,  M  and  f. 
=  —  Ml  are  the  overall  in-plane  (3  x  3)  stiffness  and  com¬ 
pliance,  and  (3x1)  thermal  stress  and  strain  matrices  of  the 
laminated  plate  in  Eqs,  (11), 

In  addition  to  the  stress  averages  in  the  plies  and  phases,  we 
need  to  evaluate  the  local  stresses  in  the  matrix,  at  the  interface 
with  the  fiber.  In  doing  so,  one  can  use  the  approach  outlined  in 
Refs.  8  and  9  which  employs  relations  between  interior  (fiber) 
and  exterior  (matrix)  components  of  the  strain  and  stress  tensors 
at  the  interface.  Since  the  distribution  of  the  matrix  stresses  at 
some  distance  from  the  interface  may  be  of  interest,  we  have 
used  the  procedure  described  in  Refs.  1  and  2  where  the  fiber 
was  embedded  in  a  large  volume  of  the  matrix,  loaded  at  a 
remote  boundary  by  the  average  matrix  stresses  o-J"  in  Eq.  (5b). 
The  local  stresses  were  found  from  elasticity  solutions,  for 
loading  by  all  components  of  aj"  and  by  A  d. 


IIL  Results  for  the  AU  O^/MoSi^  System 

As  an  application,  we  construct  initial  failure  maps  of  a 
(0/±45),  laminate  made  of  the  above  MoSi,  matrix  systems, 
with  Cf  =  0.4.  The  phases  are  taken  as  isotropic  with  elastic 
moduli  listed  in  Table  I.  These  magnitudes  were  utilized  to  con¬ 
struct  the  phase  stiffness  and  compliance  matrices,  according  to 
Eqs.  (A-3)  and  (A-5).  Then,  the  phase  thermal  strain  vectors  m, 
were  derived  from  the  CTEs  as  m,  =  [a^,  a,,  a,,  0.  0.  0]^,  and 
the  thermal  stress  vector  as  1^  =  —  L^m^.  These  quantities  were 
substituted  into  Eqs.  (6),  and  used  in  Eqs.  (A-5),  (A-6k  (6). 
and  (7)  to  find  the  ply  properties.  Next,  certain  rows  and 
columns  were  deleted  to  arrive  at  the  plane  stress  forms  needed 
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Table  1.  Phase  Elastic  Moduli  and  Coefficients  of  Thermal  Expansion  for  the 
AljOj/MoSij  System^* 


e 

(»C) 

E  (GPa) 

V 

a  ( X  l0-^/*C) 

Fiber 

Matrix 

Fiber 

Matrix 

Fiber 

Matrix 

1200 

290 

330 

0.24 

0,165 

8.32 

8.7 

1000 

340 

330 

0.24 

0.165 

8.18 

8.7 

800 

352 

330 

0.24 

0.165 

7.97 

8.7 

‘  600 

360 

330 

0.24 

0.165 

7.69 

8.7 

400 

372 

330 

0.24 

0.165 

6.24 

8.7 

200 

376 

330 

0.24 

0.165 

6.55 

8.7 

20 

380 

330 

0.24 

0.165 

5.60 

8.7 

in  the  transformations  (9).  This  was  followed  by  evaluation  of 
overall  laminate  properties  (12).  Then,  selected  loading  combi¬ 
nations  were  applied  to  the  plate  element  in  Fig.  1 ,  and  Eqs.  (11) 
with  (3)  were  called  upon  to  provide  the  average  phase  stresses. 
Matrix  stress  distributions  at  the  interface  were  then  found  from 
the  local  field  equations  listed  in  Refs.  1  and  2. 

Figure  2  shows  the  stress  distributions  in  a  unidirectional 
ply  under  unit  mechanical  stresses,  plotted  as  functions  of  the 


angle  <}>,  measured  ccw  in  the  X2X^  plane  perpendicular  to  the 
fiber,  from  the  in-plane  jCj  axis  of  the  ply.  Thermal  stresses 
were  found  as  well.  However,  because  of  the  small  differences 
in  C  i  ts,  these  stresses  were  of  negligible  magnitude  (10"^ 
MPa/°C).  Next,  the  0/±45)s  laminate  was  analyzed  to  evaluate 
ply  and  phase  local  stresses  under  in-plane  loading  in  the  SnS., 
and  5,,5i2  stress  planes.  The  local  averages  and  maximum  val¬ 
ues  evident  in  Fig.  2  were  recorded  for  each  ply,  and  identified 


AXIAL  TENSION  iMPa 
AI2O3  /  MoSi2 


TRANSVERSE  SHEAR  1MPa 
AI2O3  /  MoSi2 


(j)  (() 


TRANSVERSE  TENSION  IMPa 
AI2O3  i  MoSi2 


LONGITUDINAL  SHEAR  1  MPa 
AI2O3  /  MoSi2 


1  ^  I  I  I _ i _ 1 _ 1 _ I _ ^ _ i 

‘  0  45  90  135  180  225  270  315  360 


<t) 


ig.  2.  Local  stresses  at  fiber-matrix  iniert'ace  under  unit  loads  applied  to  a  unidirectional  lamina. 
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with  certain  selected  strengths.  The  tensile  matrix  and  interface 
strengths  were  taken  as  cC,  =  240  MPa  and  =  50  MPa, 
and  the  compressive  matrix  strength  as  o^,  =  - 1000  MPa. 
The  results  are  plotted  starting  with  Fig.  3.  Each  line  in  the  fig¬ 
ures  corresponds  to  the  selected  maximum  allowed  magnitude 
of  the  labeled  stress  component. 

Figures  3  and  4  were  constructed  for  the  maximum  tensile 
stresses  in  the  matrix  and  at  the  interface  of  each  ply,  under 
overall -stresses  The  interface  hoop  stress  which 

may  cause  radial  cracking,  is  represented  by  two  branches  that 
correspond  to  points  =  0®  and  -  90°  in  the 

cross-sectional  plane.  The  internal  envelope,  represented 
here  by  the  radial  stresses  at  the  interface,  indicates  the  overall 
stress  magnitudes  that  would  cause  initial  failure  in  the  lami¬ 
nate.  Figure  5  shows  a  compressive  failure  envelope,  for  allow¬ 
able  compressive  strengths  in  the  matrix.  Failure  envelopes  for 
the  fiber  are  very  similar.  Fiber  kinking  may  interfere  but  is  not 
considered  herein.  Note  that  the  response  is  linear.  Therefore, 
while  plotted  for  specific  strength  magnitudes,  Figs.  3-5  and  the 
following  figures  can  be  easily  adjusted  for  any  other  selected 
strengths  by  multiplying  the  scales  by  the  ratio  of  the  new/ 
current  strength  for  each  selection.  Figures  6-8  show  results 
of  the  same  kind,  but  for  loading  in  the  overall  5,, 5,2  stress 
plane.  Again,  these  can  be  scaled  for  any  selected  strength 
magnitudes. 

The  allowable  tensile  load  range  is  small  in  this  system,  and 
may  be  further  reduced  by  a  lower  interface  strength.  Damage 
should  start  by  fiber  debonding.  That  would  change  the  local 
stresses  and  the  positions  of  the  failure  maps.  This  case  will  be 
discussed  elsewhere. 


IV.  Conclusions 

The  analysis  indicates  how  significant  magnitudes  of  the 
local  stresses,  caused  in  a  fibrous  laminate  by  uniform  overall 
thermomechanical  loads,  can  be  found  and  utilized  together 
with  selected  local  strength  magnitudes,  in  constructing  initial 
failure  maps  in  the  overall  stress  space.  The  maps  identify  the 
components  of  local  stresses  which  are  likely  to  cause  initial 
cracking  of  the  matrix,  fiber,  or  their  interface,  in  individual 
plies.  The  results  obtained  for  the  particular  Al.O^/MoSi. 


Fig.  4.  Magnified  failure  envelope  of  Fig.  3. 


(0/±45),  laminate  suggest  the  possibility  of  interface  debond¬ 
ing  under  relatively  low  overall  in-plane  normal  stresses 
applied  alone  or  in  biaxial  tension.  On  the  other  hand,  certain 
overall  biaxial  normal  and/or  shear  stress  states  of  interme¬ 
diate  magnitude,  which  include  a  compressive  transverse 
normal  stress,  can  be  applied  without  risking  internal  damage. 
While  each  failure  map  may  be  scaled  to  reflect  the  actual  local 
strengths,  the  positions  of  individual  branches  depend  on  tem¬ 
perature-dependent  magnitudes  of  phase  elastic  moduli  and 
coefficients  of  thermal  expansion.  In  most  systems,  thermal 
stresses  induced  during  cooling  from  fabrication  temperatures 
will  cause  translation  of  the  branches;  those  may  be  obtained 


Fig.  3.  Tensile  failure  envelope  of  an  AKO,/MoSi,.  [0/*45],  lami¬ 
nate  in  the  plane,  computed  for  =  240  MPaand  ,  =  50 
MPa. 


axial  stress 
hoop  stress  099 


Fig.  5.  Compressive  failure  envelope  for  the  system  of  Fig.  3.  in  the 
5, 1 5-  plane,  computed  for  0-%  =  ~  1000  MPa. 
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- axial  stress  Gzz 

-  radial  stress  a  rr 

- hoop  stress  Gee 

Fig.  6.  Tensile  failure  envelope  of  an  ALOj/MoSii,  [0/±45]s  lami¬ 
nate  in  the  5n*Sp  plane,  computed  for  o^,  =  240  MPa  and  =  50 
MPa. 


S11  [MPa] 


-  axial  stress  a  22 

-  radial  stress  Orr 

-  hoop  stress  Gee 

Fig.  7.  Magnified  failure  envelope  of  Fig.  6. 


with  the  present  analysis.  However,  the  effect  of  evolving  dam¬ 
age  remains  to  be  resolved. 

APPENDIX 

Suppose  that  the  fiber  and  matrix  moduli  and  coefficients  of 
thermal  expansion  are  represented  by  continuous  functions  of 
temperature  0.  derived  from  experimental  data.  After  a  uniform 
change  from  a  reference  applied  under  a  uniform  stress 
a,,  an  unconstrained  phase  deforms  uniformly. 


S11  [MPa] 


- axial  stress  G2z 

- hoop  stress  Gee 

Fig.  8.  Compressive  failure  envelope  for  the  system  of  Fig.  6,  in  the 
plane,  computed  for  CTlIj,  =  -1000  MPa. 


e,  =  M,(^)(r,  +  J  m,{e)d0  (A-1) 

^0 

If  the  temperature  changes  under  an  applied  uniform  strain,  the 
stress  is 

e 

(T,  =  L,{e)B,  -  L,{e)j m,{0)(ie  (A-2) 

where  r  =  f ,  m  denotes  the  phase,  L,(^)  and  M,(^)  = 
(Lr(^))“‘  are  temperature-dependent,  (6  X  6)  phase  stiffness 
and  compliance  matrices,  m,{6)  is  the  (6x1)  thermal  strain 
vector  of  expansion  coefficients;  their  particular  forms  depend 
on  the  elastic  symmetry  of  the  phase.  A  comparison  with  Eqs. 
(6)  sugests  that  the  term  m;  A  devaluates  as  the  integral  in  Eq, 
(A-nrand  the  Adas  the  last  term  in  Eq.  (A-2):  the  phase  mod¬ 
uli  are  taken  at  the  current  6. 

For  a  transversely  isotropic  solid,  with  .v,  as  the  axis  of  rota¬ 
tional  symmetry,  and  compliance  matrix  M.  the  constitutive 
relation  e  =  Ma  is  written  using  the  engineering  moduli 


“1/E,,  -vJE,,  -vJE,,  0  0  0  “1 

"a,” 

0 

0 

0 

1 

0 

0 

0 

<T, 

l/G:,  0  0 

(Ti 

£5 

l/G,:  0 

(J. 

£^ 

SYM.  l/6’,:_ 

‘T., 

(.A-3) 

The  stiffness  L  =  M" '  is  best  written  in  terms  of  Hill's  moduli. 
k  =  -[l/G:,  -  4/£,:  -f  dyfyEnr' 

/I  =  Ej,  4-  4k  vj.  =  Ell  f 
(  =  2k  vr. 
m  = 

P  ~  Gi: 

The  constitutive  relation  a  =  Le  then  is 
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(k  +  m)  (k-m) 
(ik  +  m) 


To  estimate  the  overall  moduli  L  of  heterogeneous  solids  by 
the  Mori-Tanaka  method,  one  can  utilize  Eqs.  (7)  with  the  con¬ 
straint  tensors  L*  and  M*  derived  as  stiffnesses  and  compli¬ 
ances  of  a  cavity  in  the  matrix,  having  the  shape  of  the 
reinforcing  fiber.’®  Simple  expressions”  can  be  obtained  using 
the  polarization  tensor  P,  represented  as  a  (6  X  6)  array  with 
the  following  nonzero  coefficients: 


P..  =  P..  = 


p  —  p  —  _ 

^  +  mj 

P55  ^  P66=  y(2pj  {A-5d) 

Note  that  P  is  singular,  but  the  Eshelby  tensor  S  =  PL of  a 
transformed  homogeneous  inclusion  in  the  matrix  is  not. 
The  constraint  tensors  then  follow  from 

S  =  (L*  +  LJ-’L,  =  M*(M*  +  M,)-’  (A-6) 


(A-5a) 


{A-5b) 
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Abstract.  Initial  failure  maps  define  damage-free  loading  regions  in  the  laminate  stress  space, 
such  that  local  stresses  in  the  individual  phases  and  interfaces  in  each  ply  do  not  exceed  specified 
streneth  magnitudes.  The  maps  arc  constructed  here  for  several  symmetric  laminates  and 
composite  systems  loaded  by  uniform  membrane  stresses.  The  (0/±45)j  layup  was  selected  for 
the  Al203/MoSi2  and  SCS-6/Ti3Al  systems,  and  the  (0/±45/90)j  layup  for  the  SCS-6/Timetal- 
21S  composite.  Results  are  presented  both  in  the  5ii522  and  5nSi2  stress  planes,  where  the  xj- 
axis  coincides  with  the  zero-degree  fibre  direction.  Residual  stress  effects  induced  by  fabrication 
and/or  thermal  changes  are  included. 


1.  Introduction 

It  is  well  known  that  fibrous  composite  laminates  may  experience  progressive  damage  well 
before  the  applied  load  reaches  an  ultimate  magnitude.  While  some  applications  may  take 
advantage  of  this  reserve  in  load  carrying  capacity,  damage  of  any  kind  is  undesirable, 
for  example,  when  it  causes  excessive  stiffness  reduction,  or  exposes  the  microstructure  to 
corrosive  environment.  Therefore,  it  is  of  interest  to  identify  load  levels  which  guarantee 
that  the  local  stresses  within  the  individual  plies  of  the  laminate  do  not  exceed  certain 
allowable  magnitudes. 

The  problem  addressed  in  the  present  paper  is  to  determine  overall  uniform  stress  levels 
and  temperature  changes  applied  to  symmetric  laminated  plates  of  any  layup  that  cause 
local  stresses  in  the  matrix,  fibre,  and  at  the  interface,  to  reach  certain  critical  magnitudes. 
These  results  are  summarized  in  the  initial  failure  maps  discussed  in  section  4.  Any  specific 
failure  criterion  that  depends  on  the  local  stresses  or  their  combination  can  be  selected  by 
the  user.  Similar  support  can  be  derived  for  strain-based  criteria. 

As  in  our  previous  work  [12, 13, 15],  the  damage- free  load  region  in  a  given  laminate 
stress  plane  is  found  as  an  internal  envelope  of  many  branches  that  reflect  the  local  stress 
maxima  at  fibre-matrix  interfaces  and  in  the  phases  of  individual  plies.  The  underlying 
mechanical  and  thermal  stress  concentration  factors  are  derived  through  a  micromechanical 
analysis  based  on  the  Mori-Tanaka  method  [4,21],  which  is  developed  here  for  systems 
with  both  coated  and  uncoated  fibres.  We  also  provide  for  residual  stress  effects  resulting 
from  fabrication  and  processing,  or  from  phase  transformations.  In  applications  to  the 
metal  matrix  SiC/Ti  system,  the  initial  stresses  were  taken  from  available  analysis  of  the 
hot  isostatic  pressing  (HIP)  cycle. 

Section  2  outlines  the  transformation  field  analysis  method  that  provides  a  theoretical 
foundation  for  evaluation  of  the  local  stresses  within  the  plies.  An  analogous  transformation 
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field  analysis  of  ply  stresses  in  symmetric  laminates  appears  in  section  3.  Applications  to  and 
the  resulting  initial  failure  maps  for  several  systems  and  layups  are  presented  in  section  4. 
Detailed  solutions  of  several  inclusion  problems  are  exposed  in  the  appendices. 

The  symbolic  notation  used  here  employs  bold-faced  capital  letters  to  represent  (6  x  6) 
or,  if  used  with  a  top  bar,  (3  x  3)  matrices;  lower  case  bold-faced  letters  denote  (6x1)  or, 
if  with  top  bar,  (3x1)  vectors.  The  bold-faced  italics  E  and  5  denote  the  (3x1)  overall 
laminate  strain  and  stress  vectors.  Scalars  are  denoted  by  light-faced  capital  and  lower-case 
letters. 

2.  Local  stresses  and  overall  properties  of  fibrous  plies 

In  preparation  for  the  analysis  of  the  laminate,  we  first  review  some  of  the  aspects 
of  micromechanical  modelling  of  unidirectional  composite  systems.  In  particular,  the 
evaluation  of  local  fields  and  overall  composite  response  will  be  presented  in  the  framework 
of  transformation  field  analysis  (TTA)  developed  in  the  last  several  years  by  Dvorak  and 
coworkers  [8-11,14].  When  used  with  a  selected  micromechanical  model,  the  analysis 
provides  approximation  of  the  instantaneous  local  stress  and  strain  fields  in  the  phases, 
and  estimates  of  the  overall  instantaneous  thermomechanical  properties  of  a  representative 
volume  element  (RVE). 

2.7.  General  formulation 

We  consider  an  RVE  of  a  matrix-based  composite  reinforced  by  aligned  coated  or  uncoated 
fibres  of  circular  cross  section.  A  Cartesian  coordinate  system  x  is  defined  such  that  x\  is 
parallel  to  the  fibre  axis.  The  geometry  of  the  microstructure  in  the  transverse  X2JC3  plane 
can  be  arbitrary,  as  long  as  the  composite  aggregate  remains  statistically  homogeneous. 
The  composite  is  loaded  by  certain  external  tractions,  derived  from  the  uniform  overall 
stress  O’®,  and  by  uniform  temperature  change  AT  —  T  —  Tq.  In  addition,  piecewise 
uniform  eigenstrains  /x^  can  be  prescribed  in  individual  phases  to  account  for  inelastic 
strains  generated  during  fabrication  and  processing,  or  to  simulate  the  effect  of  damage  by 
interfacial  decohesion.  Of  course,  the  thermal  strains  could  be  added  to  these  eigenstrains. 

To  that  end,  the  RVE  can  be  subdivided  into  certain  subvolumes  p,r]  =  1,  2, ...  M, 
where  the  local  fields  are  presumed  to  be  uniform.  The  local  stress  fields  caused  by  the 
above  loads  in  the  subvolumes  will  be  evaluated  in  the  form 

M 

<Tpix)  =  Bp(a:)cr°  +  bp(x)Ar  -  ^  (1) 

where,  x  €  RVE,  Bp(x)  is  a  (6  x  6)  mechanical  stress  concentration  factor  matrix  [17], 
bp(x)  is  the  (6  x  1)  thermal  stress  concentration  factor  [20]  and  Fp^(x)  is  a  (6  x  6) 
transformation  concentration  matrix  [10].  The  (6x6)  elastic  stiffness  matrix  is  displayed 
in  detail  in  appendix  A. 

It  is  helpful  to  recall  that  for  any  two-phase  composite  medium,  p.rj  =  1,2,  the  bp(x) 
and  Fprjix)  are  related  to  Bp(x)  through  the  exact  connections  [11].  In  particular,  for 
fibrous  systems,  p,  r/  =  f,  m, 


bp{x)  =  [I  -  Bp(x)](Mn,  -  Mf)-'(mf  -  rrin,) 
Fpm(x)  =  [I  -  B,(X)](M„  - 
Fpf(x)  =  -[I  -  B^(x)](Mn,  - 


(2) 
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where  I  is  (6  x  6)  identity  matrix,  Mf  and  Mm  are  the  phase  compliances,  while  Lp  =  M“'; 
rDf  and  iTlm  are  the  thermal  strain  vectors  listing  the  linear  coefficients  of  thermal  expansion 
of  the  fibre  and  matrix,  respectively.  Substituting  (2)  into  (1)  provides  the  stress  fields  in 
the  fibre  and  matrix  as 

o-f(x)  =  Bf(x)£7°  +  [I  -  Bf(a:)](Mm  -  Mf)“‘  [(nif  -  trim) AT  +  /Xf  -  ptj 

O-m(x)  =  Bm(a:)(T°  +  [I  -  Bm(a:)](Mm  -  Mf)-'[(mf  -  mm)Ar  +  /Xf  -  Mml-  (3) 

The  corresponding  strain  fields  then  follow  from  the  phase  constitutive  relations 

ep(x)  =  Mp<Tp(x)  +  mpAT  + p  =  f,  m.  (4) 

Equations  (3)  imply  that  the  local  stress  fields  can  be  evaluated  in  terms  of  the 
mechanical  stress  concentration  factors  Bf(x)  and  Bm(x)  and  elastic  and  thermal  properties 
of  the  fibre  and  matrix. 

Unfortunately,  the  pointwise  correspondence  between  mechanical  and  transformation 
concentration  factor  tensors,  equations  (2),  cannot  be  applied  to  the  systems  with  coated 
inclusions.  In  such  cases,  the  transformation  factors  are  usually  evaluated  numerically  using 
the  finite  element  method.  Moreover,  the  local  fields  in  coated  inclusion  are  generally 
not  uniform,  and  hence  a  special  treatment  is  required  to  evaluate  phase  mechanical 
concentration  factors  in  such  systems. 

2.2.  Estimates  of  phase  stress  averages 

Consider  a  three-phase  composite  material  reinforced  by  continuous  fibres  surrounded  by  a 
layer  of  coating.  Here,  the  relations  between  the  local  and  overall  stress  fields  are  found 
within  the  context  of  a  variant  of  the  Mori-Tanaka  method  [4].  To  simplify  the  formulation 
we  admit  only  mechanical  and  thermal  loading,  see  figure  1. 

The  method  approximates  the  effect  of  particle  interaction  on  the  local  stresses  by 
assuming  that  the  stress  in  each  fibre  and  coating  is  equal  to  that  of  a  single  coated  fibre 
embedded  in  an  unbounded  matrix  medium  subjected  to  the  as  yet  unknown  average  matrix 
stress  <Tm  =  Bmcr^  +  bmAT,  figure  1,  where  8^  and  bm  are  the  volume  averages  of  Bni(x) 
and  bm(x)  in  (1). 

In  Benveniste’s  reformulation  of  the  method  [4],  the  solution  of  a  single  inclusion  in  a 
large  volume  of  matrix  loaded  by  assumes  the  form 

C7p(x)  =  Wp(x)crm  +  Wp(x)Ar  with  p  =  f,  g,  m  (5) 

where  Wp(x)  and  Wp(x)  are  the  partial  mechanical  and  thermal  stress  concentration  factors 
referring  to  single  inclusion.  To  determine  (Xm,  we  recall  that  the  local  stress  components 
(jp  and  the  overall  uniform  applied  stress  satisfy  the  equilibrium  condition 

cr^  =  ^  CpCTp  for  p  =  f,  g,  m  (6) 

p 

where  Cp  =  1  represents  the  volume  fraction  of  individual  phases.  Substituting  (5)  into 
(6)  provides 

(Tm  =  (T°  -  AT  ^CpWp  (7) 

-  p  j  L  p 

where  Wp  and  vtp  are  the  phase  volume  averages  of  Wp(x)  and  Wp(x)  in  (5).  Since  Wp 
and  Wp  refer  to  single  inclusion  in  an  infinite  matrix,  the  state  of  stress  in  the  matrix  is 
affected  only  in  a  small  volume  adjacent  to  the  inclusion.  Consequently  we  obtain 

=  I  w,  =  0. 


(8) 
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Figure  1.  Representation  of  Mori-Tanaka  method  for  thermoelastic  problems. 


The  fibre  and  coating  volume  averages  of  Vfp(x)  and  w^(i)  are  found  as 

^p  =  ^f  VVp(x)dV  =  ^  f  Wp(x)dV.  (9) 

■’V,  Ko  Jv, 

Finally,  after  substituting  from  (7)  back  into  (5)  we  arrive  at  the  desired  approximation  of 

CTpix). 

Evaluation  of  and  for  three-phase  solids  is  outlined  in  appendix  B. 

In  the  absence  of  inelastic  effects,  the  overall  and  local  strain  fields  are 

€  =  Mrr -t- mAT  C/,  =  MpCr^ -|- m^AT  p  =  f,  g,  m.  (10) 

Using  results  obtained  from  (8)  and  (9),  one  can  write  the  local  stress  averages  in  the  form 

^p  ~  ^ p^m  +  vipAT  with  p  =  f,  g,  m.  (1  j) 

T^e  compatibility  condition,  CfCf -f- CmCm  =  e,  together  with  equations  (7),  (10)  and  (11) 
then  yield  the  desired  results 

n’  =[  E  E  c.W,]  ^  c,w,]  +  ^  +  m,). 

3.  Transformation  field  analysis  in  laminated  plates 

In  this  section,  the  transformation  field  analysis,  outlined  in  section  2.1,  is  extended 
to  symmetric  laminated  plates  under  uniform  in-plane  loads.  The  analytical  procedure 
combines  the  classical  laminated  plate  theory  for  evaluation  of  average  ply  stresses  under 
t^he  prescnbed  thermomechanical  loads  with  estimates  of  the  local  stresses  within  the  plies, 
found  as  outlined  in  the  former  paragraphs. 

The  goal  is  to  derive  expressions  for  evaluation  of  the  local  stress  fields  within  the  plies 
in  the  locations,  where  damage  is  likely  to  be  initiated.  Those  regions  are  usually  found  at 
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or  in  the  vicinity  of  the  fibre-matrix,  or  coaling-matrix  interfaces,  where  the  local  stresses 
exceed  their  corresponding  strength  magnitudes. 

In  order  to  prevent  evolution  of  damage,  it  is  necessary  to  identify  allowable  overall 
stress  slates  that  maintain  the  integrity  of  the  microstructure.  In  the  present  study,  this  is 
achieved  by  constructing  initial  failure  maps  of  laminated  plates,  as  internal  envelopes  of 
several  branches  that  identify  overall  stress  combinations  which  cause  components  of  local 
stresses  to  reach  the  local  strength.  Internal  envelopes  of  the  various  branches  then  represent 
boundaries  on  the  allowable  overall  stresses  that  should  not  damage  the  laminate. 

3.7.  Overall  response  and  ply  field  averages  in  laminates 

We  limit  our  attention  to  laminates  consisting  of  IN  thin  elastic  plies  (i  =  1,2,...,  N), 
arranged  in  a  symmetric  layup  with  respect  to  the  midplane  XxXn,  see  figure  2.  In-plane 
membrane  forces  and  the  corresponding  uniform  stresses  S  —  [5ii,  522,  5i2]^,  defined  in 
the  X  coordinates,  may  be  applied  together  with  uniform  change  in  temperature.  Moreover, 
uniform  eigenstrains  pLj  =  [/Xjj,  /X22»  introduced  in  pairs  of  plies  (i),  equidistant 

from  the  midplane,  such  that  symmetry  of  the  laminate  loads  about  the  midplane  is 
preserved.  In  the  symmetric  plate,  the  resulting  deformations  are  the  in-plane  overall  strains 
E  =  [E\\,  Elly  E\2^ ,  The  overall  response  of  the  composite  laminate  is  then  given  in  a 
form  analogous  to  (4), 

5  =  LJE;  +  lAr  +  A  jE;  =  M5  +  mAr  +  7I  (13) 

where  the  m  =  —LI  is  the  (3  x  1)  overall  thermal  strain  vector,  and  A  =  —  L7I  is  the 
laminate  eigenstress;  L  =  M  denotes  the  (3  x  3)  overall  stiffness  of  the  laminated  plate 
under  in-plane  loads.  In  context  of  the  classical  laminated  plate  theory,  the  overall  quantities 
are  derived  by  integrating  the  ply  constitutive  relations  over  the  laminate  thickness 

1  ^  I  nhi/l  _  _  _ 

S^tY]  *5,  dx3  =  -  y  /  (UEi  +  Li  AT  +  Xi)  djC3.  (14) 

Since  the  in-plane  strains  must  be  equal  in  all  plies  and  the  temperature  change  is  assumed  to 
be  uniform,  equation  (14)  provides  the  plate  overall  stiffness  matrix  and  the  overall  thermal 
stress  and  eigenstress  vectors  in  the  form 

L  =  J^c,L;  i  =  A  =  J^C/A,  (15) 

/=1  1  =  1  /  =  1 

where  c,  =  hi! h,i  =  1, . . . ,  represents  the  volume  fraction  of  individual  plies.  L,  =  M,  ' 
are  (3  x  3)  plane  stress  stiffness  and  compliance  matrices  of  ith  ply  written  in  laminate 
coordinate  system  X  as 

U  =  M,=RjM,R;  (16) 

where  N,  and  R,  represent  certain  transformation  matrices  such  that 

cos^  i/f,  s'ln^  \j/i  —5sin2i/'’,' 

R/"  =  (N,)"'  =  sin"  cos^  |sin2i//i 

_sin2^i  —  sin2i/^,  cos2V^/ 

The  ply  stresses  are  related  to  the  overall  stresses  5  and  the  ply  eigenstrains  by 


(17) 


558 


G  J  Dvorak  and  M  Sejnoha 


Table  1.  ThermomechanicaJ  propcmcb  of  carbon  coating  [2]. 


El 

(GPa) 

Et 

(GPa) 

Gl 

(GPa) 

Gj  V 

(GPa) 

«L 

(10-‘/C) 

QfT 

(10-‘/Q 

172.4 

6.9 

14.5 

3.8  0.3 

1.8 

28 

L  and  T  denote  the  longitudinal  and  transverse  directions,  respectively. 


Table  2.  Thermomechanical  properties  of  AI2O3  fibre  [20]. 


T 

(C) 

E 

(GPa) 

V 

a 

{\0-^/C) 

1200 

290 

0.24 

8.32 

1000 

340 

0.24 

8.32 

800 

352 

0.24 

8.32 

600 

360 

0.24 

8.32 

400 

372 

0.24 

8.32 

200 

316 

0.24 

8.32 

20 

380 

0.24 

8.32 

where  <7,  represents  the  components  of  the  stress  vector  in  ply  (f)  now  written  in  the  ply 
coordinate  system  x.  H/  is  the  (3  x  3)  ply  stress  distribution  factor,  h,-  is  the  (3  x  1)  ply 
thermal  distribution  factor,  and  K,y  are  the  ply  eigenstress  distribution  factors.  The  latter 
provides  the  contribution  to  the  stress  5/  in  ply  (i)  due  to  eigenstrain  fXj  in  ply  (7),  both 
for  j  =  i  and  j  ^  i.  To  establish  relations  between  distribution  factors  and  thermoelastic 
properties  of  the  laminate  we  first  recall  the  compatibility  and  equilibrium  of  the  in-plane 
strain  and  stress  components: 

N 

Ei=^E  Yl,c<Si=S.  (19) 

1  =  1 

Then,  equations  (13),  (14),  (18)  and  (19)  provide 

H,  =  L,  M  h,  =  i,  -  H,i  K„  =  I  -  cj  H, 


(20) 
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Table  3.  Thermomechanical  properties  of  SCS6  fibre  [12]. 


T 

E 

1; 

or 

(C) 

(GPa) 

(lO-'^/C) 

900 

363 

0.25 

4.49 

760 

366 

0.25 

4.38 

700 

369 

0.25 

4.31 

640 

370 

0.25 

4.25 

580 

372 

0.25 

4.17 

490 

374 

0.25 

4.17 

430 

377 

0.25 

3.95 

310 

380 

0.25 

3.82 

140 

385 

0.25 

3.66 

22 

390 

0.25 

3.56 

Table  4.  Thermomechanical  properties  of  MoSi2  matrix  [20]. 


E  V 

a 

(GPa) 

(10-*/C) 

330  0.165 

8.32 

Table  5.  Thermomechanical  properties  of  T13AI  matrix  [2]. 


T 

E 

V 

Of 

(GPa) 

(10-*/C) 

950 

32.4 

0.3 

10.4 

760 

51.2 

0.3 

10.4 

640 

62.0 

0.3 

10.4 

430 

63.3 

0.3 

10.4 

260 

66.3 

0.3 

10.4 

22 

69.0 

0.3 

10.4 

where  Sij  is  the  Kronecker  delta  symbol  and  I  is  the  (3  x  3)  identity  matrix.  Finally,  assuming 
that  each  ply  has  been  subdivided  into  M  subelements  p,  r;  =  1, 2, . . . ,  Af,  the  eigenstrain 
'Jij  is  obtained  using  the  modified  Levin’s  formula 


M 


;7=1 


(21) 


where  is  the  transformation  matrix  given  by  (17)  and  is  the  familiar  (6  x  6)  stress 
concentration  matrix  discussed  in  section  2.1.  Note  that  the  summation  in  (21)  is  carried 
out  first  and  then  the  result  is  reduced  to  a  (3  x  1)  vector  by  deleting  rows  3,  4,  and  5 
to  conform  with  the  original  formulation  of  the  plate  problem  based  on  generalized  plane 
stress  assumption. 


3.2.  Local  stress  fields  in  the  plies 

Now  that  the  ply  stresses  (18)  in  the  laminate  have  been  determined,  we  can  relate  the 
local  stresses  within  the  ply  to  the  overall  stress  S  applied  to  the  laminate,  and  to  the  local 
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Table  6.  Thermomechanical  properties  of  Timetal-2IS  matrix  [12]. 


T 

E 

u 

a 

(C) 

(GPa) 

(10-'’/C) 

900 

50.0 

0.382 

12.5 

760 

51.5 

0.378 

12.3 

700 

58.5 

0.370 

11.9 

640 

72.0 

0.365 

11.7 

580 

83.0 

0.365 

11.3 

490 

91.0 

0.365 

10.7 

430 

99.5 

0.354 

lO.I 

310 

104 

0.361 

9.55 

140 

110 

0.351 

8.96 

22 

116 

0.341 

8.67 

Sigma/Timetal  213 


Temperature 


Hydrostatic  pressure 


Figure  3,  Compressive  stress  and  temperature  history  applied  during  fabrication  of  the 
SCS6/Tiinetal“21S  composite. 


eigenstrains  within  the  plies.  First,  (1)  and  (I82)  give 


<  =  B-R,S,+b'Ar-f]F'^LX. 


r}-\ 


Then,  using  (18)  and  (21)  in  (22)  we  arrive  at  the  final  expression 
cr‘^  =  B;R,(H,5  +  h,- AT)  +  b;,A7' 


t,  -  BiRi  E  E  f'BjV; 

^=1  ;=1 


r  Af 


(22) 


(23) 


where  p^r}  ^  1, 2, . . . ,  Af  and  y  —  1,  2, . . . ,  A/.  To  find  correct  phase  stress  averages 
as  (6  X  1)  vectors,  the  product  R;5,  in  equation  (22)  and  the  products  R/(H,5  +  h/AT) 
and  R,  KijLjJtj  in  equation  (23)  have  to  be  augmented  by  zeros  in  rows  3,  4,  and  5 
into  (6x1)  vectors. 
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Figure  4.  Local  stresses  in  the  matrix  at  the  fibre-matrix  interface  under  unit  traverse  tension 
applied  to  a  unidirectional  lamina  of  the  SCS-6/T13AI  system. 


Figure  5.  Local  stresses  in  the  matrix  at  the  coating-matrix  interface  under  unit  traverse  tension 
applied  to  a  unidirectional  lamina  of  the  SCS-6/T13AI  system  with  coated  fibres. 


The  first  and  second  terms  in  (23)  represent  the  local  stress  caused  by  the  overall  stress 
and  uniform  change  in  temperature  applied  to  the  laminate,  while  the  third  and  fourth 
terms  are  the  contributions  of  the  subvolume  eigenstrains  in  the  plies  to  subvolume  p  of 
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Angle  6  [deg] 


Figure  6.  Local  stresses  in  the  nvatrix  at  the  fibre-matrix  interface  under  unit  longitudinal  shear 
applied  to  a  unidirectional  lamina  of  the  SCS-fi/TijAl  system. 


0.0  30.0  60.0  90.0  120.0  150.0  180.0 

Angle  6  [deg] 


Figure  7.  Local  stresses  in  the  matrix  at  the  coating-matrix  interface  under  unit  longitudinal 
shear  applied  to  a  unidirectional  lamina  of  the  SCS-6/T13AI  system  with  coated  fibres. 


lamina  (i).  The  third  term  provides  the  local  stresses  due  to  local  eigenstrains  in  lamina 
(1).  The  in-plane  constraint  E  =  jE,  imposed  on  each  lamina  causes  additional  stresses  in 
the  subvolumes  of  the  plies  when  eigenstrains  are  present  in  other  layers.  This  effect  is 
given  by  the  fourth  term  in  (23).  The  usual  volume  averaging  procedure  then  yields  the  ply 
average  stresses. 
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■  TENSILE/  SHEAR  FAILURE  MAPS  FOR  1200°C  -  20°C 


a:  =  240  MPa  (c:x,  =  50  MPa  (<', o: ),,  =  ±1 00  MPa 
AI,03  /  MoSij  [0/±45]^ 


S„  [MPa] 

- axial  stress  0 

zz 

-  radial  stress  0 

rr 

- hoop  stress  0^^ 

-  shear  stress  0^  @c 

- shear  stress  0  @a 

rz 


Figure  8.  Failure  envelopes  of  Ai203/MoSi2  (0/±45)j  laminate  in  the  5ii522“Plane. 


4.  Initial  failure  maps 

As  an  application,  we  constructed  initial  failure  maps  for  three  laminates.  A 
ceramic/intermetallic  MoSi2  matrix  reinforced  by  alumina  fibres  is  chosen  to  represent  an 
elastic-brittle  system,  while  titanium-based  Timetai-21S  and  Ti3Al  matrices  with  the  silicon 
carbide  SCS6  fibre  represent  ductile  systems  with  a  viscoplastic  and  elastic-plastic  response 
to  thermomechanical  loads,  respectively.  A  lO^m  thick  carbon  coating  has  been  added  to 
the  fibres  in  the  SCS6/T13AI  system.  The  thermoelastic  properties  of  transversely  isotropic 
carbon  coating  are  listed  in  table  1.  The  fibre  and  matrix  phases  are  assumed  to  be  elastically 
isotropic  in  all  systems,  with  thermoelastic  properties  given  in  tables  2-6. 

Overall  properties  of  the  selected  systems  were  found  as  indicated  in  appendix  A,  and 
the  local  stresses  were  evaluated  using  the  detailed  analysis  outlined  in  appendix  B.  Of 
particular  interest  were  the  maxima  and  minima  of  stresses  at  the  fibre-matrix  interfaces 
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TENSILE/  SHEAR  FAILURE  MAPS  FOR  1200°C  -  20“C 
a;,  =  240  MPa  (a;X  =  50MPa  =  ±100  MPa 

AIP3  /  MoSij,  [0/±45], 

400 


200 


a 

CL 

2  0 
(fT 


-200 


-400 

-400  -200  0  200  400 

S„  [MPa] 

—  axial  stress  a 

zz 

—  radial  stress  a 

rr 

--  hoop  stress 

—  shear  stress  a .  @c 

fb 

—  shear  stress  o  @a 

rz 

Figure  9.  Tensile/shear  failure  envelopes  of  Al203/MoSi2  (0/±45)j  laminate  in  the  5n En¬ 
plane. 


in  each  ply,  the  radial  normal  stress  a^r,  and  the  transverse  and  longitudinal  shear  stresses 
Gro  and  Grz-  The  local  normal  hoop  stress  ao9  in  the  matrix  at  the  interface,  and  the  matrix 
normal  stress  also  of  interest.  These  interface  and  matrix  stresses  were  regarded 

as  most  likely  to  cause  damage.  Fibre  stresses  were  found  to  be  insignificant  relative  to 
fibre  strength  and  are  not  presented;  relevant  expressions  are  available  in  appendix  B. 

To  illustrate  the  changes  of  the  interface  stress  components,  we  show  in  figures  4-7 
plots  of  these  components  in  a  uniformly  loaded  and  initially  stress-free  SCS6yTi3Al  ply, 
as  functions  of  the  angle  0  measured  in  the  plane  perpendicular  to  the  fibre  axis,  in  the  ccw 
direction  from  the  X2“axis  that  is  parallel  to  the  midplane  of  the  ply,  both  for  uncoated  and 
coated  fibres.  The  positions  and  magnitudes  the  maxima  and  minima  of  these  components 
are  clearly  seen;  both  are  of  interest  as  either  of  their  respective  magnitudes  may  become  a 
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TENSILE/  SHEAR  FAILURE  MAPS  FOR  SCS-6  /  Ti3AI 
WITH  UNCOATED  FIBERS 
AFTER  COOLING  FROM  FT.  @  950°C  TO  21-0 
a:  =  1 000  MPa  (g:X„  =  50  MPa  =  ±100  MPa 

[0/±45]^ 


- axial  stress  a 

22 

-  radial  stress 

-  hoop  stress 

-  shear  stress  a  @c 

re 

- shear  stress  a  @a 

rz 


Figure  10.  Failure  envelopes  of  SCS-6/Ti3Al  (0/±45)f  laminate  with  uncoated  fibres  in  the 
-plane. 


dominant  stress  maximum  under  tensile  or  compressi*  e  overall  stresses.  In  the  subsequent 
laminate  analysis,  these  values  and  their  locations  were  monitored,  scaled,  and  superimposed 
with  the  initial  thermal  stresses. 

The  results  in  figures  4-7  also  show  that  the  coating  reduces  the  magnitudes  of  the 
radial  and  shear  stress  components,  but  at  the  expense  of  higher  matrix  hoop  stresses  under 
transverse  tension.  However,  this  apparent  disadvantage  will  be  seen  not  to  extend  to  stress 
distributions  in  an  undamaged  SCS6/T13AI  laminate,  figures  1 1  and  13,  but  may  well  appear, 
and  needs  to  be  analysed,  in  other  systems  and  layups.  The  desirable  coating  properties, 
from  the  standpoint  of  thermal  stress  reduction,  are  evident  in  table  1;  i.e.  the  high  thermal 
expansion  coefficient  and  low  elastic  modulus  in  the  transverse  plane.  A  coating  with  a 
higher  transverse  modulus  would  offer  better  support  for  the  matrix  cavity  containing  the 
coated  fibre,  and  thus  could  reduce  the  matrix  interface  stresses  in  plies  under  transverse 
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TENSILE/  SHEAR  FAILURE  MAPS  FOR  SCS-6  /  TijAl 
WITH  COATED  FIBERS 

AFTER  COOLING  FROM  FT.  @  950°C  TO  21  °C 
a:,  =  1 000  MPa  (a:x,  =  50  MPa  =  ±1 00  MPa 

[0/±45]^ 


S„  [MPa] 

- axial  stress  o 

ZZ 

-  radial  stress  a 

rr 
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-  shear  stress  @  c 
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Figure  11.  Failure  envelopes  of  SCS-6/T13AI  (0/±45)5  laminate  with  coated  fibres  in  the 
5ii522-plane. 


tension  and  longitudinal  shear. 

In  laminate  analysis,  we  first  considered  the  effect  of  the  thermomechanical  loading 
histories  applied  during  fabrication  and  cooling  on  the  initial  stress  state  in  each  ply  of  the 
selected  laminates.  In  the  Al203/MoSi2  system,  the  phase  thermal  expansion  coefficients 
are  nearly  identical,  and  thus  the  thermal  stresses  are  of  negligible  magnitude.  In  the 
SCSfi/TisAl  system,  we  considered  the  effect  of  cooling  to  room  temperature  from  the 
presumably  stress-free  state  at  950  °C.  The  laminate  remained  essentially  elastic  along  this 
path;  however,  significant  thermal  residual  stresses  were  generated  by  the  cooling  cycle.  The 
SCS6/Timetal  21 S  system  was  analysed  for  the  pressure-temperature  history  supplied  by  a 
manufacturer,  figure  3.  Extensive  inelastic  deformation  had  taken  place;  this  was  analysed 
separately  in  [3].  The  resulting  residual  stresses  of  interest  here  are  listed  in  figures  14 
and  15. 
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TENSILE/  SHEAR  FAILURE  MAPS  FOR  SCS-6  /TijAl 
WITH  UNCOATED  FIBERS 
AFTER  COOLING  FROM  FT.  @  950°C  TO  21  °C 
a;:;  =  1000  MPa  (a^)^  =  50  MPa  =  ±100  MPa 

[0/±45]^ 
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Figure  12.  Tensile/shear  failure  envelopes  of  SCS“6/Ti3AI  (0/±45)j  laminate  with  uncoated 
fibres  in  the  Sn5i2-plane. 


The  failure  maps  for  the  above  laminates  are  plotted  in  figures  8-15.  The  Al203/MoSi2 
and  the  SCS6/Ti3Al  laminates  were  chosen  in  the  (0/±45)j  layup,  and  the  SCS6/Timetal 
21S  system  in  the  (0/±45/90)j  layup.  All  were  analysed  under  uniformly  applied  overall 
in-plane  biaxial  tension/compression  5n522i  and  shear  and  normal  stresses  S\\Si2,  with 
the  xi-axis  oriented  parallel  to  the  zero-layer  fibres.  The  overall  stresses  were  applied 
within  a  large  magnitude  range,  as  needed  to  accommodate  the  entire  failure  envelope. 
Average  ply  stresses  caused  by  the  overall  stresses  were  evaluated  in  each  ply  and  the 
corresponding  local  stresses  at  the  interface  and  in  the  matrix  were  found,  as  they  were, 
for  example,  in  figures  4-7.  The  initial  stresses,  if  any,  within  the  plies  and  in  the 
laminate  were  then  superimposed  with  the  respective  mechanical  stresses.  Finally,  guided 
by  available  experimental  data  [7],  we  selected  certain  critical  magnitudes  for  the  radial 
and  shear  interface  stresses,  and  for  the  matrix  hoop  and  axial  normal  stresses;  these  are 
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•TENSILE/  SHEAR  FAILURE  MAPS  FOR  SCS-6  /TijAl 
WITH  COATED  FIBERS 

AFTER  COOLING  FROM  FT.  @  950°C  TO  21  °C 
a:,  =  1000  MPa  (a:X„  =  50MPa  =  ±100  MPa 
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Figure  13.  Tensile/shear  failure  envelopes  of  SCS -6/1^3 A1  (0/±45)j  laminate  with  coated  fibres 
in  the  5n5i2-plane. 


listed  in  figure  captions.  The  overall  laminate  stresses  were  then  scaled  such  as  to  cause, 
in  superposition  with  the  initial  stresses,  local  stresses  of  the  respective  selected  critical 
magnitudes  at  the  corresponding  locations  within  each  ply.  For  each  local  stress  component 
of  the  critical  magnitude,  these  scaled  overall  stresses  were  plotted  in  the  5ii522  and  5nS]2 
stress  planes.  These  plots  are  usually  straight  lines  in  the  overall  planes,  except  when  the 
stress  maxima  are  found  at  different  points  of  the  interface,  resulting  in  piecewise  straight 
lines. 

In  the  said  figures,  the  lines  are  shown  for  each  component  of  interest  in  each  ply.  They 
divide  the  overall  stress  plane  such  that  for  overall  stress  combinations  which  are  in  the  part 
containing  the  origin,  the  local  stresses  are  lower  than  critical,  while  in  the  outlying  part  of 
the  plane,  they  exceed  the  selected  critical  values.  Therefore,  the  branches  that  are  closest 
to  the  origin  define  an  internal  failure  envelope  where  external  loads  are  not  likely  to  cause 
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.  TENSILE  FAILURE  MAPS  FOR  SCS-6  /  Timetal  -21 
[0/±45/90]^ 

AFTER  COOLING  FROM  FT.  @  890°C  TO  21  °C 
0^  =  ±1 000  MPa  (0^),,  =  50  MPa  (0:'  =  ±1 00  MPa 


Local  Residual  Stresses  @  21  °C 


Stress  [MPa] 

O’/QOV-ply 

±45V-ply 

a" 

zz 

475 

477 

-61 

-210 

rr 

-233 

-239 

a®" 

-86 

-14.6 

Figure  14.  Failure  envelopes  of  a  SCS-6/Timetal-2IS  (0/±45/90),  laminate  in  the  5ii522-plane 
at  room  temperature. 


damage  in  the  laminate.  Conversely,  if  any  part  of  this  internal  envelope  is  crossed  by  the 
combined  overall  stresses,  a  particular  damage  mode  is  predicted. 

For  example,  in  the  (0/i45)5,  Al203/MoSi2  laminate,  figure  8,  failure  by  radial 
debonding  of  the  interface  in  the  ±45°  plies  is  predicted  under  Su  tension,  and  longitudinal 
shear  debonding  under  5ii  compression.  For  522  tension,  radial  debonding  of  the  interface 
in  the  0°  plies  is  indicated,  while  transverse  shear  debonding  in  the  0°  plies  and  longitudinal 
shear  debonding  in  the  ±45°  plies  is  expected  to  take  place  under  522  compression.  The 
in-plane  overall  shear  5i2,  figure  9,  promotes  radial  debonding  in  the  ±45°  plies  and,  in 
conjunction  with  the  S\i  compression,  longitudinal  shear  sliding  of  the  fibres  in  either 
0°  or  in  the  ±45°  plies.  The  (±)  and  (-)  signs  after  the  stress  labels  identify  the 
sign  of  the  ±100  MPa  shear  strength  that  was  activated  by  the  particular  branch.  The 
letters  a,  b  or  c,  in  that  position  identify  the  interface  points  where  the  critical  stress  was 
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TENSILE/SHEAR  FAILURE  MAPS  FOR  SCS-6  /  Timetal  -21 S 
[0/±45/90]^ 

REHEATING  FROM  FT.  ©  21  °C  TO  650°C 
a;„  =  1 000  MPa  (<)„  =  50  MPa  (<  =  ±1 00  MPa 


Local  Residual  Stresses  @  650®C 


Stress  [MPa] 

07907-ply 

±4 5 7*  ply 

O'" 

Z2 

96 

98 

a** 

rr 

-12 

-32 

-55 

-57 

-21.5 

-12.5 

S,,  [MPa] 


Figure  15.  Failure  envelopes  of  a  SCS-6/Ti metal-2 1 S  (0/±45 /90)j  laminate  in  the  Si  1 522-plane 
and  after  reheating  to  650  “C. 


reached. 

In  the  (0/±45)j,  SCS6/T13AI  laminate,  figures  10-*  13,  the  overall  shapes  of  the  internal 
envelopes  of  the  critical  stress  branches  are  somewhat  similar  to  those  found  for  the  same 
layup  in  the  Al203/MoSi2  system.  However,  there  are  significant  differences  in  positions 
of  the  various  branches,  due  to  the  different  elastic  moduli  of  the  phases,  and  also  as  a 
consequence  of  the  initial  stresses  that  are  present  in  this  system.  For  example,  under 
pure  5ii  tension,  both  longitudinal  and  transverse  shearing  of  the  fibre-matrix  interface  is 
predicted,  both  for  the  uncoated  and  coated  fibre  systems.  Note,  however,  that  the  coating  is 
responsible  for  a  substantial  expansion  of  the  damage-free  5ii  >  0  loading  range,  from  about 
73  MPa  to  209  MPa,  figures  10  and  11.  However,  a  large  contraction  of  the  damage-free 
5|i  <  0  loading  range  is  also  indicated,  as  the  entire  failure  envelope  appears  to  translate 
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toward  higher  tension  stresses.  A  comparison  of  figures  12  and  13  suggests  expansion  of 
the  damage-free  ’5]  2  load  range  due  to  the  fibre  coatings. 

The  branches  for  the  interface  hoop  stress  in  the  matrix  lie  well  outside  the  internal 
envelope,  and  are  not  activated  in  any  of  the  figures.  This  suggests  that  in  contrast  to  the 
single  ply  case,  figures  4  and  5,  use  of  the  fibre  coating  in  the  described  laminates  is  not 
contributing  to  contraction  of  the  damage-free  region.  Comparisons  of  figure  10  with  11 
and  of  figure  12  with  13  also  indicate  that  the  coalings  cause  a  substantial  expansion  of  the 
failure  envelope  in  the  tension  directions. 

Finally,  the  failure  envelopes  for  the  SCS6/Timetal  2 IS  system  in  the  (0/±45/90),  layup 
appear  in  figures  14  and  15,  and  are  plotted  at  21  °C  and  after  reheating  to  650  °C.  The 
residual  stresses  due  to  cooling  from  the  fabrication  temperature  are  listed  in  the  figures  [3]. 
Note  here  the  very  small  safe  tension  loading  range,  5ii  <  26.7  MPa,  ^22  <  26.7  MPa  at  RT 
in  figure  14,  with  transverse  shear  debonding  indicated  in  the  90°  or  0°  plies,  respectively. 
At  the  higher  temperature  of  650  °C,  the  tension  range  expands  by  a  factor  of  two  in  both 
overall  stress  directions,  but  the  predicted  damage  mode  now  changes  from  transverse  shear 
to  radial  interface  separation. 

We  emphasize  that  all  the  failure  envelopes  shown  were  constructed  for  perfectly  bonded 
systems.  Interface  debonding  or  matrix  cracking  would  substantially  change  the  internal 
stress  distribution  at  the  damage  location,  and  thus  change  the  position  of  the  branches.  In 
particular,  the  matrix  hoop  stress  branches  are  expected  to  move  much  closer  to  the  origin, 
as  radial  cracking  would  be  likely  to  take  place  at  debonded  fibres. 

Note  that  the  failure  maps  can  be  easily  adjusted  for  any  other  selected  strengths  by 
multiplying  the  scales  by  the  ratio  of  the  new/current  strength  for  each  selection,  and  by 
replotting  the  branches  in  the  original  stress  plane. 
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Appendix  A.  Evaluation  of  effective  mechanical  and  thermal  elastic  properties  for 
two-phase  composite  systems 


Suppose  that  the  fibre  and  matrix  moduli  and  coefficients  of  thermal  expansion  are 
represented  by  continuous  functions  of  temperature  7,  derived  from  experimental  data. 
After  a  uniform  change  AT,  from  a  reference  Tq,  applied  under  a  uniform  stress  an 
unconstrained  phase  deforms  uniformly, 

=  Mp{T)cr^  -b  f  m^(T)dT.  (Al) 

Jto 

If  the  temperature  changes  under  an  applied  uniform  strain,  the  stress  is 


m^iT)dT 


(A2) 


where  p  =  f,  m  denotes  the  phase,  Lp(7)  and  lAp(T)  =  (Lp(r))“'  are  temperature 
dependent  (6  x  6)  phase  stiffness  and  compliance  matrices,  and  111^(7)  is  the  (6x1) 
thermal  strain  vector  of  expansion  coefficients;  their  particular  forms  depend  on  the  elastic 
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symmetry  of  the  phase.  A  comparison  with  (4)  suggests  that  the  term  mAr  evaluates  as 
the  integral  in  (Al);  the  phase  moduli  are  taken  at  the  current  temperature  T. 

For  a  transversely  isotropic  solid,  with  ,vi  as  the  axis  of  rotational  symmetry,  the  stress- 
strain  relation 


<T  =  L(e  —  mAT  —  /i) 


(A3) 


is  usually  written  in  terms  of  Hill’s  moduli 


CTj  “ 
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(A4) 


where 


^  =  -[I/G23  -4/£22  +  4vf2/£n]“’  l  =  2kv,2 

n  E\  \  -\-  4/:vp  =  E\  \  1“ / k  m  ~  G23  p  =  G12  ■ 


To  estimate  the  overall  moduli  L  of  heterogeneous  medium  one  can  use  the  Mori-Tanaka 
procedure  outlined  in  section  2.2.  Recall  that  in  the  reformulation  of  the  Mori-Tanaka 
method  by  Benveniste  [4],  the  local  fields  in  the  fibre  are  approximated  by  those  found 
when  single  inclusion  is  embedded  in  a  large  volume  of  matrix  and  subjected  to  remotely 
applied  average  stress  in  the  matrix,  The  single  fibre  problem  can  be  easily  solved  for 
fibres  with  circular  or  ellipsoidal  cross  section,  in  terms  of  Eshelby’s  tensor  S.  If  this  is 
the  case,  the  stresses  in  the  fibre  are  uniform  and  can  be  written,  in  analogy  with  (5),  in  the 
form 


CTf  =  WfCTm 

where  the  partial  concentration  factor  VJp  is  given  by 

Wf  =  Lf[H-SL;;'(Lf-U)r'L;;'. 


(A5) 

(A6) 


The  Eshelby  tensor  S  can  be  obtained  in  terms  of  the  polarization  tensor  P  = 
represented  as  a  (6  x  6)  array  with  the  following  non-zero  coefficients  [25] 


n  n 

^22  =  ^33  =  Q - — - ^ - T 

km  +  2mn, 


^23  =  ^32  “ 


P44  = 


2^rn(^m  “b  ^m) 


^55  =  ^66  =  l/(2pm)* 


(A7) 


Note  that  P  is  singular,  but  the  Eshelby  tensor  S  =  PL^,  of  a  transformed  homogeneous 
inclusion  in  the  matrix  Lm,  is  not. 

The  total  stress  concentration  factors  Bf  follow  from  (7) 

Bf  =  Wf(Cn,l  +  CfWf)-'  Bf  =  (Cml  +  CfWf)-' .  (A8) 


Under  purely  mechanical  loading  (t°,  the  overall  and  local  mechanical  strain  averages 
written  as 


e  =  Mo-°  Cp  =  MpCTp  p  =  f,  m  (A9) 

provide,  together  with  connection  Cfef  +  CmCm  =  e,  the  estimate  of  the  overall  compliance 
matrix  M  [17],  see  (12|), 


M  =  CfMfBf  +  Cn,Mn,Bm[CfMfWf  +  CniM,^](Cml  +  CfWf)~‘ 


(A  10) 
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while  the  stiffness  L  =  M-'.  Finally,  in  analogy  with  (4)  we  can  include  the  thermal  and 
melastic  effects  mAT  +  p.  into  (A9|).  These  two  parts  of  the  overall  stain  can  be  found 
from  generalized  Levin’s  formula  [11] 

mAT +  ^  =  CfB^(mfAr  +  /in,)  +  CmB^(mfAr  +  Atn,).  (All) 


Appendix  B.  Evaluation  of  partial  mechanical  and  thermal  stress  concentration 
factors 


B.I.  Solution  procedure  I 


First  the  partial  stress  influence  functions  W^(x)  and  are  evaluated 

of  the  following  loading  cases: 


as  a  superposition 


1.  Axial  normal  stress 

2.  Transverse  hydrostatic  stress 

3.  Transverse  shear  stress 

4.  Transverse  tension  stress 

5.  Longitudinal  shear  stress. 

We  now  proceed  to  derive  stress  fields  as  a  solution  of  three  independent  auxiliary  problems 
In  what  follows,  we  shall  use  indices  f,  g,  m  referring  to  the  fibre,  coating  and  matrix 
respectively.  Also,  cylindncal  coordinate  system  r,  6,  z,  figure  16,  is  adopted  in  the  analysis. 


Figure  16.  Geometry  of  coated  fibre. 


B.l.l  Auxiliary  problems,  (i)  Loading  cases  1,  2:  axisymmetric  stress.  The  remotely 
applied  stress  can  be  decomposed  into  uniform  normal  stress  a,  =  pQ  in  the  fibre  direction 
an  into  an  isotropic  stress  (73  =  0-3  =  oq  in  the  transverse  plane,  figure  17  The 
axisymmetric  displacement  field  has  the  form 

u[  =  Cxr 
uf  =  Cjr  +  C-^lr 
u^  =  C^r  +  Cs/r 


(Bl) 
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w  i  I  i  1  n  M 


Figure  17.  Axisymmetric  loading  case. 


u[  =  u\  =  u^  =  €°z. 

The  stress  field  can  be  then  found  through  the  constitutive  la\v  as 

ct/  =  2ZfCi  +  nfe°  -  (nf  +  2/f)a/- AT 
ct/  =  =  2kfCi  +  lfe°  -  (If  +  2kf)a[ AT 

erf  =  2/gC2  +  tigc®  -  (ng  +  2lg)a^AT 

~  2^gC'2  —  +  /gC®  —  (/g  +  2kg)a^ AT 

°e  =  -  (/g  +  2Z:g)a[ AT  (B2) 

~  +  rinifj  —  (n^  +  2lzn)ct^AT 

~  2^mC'4  —  2inmCil +  /ni€°  —  (Zn,  +  2km)oe^AT 
=  2A:„C4  +  2mj:slr'^  +  Zn,e°  -  (l^  +  2k,^al^AT 

where  kf,  kg,  km.  If,  Zg,  Z^,  nf,  ng,  and  n^  are  Hill’s  elastic  moduli  of  the  phases. 
The  corresponding  boundary  conditions  used  to  determine  unknown  integration  constants 
C], ....  C5  are 

u[  =  uf  a/  =  af  2Ar  =  a 

“r  =  “I"  <^r  =<=^r  atr  =  b  (B3) 

CT™=<^o  atr — )•  00. 

The  last  condition  is  obtained  as 

^r(±n  =  Po.  (B4) 

(ii)  Loading  case  3:  transverse  shear.  The  remotely  applied  stress  is  now  defined  as, 
figure  18, 

^2  =  +c^o  0-2  =  -CTq  Pq  =  0. 

Since  the  pure  shear  is  usually  applied  in  the  Cartesian  coordinate  system  according  to 
figure  18,  we  shall  substitute  for  the  rotational  angle  0  by  (?!)  =  (9  -  45°  to  account  for 
the  coordinate  transformation.  Following  Christensen  and  Lo  [6],  the  displacement  field  is 
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found  in  the  form 


u[  = 


ui  = 


/g  = 
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lla  = 


boo 
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4  m  f 
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4mg 
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2r  b  b^ 

- 7 - C]2(^?m  “•  0 - 1" 

h  r  rJ 


Cioirjg  —  1)“  4-  Cll  -T 
^  r  r^ 

cos  20 
sin  20 


cos  20  (B5) 


sin  20 


where 


ttttt  / 


Figure  18.  Transverse  shear  loading  case. 


77,  =  {ki  +  2mi)lki  i  =  f,  g,  m  (B6) 

and  the  stress  field  is  given  by 

o!  =  ^p-CeUim  -  1)^  cos  20 
2mf  b- 

al  -  ^|^6[3<:f(r7f  -  1)  -  6mf]^  +  C7mf|cos20 
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OTn  - 

- - C6[3^f(77f  -  1)  +  6mf]—  -  C7Wf  [  sin  20 

2m  r  b- 


f  r  ^7! 

=ao  3C6^  -  y  sin 20 


a/  =  - - |3C8/g(f?g  -  1)-—  ~  Cio/g(r?g  -  1)^  [  cos  20 


Cs  2kg{rj^  “  1)  —  6m^  —  + 


‘C'io[^g(?7g  —  1)  +  2mg]—  -  3Ciimg“  |  cos  20 


cos  20 


Cs  2kg{r}g  -  1)  +  6;ng  ~  -  C^nig 


’C\o[kg{rig  “•  1)  —  2^?ig]—  +  3C\]f 


^r$  —  - —  ^10^  ”  2^*11  —  sin  20 

-  '7in)^  COS  20 


2nim  ^I2[^m(^m  1)  2/nm]“:r  3Ci3/71ni“-;r 


1 2/7Inj  C'i2[^ni(^m  0  2^1^]“  4*  3Ci3/nn 


COS  20 


COS  20 


“  —cToj^l  +  Ci2^  4-  -Ci3— J  sin  20. 

Unknown  integration  constants  Ce, . . . ,  C13  follow  from  the  interface  continuity  conditions 


u[  =  ul 


-  fT® 

Ve  ~  ^re 

T®.  =  n-"! 


at  r  =  a 
at  r  =  ^ 


Cfff/  +  Qa®  +  =  0. 

(iii)  Loading  case  4:  transverse  tension  stress.  The  solution  of  this  problem  is  found  as 
a  superposition  of  transverse  hydrostatic  stress  and  the  transverse  shear  stress  as  shown  in 
figure  19.  However,  in  (B7)  the  angle  0  is  now  replaced  by  B. 

(iv)  Loading  case  5:  longitudinal  shear.  In  this  problem  we  have  to  distinguish  two 
different  cases.  Particularly,  in  the  first  case  the  remotely  applied  stress  is  =  tq,  whereas 
in  the  second  case  the  remotely  applied  stress  is  g^z  =  Tq  as  shown  in  figure  20.  We  shall 
first  consider  the  case  when  =  tq.  The  displacement  field  has  the  form 

=  Ci4r  sin0 

wf  =  (Ci5r  4-  Ci6/r)sin^  (B9) 

=  (Ci7r  +  Ci8/r)sin^ 

=  Uq  ={)  r  =  f,  g.  m. 

The  stress  field  can  be  then  written  as 
a/,  =  Ci4Pfsin(9 


ttttt 
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Figure  19.  Transverse  tension  loading  case. 


0)  (g)  0  0  0  0  = 


©  ©  ©  ©  ©  © 


Figure  20.  Longitudinal  shear  loading  case. 


al^  =  C\^pf  cose 

=  P%  (<^15  -  C|6/r^)sin0  (BIO) 

^ez  =  Pi  (*^>5  +  Ci6/r^)cos0 
=  Pm  (Ci7  -  Cig/r^)sin0 

=  Pm  (<^i7  +  Cig/r^)cos(9 

and  the  corresponding  interface  continuity  conditions  together  with  traction  boundary 
conditions  are 


at  r  =  ^3 
at  r  =  6 


(BID 
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For  the  second  case,  cr^z  —  tq,  the  displacement  field  is  given  by 

u[  =  C\4rcos6 

wf  =  (Cisr  +  C\e/r)  cos  0 

=  (Ci7r-f  Ci8/r)cos^  (B12) 

=  0  r  =  f,  g,  m 

and  the  stress  field  has  the  form 
=  C\4PfCOs0 
crg^  =  -Cup(  sine 

CT®z  =  Pg(Ci5  -  Ci6/r-)cosf'  (B13) 

=  -;’g(Ci5  +  Ci6/r^sin» 

=  Pm(C\i  -  C\s/r'^)  cos  - 
CTg™  =  -/7m(Ci7  +  Cig/r-  )  sin  •' 
subjected  to  the  following  boundary  condiiumc 

u{  =  Mf  af^  =  a™  at  r  =  a 

uf  =  u™  at  r  =  (B14) 

The  required  local  stress  fields  serve  to  derive  the  partial  stress  influence  function  Wp(x) 
and  Wp(x)  by  employing  the  superposition  procedure  outlined  in  Dvorak  et  al  [12]. 


B.2,  Solution  procedure  2 


The  second  step  involves  evaluation  of  the  partial  stress  concentration  factors  Wp  and  Wp. 
Since  Wm  =  I  and  Wm  =  0  the  evaluation  need  to  be  carried  out  only  for  fibre  and  coating 
phases,  respectively.  This  can  be  done  by  evaluating  a  fibre  and  coating  volume  averages 
of  the  components  of  Wp(x)  and  Wp(x),  where  p  =  f,  g.  First  the  local  stresses  found 
above  are  transformed  into  the  Cartesian  coordinate  system  to  conform  with  the  original 
formulation  of  Wp.  The  phase  volume  averages  of  the  local  fields  are  then  found  as 


j  rln  ra  pz 

=  — T”  /  /  /  dz  dr 

Jo  Jo  Jo 


dO 


1 


mz 

_ 


O-o  = 


®  n{b^  -  a^)z 
Results  for  particular  loading  cases  follow. 


<7g(r,0)rdz  dr  dO. 


(B15) 


(i)  Loading  cases  1,2:  axisymmetric  stress.  Equations  (B2)  and  (B15)  provide 


al  =  al  =  2k^C2  +  /g6?  (/g  +  2^g)tt[Ar. 


(B16) 
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(ii)  Loading  case  3:  transverse  shear.  Using  equations  (B7)  and  (B15)  we  obtain 

(B17) 

3a^  +  b^-  C9 

(iii)  Loading  case  5;  Longitudinal  shear.  Providing  that  o-y,  =  tq,  equations  (BIO)  and 
(B 15)  yield 

K-  =  =  0 

aj.,  =  PfC,4  (B18) 

a^..  =  PgC,5. 

In  the  second  case,  when  a^z  —  the  average  stress  components  are  given  by 

^v:=y:=0 

(B19) 

=  P%C\i- 


Note  that  up  to  now  the  remotely  applied  stresses  ao,  po.  uniform  temperature 

change  AT  were  equal  to  unity.  The  partial  stress  influence  functions  and  then 
follow  from  the  superposition  procedure  already  mentioned  in  the  previous  section.  Above 
results  together  with  (5)  can  now  be  used  to  estimate  the  average  stresses  in  the  matrix. 
Desired  stress  concentration  factors  Bp(x)  and  b^(x)  can  be  finally  derived  through  the 
solution  procedure  1,  where  the  remotely  applied  stresses  are  at  this  time  set  to  be  equal  to 
the  average  stresses  in  the  matrix. 

It  can  also  be  shown  that  if  we  furnish  a  coating  with  the  matrix  material  properties, 
we  arrive  at  the  same  result  as  for  two-phase  medium. 
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CONVERGENCE  OF  THE  MULTI-GRID  METHOD  FOR  A 
PERIODIC  HETEROGENEOUS  MEDIUM.  PART  1:  1-D  CASE 

Jacob  Fish  and  Vladimir  Belsky 
Department  of  Civil  Engineering  and  Scientific  Computation 

Research  Center, 

Rensselaer  Polytechnic  Institute,  Troy,  NY  12180,  USA 

A  multi-grid  method  for  a  periodic  heterogeneous  medium  in  1-D  is  presented. 
Based  on  the  homogenization  theory  special  intergrid  connection  operators  have 
been  developed  to  imitate  a  low  firequency  response  of  the  differential  equations 
with  oscillatory  coefficients.  The  proposed  multi-grid  method  have  been  proved 
to  have  a  fast  rate  of  convergence  governed  by  the  ratio  q/(4-q),  where 
0  <  <7  ^  1  depends  on  the  microstructure.  This  estimate  reveals  that  die  rate  of 
convergence  increases  as  q  -» 0,  which  corresponds  to  the  increasing  material 
heterogeneity.  Numerical  results  have  been  found  to  be  in  good  agreement  with 
the  theoretical  estimate. 

1.  Introduction 

The  sequence  of  three  papers  presents  a  multi-grid  method  for  a  periodic  heteroge¬ 
neous  medium.  In  the  first  paper  we  limit  ourselves  to  1-D  problems.  We  believe  that  it 
is  essential  to  demonstrate  the  fundamental  ideas  of  the  proposed  methodology,  includ¬ 
ing  the  mathematical  formulation  and  convergence  analysis,  in  one-dimensional  con¬ 
text,  first,  because  the  rate  of  convergence  can  be  only  estimated  in  the  closed  form  for 
1-D  problems  and  secondly,  because  these  studies  will  serve  as  a  vehicle  of  subsequent 
derivations  in  multidimensions.  In  the  two  upcoming  papers  we  will  extend  this  formu¬ 
lation  to  multidimensions  (part  2)  and  will  incorporate  adaptive  features  (part  3). 

In  the  first  part  we  consider  the  boundary  value  problem  for  differential  equation 

-f(x),x^  (0,/),«(0)  -  0,u(l)  -  0  (1) 

where  K  (y)  -  is  1-periodic  function  of  y  €  (0, 1) ,  y  -  x/e,  such  that 

K{y) 

Since  £  is  assumed  to  be  small,  we  have  the  differential  equation  with  rapidly  oscillato¬ 
ry  coefficients. 
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The  traditional  approach  for  solving  this  problem  uses  a  double  scale  asymptotic 
expansion 


u  (x,  y)  =  (x,  y)  +  (x,  y)  +  (x,  y)  +  . . .  (2) 

where  x  and  y  are  macroscopic  and  microscopic  co-ordinates,  respectively.  Under  the 
assumption  ^t  the  terms  u  (x,  y)  are  1 -periodic  functions  in  the  y  variable,  it  is  pos¬ 
sible  to  obtain  two  separate  boundary  value  problems.  The  former  describes  the  micro¬ 
scopic  behavior  of  the  solution;  and  the  latter  reflects  the  macroscopic  behavior.  The 
fundamentals  of  this  theory  can  be  found,  among  others,  in  [1,2,3]. 

It  is  well  known  [1]  that  in  the  limit  of  £  -^  0  the  solution  of  the  source  problem  (1) 
approaches  weakly  in  the  energy  norm  the  solution  of  the  boundary  value  problem  with 
homogenized  coefficients.  Unfortunately,  in  many  practical  situations  when  the  value 
of  e  is  finite  and  the  solution  of  the  homogenized  problem  has  high  gradients,  the 
homogenization  theory  may  err  badly  in  comparison  with  the  exact  solution  of  the 
source  problem  (1).  The  most  significant  errors  are  encountered  in  the  portions  of  the 
problem  domain  where  the  solution  has  high  gradients  [4].  Ironically,  these  are  pre¬ 
cisely  the  regions  of  major  interest  from  the  practical  standpoint. 

One  of  the  alternatives  to  homogenization  is  a  multiscale  computational  approach  [4]. 
By  this  techmque  a  portion  of  the  problem  domain  where  homogenization  procedure 
has  been  found  to  be  inadequate  by  means  of  microscale  reduction  error  indicators  [5], 
is  modeled  entirely  on  the  microscale,  i.e.,  a  finite  element  size  is  of  the  same  order  of 
magnitude  as  that  of  microconstituents.  In  the  remaining  portion  of  the  problem 
domain,  the  details  of  microstructure  are  ignored  and  the  finite  elements  are  assumed  to 
have  effective  material  properties[4].  The  system  of  linear  equations  arising  from  such 
multiscale  computational  techmque  can  be  solved  exactly  or  approximately  by  either 
relaxing  traction  continuity  or  by  displacement  compatibility  conditions  between  the 
two  regions.  The  latter  case  is  a  typical  global-local  approach  [6]  which  does  not  guar¬ 
antee  a  reliable  force  transfer  to  the  local  region  of  interest.  On  the  other  hand,  a  solu¬ 
tion  of  the  coupled  system  of  equations  at  several  different  scales  may  not  be 
computationally  feasible. 

In  this  paper  we  propose  a  novel  approach  which  takes  advantage  of  the  special  nature 
of  differential  equations  with  oscillatory  coefficients  in  order  to  develop  fast  iterative 
solvers  for  system  of  linear  equations  arising  from  such  differential  operators.  This  is 
accomplished  using  a  multigrid  solver  with  special  intergrid  connection  operator. 

The  classical  multigrid  approach  with  standard  linear  interpolation  operators  is  not 
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well  suited  to  approximate  the  low  frequency  response,  mainly  because  the  low  fre¬ 
quency  eigenvectors  are  not  smooth  in  the  case  of  differential  equations  with  oscilla¬ 
tory  coefficients.  On  the  other  hand,  the  solution  based  on  the  homogenization  theory  is 
in  good  agreement  with  the  lower  frequency  response  of  the  exact  solution  of  the 
source  problem  (1).  The  basic  idea  of  the  proposed  methodology  is  to  construct  such 
intergrid  connection  operator  so  that  the  problem  on  the  auxiliary  grid  would  be  identi¬ 
cal  to  that  with  constant  effective  materi^  coefficients. 

It  will  be  shown  that  the  rate  of  convergence  of  the  proposed  two-grid  method  is 
mainly  governed  by  a  factor  q/  (4  -  <7) ,  where  q  ranges  from  one  to  zero  depending 
on  material  heterogeneity.  For  example,  <7  ■  1  corresponds  to  a  homogeneous  mate¬ 
rial,  while  in  the  case  of  two  phase  material  with  constant  coefficients  the  value  of  q 
reduces  as  the  heterogeneity  increases,  and  thus  the  rate  of  convergence  improves. 

The  contents  of  the  paper  are  as  follows.  Section  2  presents  the  multi-grid  technique 
based  on  the  homogenization  theory.  Section  3  describes  the  solution  of  the  eigenvalue 
problem  for  periodic  heterogeneous  medium  in  1-D  case.  These  eigenvalues  and  eigen¬ 
vectors  are  found  in  close  form  in  order  to  estimate  the  rate  of  convergence  of  the  two- 
grid  process.  In  section  4  the  convergence  estimates  are  presented.  In  section  5  we  con¬ 
duct  several  numerical  examples  to  study  and  validate  the  present  formulation. 

2.  The  fundamentals  of  multigrid  method  for  a  periodic  heterogeneous  medium 
Consider  a  system  of  linear  equations  resulting  from  the  piecewise  linear  finite  element 
discretization  of  the  source  boundary  value  problem  (1) 

Au^f  ueR"  fel^  (3) 

Here  4  is  the  n  x  n  symmetric  and  positive  definite  tridiagonal  matrix;  u  and  f  2iie  n- 
vector  functions  corresponding  to  the  initial  fine  grid  where  each  phase  is  discretized 
by  at  least  one  finite  element.  The  boundary  conditions  have  been  incorporated  into  this 
system  of  equations. 

Following  the  traditional  multi-grid  technique  we  introduce  the  auxiliary  coarse  grid. 
We  denote  the  corresponding  auxiliary  grid  functions  with  subscript  0.  For  example, 
Uq  denotes  the  nodal  values  of  the  solution  in  the  auxiliary  grid,  where  Uq  €  Ff",  m<n. 
We  also  denote  the  prolongation  operator  from  the  coarse  grid  to  the  fine  grid  by  Q  : 

(4) 

The  restriction  operator  from  the  fine-to-coarse  grid  is  conjugated  with  the  prolon- 
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gation  operator,  i.e.; 


We  use  superscripts  to  indicate  the  iteration  count.  Let  r‘  be  the  residual  vector  in  the  i  - 
th  iteration  defined  by 

r^f-Au  (5) 

where  u  -  is  the  current  approximation  of  the  solution  in  the  i-th  iteration. 

The  problem  of  the  coarse  grid  correction  consists  in  the  minimization  of  the  energy 
functional  on  the  subspace  i.e.: 

1/2  (A  (u*  +  Quq)  ,  u' +  (2“o)  -  +  min 

(7) 

UQeir 

where  (.,.)  denotes  the  bilinear  form  defined  by 

n 

(u,  v)  -  w.  v€/?" 

A  direct  solution  of  the  equation  (7)  yields  a  classical  two-grid  procedure.  Alterna¬ 
tively,  one  may  introduce  an  additional  auxiliary  grid  for  Uq  and  so  forth,  leading  to  a 
natural  multi-gnd  sequence.  To  fix  ideas  we  will  consider  a  two-grid  process  resulting 
from  the  direct  minimization  of  (7) 

Q*(f-Au‘)  (8) 

where  Aq  -  Q’^AQ  -is  the  restriction  of  the  matrix  A.  The  resulting  classical  two-grid 
algorithm  can  be  written  in  the  following  manner- 

a)  coarse  grid  correction: 


r‘-/-Au‘ 

“o  -  r  (9) 

u  +  Quq 

where  u  is  a  partial  solution  obtained  after  the  coarse  grid  correction; 


b)  smoothing: 

u  =  u  +  D  if-Au )  (10) 

If  the  Jacobi  method  is  employed  for  smoothing  then 

D  -  aiidiag{A))~^  (ii) 

where  co  is  a  weighting  factor.  Note  that  in  practice  it  is  possible  to  carry  out  several 
smoothing  iterations  within  a  single  coarse  grid  correction. 

For  each  iteration  we  can  associate  the  error  vectors  e‘,  defined  by 

i  i  -i  ' -i 

e  ^  u-u  e  ^  u-u  (12) 

where  u  is  the  exact  solution  of  the  source  problem.  Then  the  error  resulting  from  the 
coarse  grid  correction  (9)  can  be  cast  into  the  following  form 

e  -  U-QA'o'Q*A)e‘  (U) 

where  I  is  the  identity  nxn  matrix.  Combining  equations  (10), (12),  the  influence  of 
smoothing  on  error  reduction  is  given  by: 

-  (I-DA)-e‘  1,4, 

and  from  the  equations  (13),  (14)  the  error  vector  of  the  two-grid  process  with  one 
post-smoothing  iteration  can  be  expressed  as: 

e‘*^  -  a-DA)(l-QAl^Q*A)e‘  (15) 

For  subsequent  derivations  we  will  use  the  following  notations: 

G^I-DA 

-1  *  (16) 

T~I-QAq^Q*A 

Then  (15)  can  be  rewritten  in  the  following  form 

-  GTe'  (17) 

It  is  essential  to  note  that  T  and  S  ^  I  —  T  are  the  A-ortogonal  projectors  [7],  namely: 

(^rv,5v)-0  Vve/?"  (18) 
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Il7'v|l^  +  ll5v||^ 


which  yields  that 


liriu^i 

Note  that  the  projector  T  eliminates  the  effect  of  the  prolongation  operator,  i.e.: 


Now  we  will  turn  to  the  central  question  of  how  to  construct  a  prolongation  operator 
Q ,  for  the  case  of  periodic  heterogeneous  media,  so  that  the  auxiliary  grid  will  not  con¬ 
tain  the  details  of  the  mxrostructure,  but  on  the  other  hand,  will  accurately  match  the 
low  frequency  response  of  the  source  problem.  Prior  to  answering  this  question,  it  is 

necessary  to  review  some  fundamental  concepts  of  the  mathematical  homogenization 
theory. 

Following  the  classical  homogenization  theory,  an  approximate  solution  of  (1)  can  be 
obtained  using  a  two-term  asymptotic  expansion  given  by 

u{x,y)  •  (x)  (x, y)  (22> 

where  u  (x)  is  the  solution  of  the  homogenized  boundary  value  problem  with  con¬ 
stant  coefficients  and 

,23) 

Here  (y)  is  1 -periodic  function  in  the  y  variable.  Employing  the  classical  pertur¬ 
bation  techmque  [1,2,3],  we  obtain  two  uncoupled  boundary  value  problems.  The 
former  is  the  problem  in  the  function  (y) ,  which  describes  the  microscopic 
behavior  of  the  solution: 


O^y  ^  1 


(0) 


(1) 


The  latter  is  the  boundary  value  problem  for  the  macroscopic  solution 

(j:)  .  /(4,  u«»  (0)  -  0,  (0  -  0 
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where  K  -  is  the  homogenized  effective  coefficient  given  by 


k  -  JATW  + 


For  subsequent  derivations  we  will  employ  the  following  well  known  relations  [1-3]: 


'■f 


(y) 


k{y)  (^“’  +  1)  dy 


(.K(y))-% 


-l)d? 


The  basic  idea  of  the  proposed  multigrid  formulation  is  to  construct  the  prolongation 
and  restriction  operators  on  the  basis  of  the  equations  (22)  and  (23).  It  will  be  shown 
that  the  resulting  auxiliary  problem  would  be  very  effective  at  eliminating  low-fre¬ 
quency  components  of  error  and/or  residual  which  are  not  smooth  in  the  case  of  heter¬ 
ogeneous  medium.  Moreover,  it  will  be  shown  that  the  matrix  Aq  of  the  auxiliary 
system  (8)  corresponds  to  the  finite  element  approximation  of  the  homogenized  bound¬ 
ary  value  problem  with  the  effective  coefficient  (25). 

Consider  a  one-dimensional  model  problem,  shown  in  Fig.  1.  The  source  problem  is 
discretized  with  /  (  /  >  1)  finite  elements  inside  each  unit  cell.  For  each  finite  element 
the  material  properties  are  constant,  K  -  const.  The  auxiliary  grid  nodes  coincide 
with  the  unit  cell  botmdaries.  We  denote  the  length  of  the  unit  cell  by  h  and  the  total 
number  of  unit  cells  by  m  -- 1 .  Then  the  prolongation  operator  Q  can  be  expressed  in 
the  following  manner: 

where  yj  -  (-^(,-_  d  “  -^(z-  D  /+ 1)  for  0  ^  1  are  the  local  co-ordinates 


of  the  grid  nodes  inside  the  unit  cell;  (vy)  are  calculated  from  (26),  (27). 

It  is  convenient  to  define  the  linear  interpolation  operator  by  Q ,  which  serves  as  the  tra¬ 
ditional  prolongation  operator  in  the  classical  multi-grid  approach  for  the  second  order 
equations.  Then  the  proposed  prolongation  operator  is  given  by 

[Qwo];t  "  +  ([“q]  [“oip  (29) 

The  course  grid  operator,  Aq,  can  be  constructed  on  the  basis  of  (28).  We  assume  that 
the  same  piecewise  linear  finite  element  shape  functions  are  used  for  discretization  of 
the  initial  boundary  value  problem  (1)  as  well  as  for  the  unit  cell  problem  (24).  Denot¬ 
ing  the  shape  functions  on  the  fine  grid  by  M  (;c) ,  1  ^7  ^  n,  n  -  (m  -  1)  /  +  1  and 
using  (28)  we  obtain  the  following  approximation  of  the  solution  after  the  prolongation 

n 

u  (x)  -  (x)  [Qu^] .  (30) 

7-1 

Note  that  the  shape  functions  of  the  auxiliary  grid,  Nq  (a:)  ,  can  be  expressed  as  a  linear 
combination  of  (a:) 


^0 W  "  W  [Q^olj  l^i^m  (31) 

j  - 1 

where  ejj  €  /?”  is  a  unit  vector  in  the  auxiliary  grid,  satisfying  the  fundamental  relation 
of  [eQ]j  -  b.j,  and  b-j  -  is  the  Kronecker  delta.  Note  that  Nq  (x)  are  the  piecewise  lin¬ 
ear  finite  element  shape  functions  for  the  auxiliary  grid  with  a  single  finite  element  in 
each  unit  cell.  Derivative  approximation  on  each  element  i  in  the  auxiliary  grid  is 
given 


y  (K) ' 

i  m  1 


([“olt.,-  [“o]() 
h 


(32) 


1  1 

Combining  (29)  -  (32)  we  obtain  the  following  expression  for  the  approximate  solution 
after  prolongation 


8 


m-  ll+l 

« w  -  r  K)  ["oi,+  y 

Note  that  periodicity  implies  that 


m 


Y,  ‘■^o) '  («»] 


Lit-  1 


(33) 


W  -Ni(hy)  -N'(y) 

ISyS/  OSySl  Vi,  l£i£m-l 

Differentiation  of  (33)  and  accoimting  for  periodicity  (34),  yields 


(34) 


m 


(35) 


u'(x)  -  j;(iV„)'[i,o],(l+^«>(3,)) 

J  ■  1  ^ 

/  +  1  . 

where  (y)  .  (y)  (Hj)  <’>  and  W,<"  is  the  discrete  solution  of  the 

microscopic  problem  (24)  at  the  FE  nodes  yj ,  which  is  obtained  on  the  basis  of  the 
finite  element  shape  functions  f/  (y) . 

Finally,  auxiliary  grid  discrete  operator  /4q  can  be  obtained  by  combining  (30)  (35) 
and  (26),  which  yields 


n  n 


V  ^  ,  (24] 


I  A 

+  1)  I^j  (Ni,(x))'  (Ni(x))'dx 


(36) 


It  can  be  seen  that  the  restriction  of  the  source  matrix  A  using  the  prolongation  opera¬ 
tor  (28)  corresponds  to  the  finite  element  approximation  of  the  boundary  value  problem 
(25)  with  the  effective  coefficient. 
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3.  The  eigenvalue  problem  for  the  periodic  heterogeneous  mpiHinm  in  1-D  case  • 

This  section  deals  with  the  eigenvalue  analysis  of  the  model  boundary  value  problem 
with  the  periodic  coefficient 

;c€  (0,1),  u(Q)  -  0,  u(/)  -0  (37) 

where  K  (y)  is  chosen  as  follows: 


K(y)  -  { 


/Ti, O^y  ^  (1  -  a) 


(l-«)  ^y^l 

and  a  represents  the  volume  fraction,  0  ^  a  ^  1 . 

In  the  following  we  present  a  closed  form  solution  of  the  discretized  eigenvalue  prob¬ 
lem  (37),  (38),  which  is  required  for  estimating  the  rate  of  convergence  of  the  proposed 
two-grid  method. 

The  eigenvalue  problem  defined  by  (37),  (38)  is  discretized  with  two  elements  on  each 
unit  cell  as  shown  in  Fig.  2.  Nodal  values  corresponding  to  the  boundaries  of  the  unit 
ceils  are  denoted  by  w,,  1  ^  i  ^  m,  while  the  corresponding  nodal  values  inside  the  unit 
cells  are  defined  by  m,  1  ^  ^  m  -  1 .  The  number  of  the  unit  cells  is  m  -  1 . 

The  effective  material  properties,  K,  for  a  model  problem  defined  by  (38)  follow 
immediately  from  (26) 

KiK2 

^  "  A:2(l-a)  +A:ia 

Proposition  1 

Consider  a  heterogeneous  medium  formed  by  a  special  repetition  of  the  unit  cell  (38). 
Each  unit  cell  is  discretized  with  two  elements  as  shown  in  Fig.  2.  Let 

^  k  ^  ^  ^ 

(9,A,),l^^^m-l,/n  -  m- I,  be  the  eigenvectors  and  the  eigenvalues  of  the 
discretized  eigenvalue  problem  with  the  homogenized  effective  coefficient  (39),  and  let 
9-  1  ^  ^  m  -  1  be  a  result  of  prolongation  of  the  vector  9*  to  the  interior  node  in 

the  unit  cell  i  in  accordance  with  (28)  and  (27),  i.e.: 


where 
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(41) 


^1 

Furthermore,  let  (cp^,  A,^) ,  \  —  i,h  -  2mbethe  eigenvectors  and  the  eigenval¬ 

ues  of  the  discretized  problem  (37),  (38). 

Then  the  Proposition  1  claims  that  the  eigenvectors  and  the  eigenvalues  of  the  one¬ 
dimensional  problem  in  the  heterogeneous  medium  (37),  (38)  are  given 


A.* 


.k  _  'iJ  ^  ^  ^  ^  _  uk^k 


A." 


h*-l 


(pn-k  . 


^  ^  Ji-k  _  uk'iJ^ 


iffi 


di  +  d2 
a{\-a)h 


(42) 


cpf  -  0,1  cpf;2  -  1  cpfi  +  i  -  ~cpf_i  ,..2^/^m-l 


where 


1 


''  k  h 

0-..4) 


1/^ 


^  -  4p(l-P) 


(43) 
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h  ^2m' 

.  k  .  (/ -  1)  kK^  ^ 

(44) 

m 

I  ^k^fh  -  \ 

Proof  of  Proposition  1 

Consider  a  discretization  of  the  eigenvalue  problem  (37),  (38)  on  the  basis  of  the  linear 
finite  elements: 


K 


1  k  K^a  +  K2{l-‘a) 


(l-a)/!^'"*'  a(l-a)/i 


K- 


ah 


2^* 

^i+1 


■\k  k 


i+1 


1  s:  1  ^  m  -  1 

—  (D^  .  _k 

a(l-a)/i  (1  -a)/i^''‘  +  i 

2  ^  ^  m  -  1 

<pf  -  0  cp*  -  0 
1  ^k^h^l 


(45: 


Inserting  (4 1 )  into  (45)  yields 

+  i  ”  P) 'pf+i)  "^^*,  +  1  1^/^m-l 

-  <P?- ((1-P)<pf_i_,  +  P<p*.^j)  -X%f  2^/^m-l  (46) 

<p{  -  0  9*  -  0  l^k^h-1 

where 

+  ^2 
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Taking  the  following  expression  from  (42) 


1  ^  ^  m 
1  ^  ^  m  -  1 


1  ^  /n  -  1 


and  combining  it  with  (40)  and  (46)  yields 

(^- l)^!^i+i  "  +  i 

~  k 

,  k  ^  k  A,+h-l^ifc  . 

■-y,-i+2y.-<p,>i  -  gjf_p)pyi  2£,£m-i 

The  above  can  be  satisfied  for  any  eigenvector,  9*,  of  the  homogenized  problem  if,  and 
only  if,  the  following  holds 

(h-1) 

.  ^k  -it 

X  h  X  +  b  “•  1 


k  ^(i-p)P 


from  where  follows 


b  -  ±- 


l-P(l-p)^ 

/c 


b  a(l-a)/i"h+l^ 


h-1 


The  positive  values  of  h  lead  to  the  eigenvalues  and  eigenvectors  of  the  form  given  in 
(42)  with  b^  •  b,  while  the  negative  values  of  b  correspond  to  -  -h. 

The  middle  eigenvalue  and  eigenvector  fh  in  (42)  follows  directly  from  the  eigenvalue 
problem  (45).  The  eigenvalues  and  eigenvectors  for  the  homogenized  discrete  eigen¬ 
value  problem  can  be  found,  among  others,  in  [8].  □ 
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To  this  end,  we  summarize  the  results  of  this  section  in  the  following  compact  notation 


k  4K 


■  2 

Zm 


1  +  {\-qsirP-{—)) 


,2m-Jfc  4K 


•  2  /  \ 


1  -  {\~qsiT?{—)) 


{\-.qsiT?{^)) 
\  ^k^fh  -  \ 


where 


4d^d2 
(^1  + 


0<<y  ^  1 


rate  of  convergence 


In  this  section  we  will  estimate  the  rate  of  convergence  of  the  simple  two-grid  method 
applied  to  the  heterogeneous  medium  (38).  In  estimating  the  rate  of  convergence,  the 
critical  step  is  to  find  a  closed  form  expression  for  Tcp^,  where  7  is  the  /I -orthogonal 
projector  (16)  and  cp*  are  the  eigenvectors  (42).  The  result  of  this  product  is  given  in 
Proposition  2. 


Proposition  2 

Let  T  be  the  A -orthogonal  projector  (16);  ((p^  cp""*),  1  -  1  and  cp'”  be  thf 
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corresponding 
by  (43).  Then 


eigenvectors  given  in  (42);  1  £  t  s  m  -  1  be  the  coefficients  defined 


2b 

79"-*-  + 

T(p”  -  cp'" 

(2^X40)741)'“™  “““*  **  P^lo-'Setion  and  restriction  operators  defined  by 


Q 


1 

P  1-P 

1 

P  1-P 
1 


P  1-P 

1 


(49) 


■  1  P 

1-P  1  P 

Q*  •  1  -  p  1  p 

.  . 

1-P  1 

and  P  is  given  in  (41). 

Proof  of  Proposition  2 

Applying  the  operator  (16)  to  the  eigenvectors  given  in  (42)  yields 
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Tcp*  -  (/-e/to‘2*'4)<p‘  likih-l 

where 

k  ^  k 

^9  --r^Xcp* 
b+  1 

b-\ 

i  ^  fh  —  i 

A<p"*  ^ 

Furthermore,  inserting  (40)  -  (43)  into  (50)  gives 

[e*<p*] ,  -  (-  &‘p ( I  - p)  x*4 + 6*+ 1) 

K  b 

■  [eV-‘]i-  (-6‘P(1-P)x4  +  6‘-1)9‘--^?.‘ 

[CVl,  -  (l-P-^P)C,,i  -  0  ISiSm 

Combining  (51)  and  (52)  yields 

Q*Acp*  -  X  9* 

.  ls:Jt^m-l 

Q*A9'"  -  0 
and 
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-1  k 

Aq  Q  A(p  -  9 


Aq  Q  A(f>‘ 


h-k  A  ^ 


1 


Aq^Q  .49'"  -  0 


The  prolongation  of  the  eigenvectors  for  the  auxiliary  eigenvalue  problem  on  the  basis 
of  the  prolongation  operator  (49)  can  be  written  as  follows: 


[ei>  -  P?/  +  (1  -P)i.,>.  -i.*,,.  - 

o  0 


I 


and  finally,  inserting  (54)  into  (5 1)  yields 


i^i^m  I  ^k^m  - I 


r-r  *1  b  I  k 

I,*  .  1 

I  ^  U.i+l  ^ic  ^i,i+l 


I 


1 ^k^m- 1 


I  [V],- -  -  0  1^/^m 

Thus,  using  the  equaUties  stating  that  and  p*  -  -<p“-‘  in  (55)  results 

in  (48),  which  completes  the  proof  of  the  Proposition  2.  □ 

We  now  turn  to  the  estimation  of  the  rate  of  conveigence,  which  is  given  in  the  Propo¬ 
sition  3. 

Proposition  3 

Let  the  error  vector  e  in  the  /-th  iteration  of  the  two-grid  process  with  one  post¬ 
smoothing  Jacobi  iteration  be  represented  as  the  linear  combination  of  the  eigenvectors 
(42): 
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and  let’s  introduce  the  following  notation: 


Then 


where 


+  ^n-i-rrF 

2d  2b 


i+1  m(, 

Gk  •Sk  l-mq—k - sin^(—) 

\  2m 


i  +1  eM  .  b 

V  b 


7^  •  2  / 

n^"'  ‘2A>J- 


+ 1  <  / 1  \ 

-"Ad-®) 


I  ^k^m-  I 


^  .  e'  /■  1  _  ^  n;«2  / 


-  5^(1 -co(2-^sw^(;^))) 

2m 

and  CO  -  is  a  weighting  factor  of  the  Jacobi  method. 


Inserting  (48)  into  (56)  and  using  the  notation  (57),  yield 


'T  ‘  f  i  b  —  1  i  h  +  1  ^  t  n-k\  i  m 


-^si(9‘+(p"-‘)+aji<p^ 

Applying  a  single  Jacobi  iteration  (14)  to  the  eigenvectors  given  in  (42)  results  in  the 
following 

Gcp*  -  (/•-D4)cp^-  (l-co^^-^^^ — l^^^n-1  (61) 

“1  +  «2 

Inserting  the  eigenvalues  defined  in  (42)  into  (61)  and  using  (39),  (41),  (43)  yields 
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Gcp^- 

Gcp^-^ 


f 

I  -  (oq 


b'^+i 


■  2  /  N 

sin-^  (— =-) 
^2m 


\ 


•  2  /  . 
sirr  ( -rs- ) 

^2m 


\ 


I  1 


(62) 


G<p'"  ■  ( 1  -  co)  cp'” 


Combining  (60)  and  (62)  yields  (58),  where  the  value  of  ^ 
(57)  * 


is  found  on  the  basis  of 


1 


4fi- 

V 


(^  )  +1  . 

CO?— ^ ™  <5*> 
(6*)  -  1  . 


(63) 


Fin^y,  inserting  (43)  and  (44)  into  (63)  results  in  (59),  which  completes  the  proof  of 
the  Proposition  3.  □  r  f 


We  are  now  in  a  position  to  estimate  the  rate  of  convergence  on  the  basis  of  eigenvalue 
distnbution  and  the  main  results  given  in  (47),  (56)  -  (59). 

Note  t^t  the  parameter  q  (see  (41),  (43))  can  be  viewed  as  a  measure  of  material  heter- 
ogeneity.  For  example,  the  case  of  ?  -  1  is  equivalent  to  the  problem  in  a  homoge¬ 
neous  mecUum,  in  the  sense  that  IT,  a  -  ATzd -a).  Material  heterogeneity  increares 
With  decreasmg  the  value  of  parameter  q . 

Table  1  illustrates  the  spectrum  of  eigenvalues  for  different  values  of  It  can  be  seen 
diat  eigenvalues  are  clustered  in  two  regions  (except  for  the  middle  eigenvalue,  which 
IS  equal  to  {AK/h)  {l/q) ).  The  spectral  width  of  the  two  regions  (defined  by  the  dif¬ 
ference  of  the  maximum  and  minimum  eigenvalues  in  the  conesponding  region) 
decreases  with  the  decreasing  value  of  q.  This  clustering  of  eigenvalues  is  one  of  the 

key  reasons  for  a  faster  rate  of  convergence  of  the  two  grid  process  with  decreasing  the 
value  of  ® 

We  next  investigate  what  is  the  weighting  factor  o’"  that  maximize  the  asymptotic  rate 
of  convergence  in  the  absence  of  the  error  component  corresponding  to  the  middle 
eigenvalue,  i.e.,  -  0.  From  (59)  foUows 
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or 


(64) 


l-co="(2-^)  =-(l-2co^) 


CO*  -  1/2  <  CO*  ^2/3 

4-^ 

Inserting  (64)  into  (59)  yields  the  following  estimate  of  the  asymptotic  rate  of  conver¬ 
gence  governed  by  the  ratio  p  -  maXf^S^j^  • 


p(co) 


maxi 


ICTT. 

1  -co(2-^5m2(_)) 


P*-4^  0<p*Sl/3 


(65) 


where  CO*  —  2/3  and  p*  «  1/3  correspond  to  the  solution  of  homogeneous  problem. 
It  can  be  seen  from  (65)  that  the  asymptotic  rate  of  convergence  of  the  two-grid  method 
increases  (or  p"^  decreases)  with  decreasing  the  value  of  q  (or  increasing  material  het¬ 
erogeneity). 

However,  if  the  error  component  corresponding  to  the  middle  eigenvalue  in  (58)  is 
taken  into  account  it  is  necessary  to  employ  co*’'  -  2/3  resulting  in  the  asymptotic 
rate  of  convergence  governed  by  p**  -  1/3.  So  in  the  worse  scenario  we  may  expect 
the  same  rate  of  convergence  as  for  the  homogeneous  problem. 

The  oscillatory  nature  of  the  middle  eigenvector,  cp"*,  is  described  by  (42).  It  can  be 
seen  that  the  eigenvector  vanishes  on  the  unit  cell  boundaries,  but  oscillates  between 
the  unit  cell  midside  nodes  in  geometric  progression  with  a  negative  factor  depending 
on  material  heterogeneity,  ^2/ d^.  Such  oscillatory  response  is  unlikely  to  be  triggered, 
and  thus  in  practice  the  rate  of  convergence  is  governed  by  the  estimate  given  in  (65). 


5.  Numerical  examples 

First,  we  will  analyze  the  two-grid  process  for  solving  the  boundary  value  problem 
(1),(38)  on  the  basis  of  uniform  finite  element  grid  with  two  elements  on  each  unit  cell 
as  described  in  section  3  with  a  —  0.5.  For  the  purpose  of  simulating  the  singular 
loading  the  right  hand  side  function  f{x)  has  been  chosen  as  follows 


fix) 


sign  (x-l/2) 
\x  - 1/2\  +  6 


(66) 
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where  6  =  10~*  and 


sign  (a)  - 


1  if  a>0 
“1  if  a<0 
0  if  a  -  0 


nonn  versus  r,.  "orof  “ 


n 

where  II  v||2  - 


II '■fb  -g 


V  €  R". 


remits  of  ae  numerical  experiment  are  presented  in  the  Table  2  where  o  anrf 

/Qconv^Qnno  .  AQo^x  •  j*  •  P  >  which  IS  Very  close  to  unity 

‘‘!®  *“”*  elements  on  each  unit  ceU  The 

sr  rrcx-s 

Ai.5.  .i«ic.SSSi.f  '"  *• 

'^e  next  example  deals  with  the  nonuniform  fine  grid  We  use  10  finite  eiemtanf  f 

us:  r  “et“^  SrSthuTlX  r^Slte^hn  we^ 

K  /K  -  I  *  homogenized  effective  coefBcient.  The  ratio  of 

Tmh  ®*P*riment  are  shown  in 
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The  last  numerical  experiment  deals  with  the  three-grid  method  for  the  previously 
defined  problem.  We  use  here  the  additional  coarse  grid  for  solving  the  auxiliary 
homogenized  problem  and  a  standard  multi-grid  technique  for  formulating  the  coarse 
grid  problem.  The  results  of  this  experiment  are  shown  in  Table  5,  where  Vj  and  Vj  are 
the  number  of  pre-  and  post-  smoothing  iterations  on  the  fine  grid;  v ^  and  v®  the  corre¬ 
sponding  values  on  the  auxiliary  grid;  the  number  of  finite  elements  in  the  finest 
grid;  the  number  of  unit  ceUs;  Nq  the  number  of  the  elements  in  the  coarsest  grid. 
Results  of  this  experiment  are  consistent  with  our  previous  observations,  and  confirm 
our  theoretical  estimates  given  in  (65). 
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Table  1 


^Nk 

1 

2 

3 

4 

8 

0.1 

k 

0.0479 

0.1743 

0.3328 

0.4630 

10.0000 

h-k 

19.9521 

19.8257 

19.6672 

19i370 

0.2 

k 

0.0480 

0.1758 

0.3387 

0.4748 

5.0000 

h-k 

9.9520 

9.8242 

9.6613 

9.5252 

0.3 

k 

0.0481 

0.1775 

0.3451 

0.4880 

3.3333 

n-k 

6.6186 

6.4892 

6.3215 

6.1787 

0.4 

k 

0.0482 

0.1792 

0.3520 

0.5028 

15000 

h^k 

4,9518 

4.8208 

4.6480 

4.4972 

OJ 

k 

0.0483 

0.1809 

0.3596 

0.5198 

2.0000 

n-k 

3.9517 

3.8191 

3.6404 

3.4802 

0.6 

k 

0.0484 

0.1828 

0.3678 

0.5396 

1.6667 

h^k 

3.2849 

3.1506 

19655 

2.7937 

0.7 

k 

0.0486 

0.1847 

0.3770 

0.5633 

1.4286 

n-k 

2.8086 

2.6725 

2.4801 

2.2938 

0.8 

k 

0.0487 

0.1867 

0.3872 
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h-k 

2.4513 

13133 
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1.9072 

0.9 

k 

0.0488 

0.1888 

0.3988 

0.6320 

1.1111 

n-k 

2.1734 

2.0334 

1.8234 

1.5902 

i.O 

k 

0.0489 

0.1910 

0.4122 

0.6910 

1.0000 

n^k 

1.9511 

1.8090 

1.5878 

1.3090 
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0.0098 
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0.000999 

0.000992 
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0.001001 
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Abstract 

A  multi-grid  method  for  a  periodic  heterogeneous  medium  in  multidimensions  is  developed.  Based  on  the  homogenization 
theory,  special  intergrid  transfer  operators  have  been  developed  to  simulate  a  low  frequency  response  of  the  boundary  value 
problem  with  oscillatory  coefficients.  An  adaptive  strategy  is  developed  to  form  a  nearly  optimal  two-scale  computafional  model 
consisting  of  the  finite  element  mesh  entirely  constructed  on  the  microscale  in  the  regions  identified  by  the  idealization  error 
indicators,  while  elsewhere,  the  modeling  level  is  only  sufficient  to  capture  the  response  of  homogenized  medium.  Numerical 
experiments  show  the  usefulness  of  the  proposed  adaptive  multi-level  procedure  for  predicting  a  detailed  response  of  composite 
specimens. 

1.  Introduction 

The  computational  complexity  of  modeling  large  scale  composite  structures  is  enormous  primarily 
due  to  the  multiple  scales  involved.  For  example,  the  typical  size  of  the  structure  (an  airplane  or  a  car) 
is  of  the  order  of  magnitude  of  tens  of  meters,  while  the  diameter  of  the  fastener  hole  is  of  the  order  of 
millimeters.  Prediction  of  micro-mechanical  failure  modes  necessitates  considerations  at  even  smaller 
scales.  The  useful  life  of  a  structure  depends  on  the  quality  of  modeling  at  each  scale  and  the  ability  of  a 
reliable  transfer  of  the  appropriate  information  between  various  modeling  levels.  Thus,  the  need  for 
reliable  analysis  techniques  at  several  different  scales  is  crucial. 

Mathematical  homogenization  theory  [1-3]  or  its  engineering  counterpart  [4]  have  been  traditionally 
used  as  a  primary  tool  for  analyzing  heterogeneous  medium.  Based  on  the  assumptions  of  micro¬ 
structure  periodicity  and  uniformity  of  macroscopic  fields  within  a  unit  cell  domain,  homogenization 
theory  decomposes  the  boundary  value  problem  in  a  heterogeneous  medium  into  the  unit  cell  (micro) 
problem  and  the  global  (macro)  problem.  The  computational  sequence  consists  of  three  steps:  (i) 
solution  of  the  unit  cell  problem  and  evaluation  of  the  homogenized  material  properties,  (ii)  solution  of 
the  macro-problem  and  (iii)  post-processing  on  the  micro-level.  Reliability  of  computations  in  a 
heterogeneous  medium  is  strongly  linked  to  the  validity  of  the  two  basic  assumptions  (periodicity  and 
uniformity),  introduced  by  the  classical  homogenization  theory.  The  issue  of  statistical  periodicity  has 
been  investigated  in  [5]  and  is  not  addressed  here.  Instead,  we  concentrate  on  the  issue  of  uniformity  of 
macroscopic  fields  (or  absence  of  it)  within  the  unit  cell  domain.  These  studies  are  motivated  by  the 
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well-known  fact  that  in  the  high  gradient  regions  the  macroscopic  fields  are  rapidly  varying  and  their 
uniformity  within  the  unit  cell  domain  is  highly  questionable. 

This  paper  proposes  an  alternative  to  the  classical  homogenization  that  abandons  the  classical 
hypothesis  of  uniformity  of  the  macroscopic  fields  within  the  unit  cell  domain.  By  this  approach, 
solution  obtained  from  the  mathematical  homogenization  theory  is  only  used  to  simulate  the  global 
response  of  the  discrete  heterogeneous  medium.  The  proposed  computational  scheme  can  be  viewed  as 
a  generalization  of  the  multi-grid  method  for  the  periodic  heterogeneous  medium.  Within  this 
framework  the  mathematical  homogenization  theory  serves  as  a  mechanism  for  capturing  the  lower 
frequency  response  of  the  discrete  heterogeneous  medium,  while  the  classical  relaxation  techniques  are 
employed  to  capture  the  oscillatory  response. 

Previous  studies  [6]  have  indicated  that  for  problems  in  heterogeneous  medium  eigenvalues 
corresponding  to  the  lower  frequencies  are  not  smooth  and  thus  the  classical  bi-  or  tri-Iinear  operators 
are  not  suitable  for  data  transfer  between  the  grids.  For  1-D  problems  it  has  been  found  [6]  that  the  rate 
of  convergence  is  governed  by  the  factor  —  where  0<(7=sl  depends  on  the  microstructure. 
This  estimate  reveals  that  the  rate  of  convergence  increases  with  the  increase  in  material  heterogeneity. 

The  paper  focuses  on  the  issues  of  adaptive  multiscale  modeling  and  fast  iterative  solution  algorithms 
for  problems  in  heterogeneous  media.  We  will  attempt  to  construct  a  nearly  optimal  two-scale 
computational  model  consisting  of  the  finite  element  mesh  entirely  constructed  on  the  microscale  in  the 
regions  where  there  is  a  necessity  to  do  so,  while  elsewhere,  the  modeling  level  will  be  only  sufficient  to 
capture  the  response  of  homogenized  medium.  The  microscale  reduction  error  indicators  described  in 
Section  5,  are  used  to  assess  the  quality  of  homogenized  model,  and  to  identify  the  regions  where  the 
homogenized  model  should  be  replaced  by  a  model  reflecting  the  details  of  the  microstructure. 

Once  the  two-scale  model  is  constructed,  the  multigrid-like  solvers  in  the  form  of  MLAT  [7]  and/or 
FAC  [8,  9]  are  employed  due  to  their  linear  asymptotic  rate  of  convergence,  as  opposed  to  the  roughly 
quadratic  growth  in  CPU  time  versus  the  problem  size  in  the  case  of  the  direct  coupled  global-local 
solutions  (or,  to  be  more  precise,  NB^ ,  where  N  and  B  are  the  problem  size  and  the  bandwidth, 
respectively).  We  show  that  it  is  possible  to  obtain  even  faster  convergence  for  the  case  of  differential 
equations  with  highly  oscillatory  periodic  coefficients  if  special  intergrid  transfer  operators  developed  in 
Section  3  are  utilized. 

The  outline  of  this  paper  is  as  follows.  Problem  statement  and  objectives  are  formulated  in  Section  2. 
Special  purpose  intergrid  transfer  operators  for  a  periodic  heterogeneous  medium  are  derived  in  Section 
3.  Section  4  describes  an  adaptive  two-scale  computational  procedure  for  periodic  heterogeneous 
medium.  Microscale  reduction  error  indicators  and  estimators  aimed  at  quantifying  the  quality  of 
homogenization  and  stearing  the  adaptive  process  are  given  in  Section  5.  Numerical  experiments 
conclude  the  manuscript. 


2.  Problem  statement 

In  modeling  heterogeneous  media  one  can  adopt  two  different  points  of  view: 


2.1.  Mathematical  modeling  on  the  microscale 


In  this  scenario  each  phase  (fiber  and  matrix)  is  assumed  to  possess  homogeneous  properties  and 
obey  equilibrium  and  kinematical  equations  as  well  as  compatibility  and  traction  continuity  conditions 
between  the  phases.  The  corresponding  strong  form  of  the  boundary  value  problem  for  a  linear 
elastostatics  is  given  by 


“{/./) 
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on  p 


J,  Fish,  V.  Be/sky  /  Comput.  Methods  Appl.  Mech.  Engrg,  126  (1995)  17-38 


19 


on  r, 

K«Jr,„,=0  kJr,„,  =0 


(1) 


where  and  e-  are  the  components  of  the  stress  and  strain  tensors,  respectively;  6,-  and  f,  represent  the 
body  forces  and  prescribed  boundary  tractions  on  the  boundary  F,,  respectively;  w,  are  the  components 
of  the  displacement  vector;  w,  are  the  prescribed  displacements  on  the  boundary  F^/,  represent  the 
components  of  the  symmetric  positive  definite  fourth-order  constitutive  tensor;  is  a  problem  domain. 
The  last  two  equations  correspond  to  traction  and  displacement  continuity  conditions  on  the  interface, 
between  the  microconstituents.  [.  .  .],.  denotes  the  jump  operator  on  Symmetric  gradient  is 
denoted  by  =  (<p,  ^  +  (p^  ,)/2.  Standard  tensorial  notation  with  summation  over  the  repeated  indexes 
is  employed. 


2.2.  Mathematical  modeling  on  the  macroscale 


Following  the  classical  homogenization  theory  [1-3],  the  asymptotic  solution  of  the  boundary  value 
problem  (1)  for  the  periodic  heterogeneous  medium  can  be  obtained  using  two-term  double  scale 
asymptotic  expansion 

u,{x,  y)  =  £q’(-v)  +  eu]{x,  y)  (2) 


where 

u.(x,  y)  -  hM(y)e'l,(x)  e"i(x)  -  „  (3) 

and  X  is  a  macroscopic  co-ordinate  vector,  3;  =  jc/e  is  a  microscopic  position  vector.  The  parameter  e  is 
a  representative  unit  cell  size,  which  is  very  small  in  comparison  with  the  dimensions  of  the  problem 
domain.  The  periodicity  of  the  microstructure  implies  that  F(x,  y  +  kY)  —  F(x,  y),  where  vector  Y  is  a 
basic  period  of  the  microscopic  co-ordinate  system;  k  is  sl  non-zero  integer. 

In  the  representation  (3),  is  the  Y-periodic  function,  which  can  be  found  from  the  solution  of 

the  boundary  value  problem  on  the  unit  cell  domain  d  subjected  to  periodic  boundary  conditions 

=  0  one  (4) 

where  5,y  is  a  Kronecker  delta. 

The  corresponding  expansion  of  the  strain  tensor  is  given 

£,/  =  +  0(e)  (5) 

The  macroscopic  displacement  field  u^{x)  is  the  solution  of  the  following  boundary  value  problem  with 
homogenized  coefficients 


0  — 

M,  =  M,  on  r„ 


(6) 


where 


6n,npq  ~  ^(k.l)pq) 

and  dy  is  the  volume  of  the  unit  cell. 

Each  of  the  two  mathematical  models  is  discretized  using  a  finite  element  method.  The  corresponding 
discrete  models  are  termed  as  micro  and  macro  finite  element  meshes,  each  may  have  various  levels  of 
mesh  refinement. 

It  is  the  primary  goal  of  the  paper  to  find  a  numerical  solution  of  the  micro  finite  element  model.  A 
direct  solution  of  the  system  of  equations  resulting  from  such  a  discretization  is  usually  computationally 
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not  feasible  since  it  may  involve  over  a  million  of  unknowns.  On  the  other  hand,  the  finite  element 
solution  of  the  macro-model  (6)-(7)  is  generally  feasible  and  can  be  utilized  to  capture  the  lower 
frequency  response  of  the  discrete  heterogeneous  system,  while  various  smoothing  procedures  would  be 
very  efficient  in  capturing  the  oscillatory  response  of  a  heterogeneous  medium.  This  suggests  that  a 
multi-grid  like  approach  is  a  natural  choice  for  solving  discrete  systems  constructed  on  the  microscale. 


3.  The  intergrid  transfer  operators  for  a  periodic  heterogeneous  medium  in  multidimensions 

In  this  section  we  focus  on  the  central  issue  of  constructing  the  intergrid  transfer  operators  for  a 
periodic  heterogeneous  medium  in  multidimensions.  The  structure  of  the  intergrid  transfer  operators 
between  the  discrete  heterogeneous  and  corresponding  homogenized  media  is  defined  on  the  basis  of 
the  discrete  form  of  the  double  scale  asymptotic  expansion  j 

(8)  j 

where  Nj^{x)  and  i^y^{x)  are  the  displacement  and  strain  interpolants  in  the  macro-mesh,  denoted  by 

and  ej  =  (9) 

and  d^  are  the  corresponding  nodal  displacements.  Hereinafter,  capital  subscripts  A,  B,  C,...  are 
reserved  for  the  fine  grid  (micro  mesh)  degrees-of-freedom,  while  lowercase  subscripts  a,  b,  c, .. . 
denote  auxiliary  coarse  grid  (macro  mesh)  degrees-of-freedom. 

Since  the  product  ehij,^  in  Eq.  (4)  is  independent  of  the  choice  of  e,  it  is  more  convenient  to  analyze 
the  unit  cell  problem  in  the  co-ordinates  of  the  physical  domain;  i.e.  eh^j^iy)  =  h^j,^{x)  =  0{s).  Thus, 
substituting  the  discrete  form  of  the  unit  cell  solution,  =  N.g{x)dj^g,  into  Eq.  (8)  yields 

~  Wa  ^iB^(j.k)a^jkB)^a  (10) 

With  this  introduction  the  problem  of  the  coarse  grid  correction  is  now  stated  in  the  following 
proposition. 

PROPOSITION.  Let  the  coarse  grid  correction  problem  be  formulated  on  the  basis  of  the  interpolation 
defined  in  Eq.  (10)  and  let 

^.h^h=>'a  (11) 

be  the  coarse  grid  correction  problem,  where  is  the  stiffness  matrix  of  the  boundary  value  problem 
(6)  with  homogenized  material  properties  (7)  in  the  auxiliary  macro-mesh,  and  r^  is  the  respective 
restriction  of  the  micro-mesh  residual  vector. 

Then,  in  the  limit  as  e^O  the  stiffness  matrix  coincides  with  the  restriction  of  the  stiffness  matrix 
of  the  boundary  value  problem  on  the  micro-mesh  (1). 

PROOF.  Let  be  a  standard  (for  the  second-order  differential  equations)  bi-linear  or  tri-linear 
coarse-to-fine  grid  prolongation  operator.  The  nodal  degrees  of  freedom  in  the  two  meshes  are  then 
related  by 

^A^QAad,,  (12) 

The  hypothesis  of  e— >0  is  equivalent  to  the  infinitesimally  small  mesh  size  in  the  micro-mesh,  and  thus, 
without  loss  of  generality,  the  shape  functions  on  the  auxiliary  grid  can  be  represented  as  a  linear 
combination  of  the  shape  functions  on  the  micro-mesh,  i.e. 

^,a(x)  =  N,^{x)Q^^  (13) 

where  the  coefficients  of  linear  expansion  follow  from  the  relation  N^^d^  =  Ha^a  ~  ^AQAa^a- 
Inserting  (13)  into  (10)  yields 

~  ^iA^QAa  ^(i.k)adjkA)da 


(14) 
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To  construct  the  homogenization-based  prolongation  operator  we  evaluate  u,  at  the  micro  mesh 
nodes  Xg 

~  b)^Q  Aa  ^ { i  (1^) 

where  underlined  subscripts  indicate  no  summation  over  the  repeated  indices.  Note  that  the  displace¬ 
ment  along  the  spatial  co-ordinate  i  at  the  node  Xg  corresponds  to  the  degree-of-freedom  B  in  the  micro 
grid,  i.e.  u,{Xg)^dg  and  N,^(xg)^5^g.  Thus 

dB-QBA. 

where  the  homogenization-based  prolongation  operator  is  defined  as  follows 
QB..  =  QB..  +  ‘%,M.AB)d,u< 

It  remains  to  show  that  restricts  the  stiffness  matrix  of  the  micro-mesh,  to  the  coarse  grid  in 
such  a  way  that  the  resulting  stiffness  matrix  =  Q oa^ab^bb  coincides  with  the  stiffness  matrix  of 
the  macro  problem  (6)  with  homogenized  material  properties  (7)  in  the  limit  as  e— >0. 

For  this  purpose  we  evaluate  the  strain  field  by  taking  the  symmetric  gradient  of  the  displacement 
field  given  in  (8) 

^1/  ~  j)^A)^(k.nai-^))da  0{e)  (18) 

In  the  limit  as  e-^0  the  last  term  can  be  neglected  resulting  in  the  following  strain  approximation 

^ij  ~  ^(i.i)kl)^(k.l)ada 

~  ^(i.i)AiQAa  ^(k,l)adklA)da 

Note  that  an  identical  strain  approximation  can  be  obtained  by  direct  discretization  of  the  two-term 
asymptotic  strain  expansion  given  in  (5). 

The  macro-mesh  stiffness  matrix  is  given  by 

^ab  ~  ^(i.i)a^iikA(k,l)b 

=  E  -f  f  M  f  («,-«/.  +  de  (20) 

cells  Je  •'« 

Further,  exploiting  the  hypothesis  of  the  infinitesimality  of  the  unit  cell,  as  £— >0,  we  note  that 

=  const  ^Xg&d'  (21) 

where  the  superscript  I  denotes  the  unit  cell  number. 

Finally,  inserting  (21)  into  (20)  yields 

^ab  ~  QAa^(i.i)A^iikl^(k.l)BQBb  =  Q  aA^AB^Bb 

which  completes  the  proof  of  the  proposition. 


So  far  the  homogenization-based  intergrid  transfer  operators  (Q,  Q*)  have  been  derived  assuming 
that  e^O.  In  practice,  the  value  of  e  is  finite,  requiring  reformulation  of  the  intergrid  transfer 
operators  to  maintain  C®  continuity  of  the  prolongated  displacement  field  in  the  micro  mesh.  It  should 
be  noted  that  a  direct  application  of  the  prolongation  operator  (17)  does  not  uniquely  determine  the 
displacement  field  on  the  boundaries  of  the  unit  cells,  since  the  macroscopic  strain  field  N(y  *)„(xa)<i„  is 
a  C”'  continuous  function,  i.e.  it  is  discontinuous  on  the  boundaries  of  the  macro-elements. 
Consequently,  the  prolongated  solution  is  also  discontinuous  at  the  interface  between  the  unit  cells, 
overlapping  different  macro-elements. 
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To  develop  a  homogenization-based  prolongation  operator  Q,  that  generates  C"  continuous 
displacements,  it  is  necessary  to  construct  a  C"  continuous  strain  field  in  a  macro-mesh  e*,  defined  as 

^kt  =  N,e„{xJ  ^23) 

where  nodal  strain  values  in  the  macro-mesh  and  are  the  corresponding  strain  field  shape 

functions.  Nodal  strain  values  are  typically  found  by  weakly  enforcing  the  equality  between  the 
discontinuous  finite  element  strains  and  their  continuous  counterpart  [10],  By  this  technique  the 
projection  operator  is  formed  to  project  strain  values  from  a  set  of  sampling  points  to  finite  element 
nodes  in  the  macro-mesh 

^kli^a)  ~  ^ag^kli^g)  ~  ^agt^(k.t)bi^g)<^b  (24) 

where  the  sampling  points,  x^,  can  be  either  Gauss  points,  reduced  Gauss  points  or  finite  element  nodes 

Substituting  (23)  and  (24)  into  (17)  and  evaluating  the  displacement  field  at  the  finite  element  nodes 
in  the  micro-mesh  yields  the  following  expression  for  the  continuous  homogenization-based  prolonga¬ 
tion  operator 

Qao  ~  Q-Ab^^ab  ^bg^(k.t)ai^g)^klA)  (25) 

In  the  numerical  examples  considered  in  this  paper,  projection  operator  was  constructed  on  the 
patch-by-patch  basis  as  described  in  [10].  In  the  case  of  a  4-node  rectangular  element  it  amounts  to 
computing  the  nodal  strain  values  by  averaging  the  corresponding  strain  values  evaluated  at  the  element 
centroids,  connected  to  the  node. 

REMARK.  In  practice,  one  has  to  deal  with  several  different  types  of  unit  cells  such  as  in  the  case  of 
laminated  composites  where  each  layer  is  composed  of  different  unit  cells.  Even  though  the  macro 
strain  field  has  been  projected  to  be  C  continuous,  the  prolongated  displacement  field  might  still  be 
incompatible  at  the  interface  between  dissimilar  unit  cells.  This  requires  further  modification  of  the 
continuous  homogenization-based  prolongation  operator  at  the  interface  between  the  unit  cells  of 
different  types. 

This  IS  accomplished  by  introducing  a  transition  layer  of  unit  cells  at  the  interface  between  dissimilar 
unit  cells.  The  formulation  of  the  unit  cell  problem  in  the  transition  region  differs  from  the  interior  unit 
cell  in  the  way  the  boundary  conditions  are  prescribed. 

To  clarify  this  point  we  consider  a  transition  layer,  5*,  in  a  laminated  composite  at  the  interface 
between  two  dissimilar  layers  A  and  B  as  shown  in  Fig.  1.  The  microstructure  in  the  transition  region, 
B*,  is  identical  to  that  in  the  layer  B.  The  boundary  conditions  applied  to  the  unit  cell  in  the  transition 
region  are  of  the  following  categories: 

(i)  On  the  faces  (edges  in  2-D)  orthogonal  to  the  interface,  the  boundary  conditions  are  periodic, 
i.e.  displacements  d-.^  are  equal  on  the  opposite  sides  of  the  unit  cell. 

(ii)  On  the  faces  parallel  to  the  interface,  the  non-homogeneous  Dirichlet  boundary  conditions  are 
assumed  instead.  The  pre.scribed  displacement  values  are  assumed  to  be  equal  to  those  in  the 
neighboring  layer.  In  general,  the  value  of  these  displacements  is  not  equal  to  those  on  the 
opposite  sides  of  the  unit  cell. 

The  unit  cell  boundary  value  problems  are  solved  in  the  following  sequence  (3-D  case).  First  solve  for 
the  interior  unit  cells  (with  all  periodic  boundary  conditions).  This  is  followed  by  the  unit  cells  at  the 
interface  between  two  dissimilar  layers  (with  partially  periodic  and  Dirichlet  boundary  conditions). 
Then,  the  unit  cells  along  the  edge  connecting  four  different  layers  (with  partially  periodic  and  Dirichlet 
boundary  conditions),  and  finally  the  unit  cells  connected  to  eight  different  unit  cells  (with  Dirichlet 
boundary  conditions  only). 


4.  Multiscaie  solution  algorithm  for  heterogeneous  media 

In  this  section  we  present  the  formulation  of  multiscale  solution  algorithm  for  problems  in  a  periodic 
heterogeneous  medium  where  one  or  more  regions  are  modeled  on  the  microscale,  while  elsewhere,  the 
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Fig.  1.  A  transition  layer  at  the  interface  between  two  dissimilar  layers  of  unit  cells. 


medium  is  treated  as  homogenized.  Our  formulation  is  applicable  to  general  three-dimensional  domains 
with  unlimited  number  of  local  regions,  although  for  simplicity,  illustrations  are  limited  to  two- 
dimensional  problems  with  a  single  local  region.  Attention  is  restricted  to  a  two-level  scheme. 

4.1,  Problem  definition  and  notation 

Consider  a  heterogeneous  medium  on  Q  which  is  formed  by  a  special  periodicity  of  a  unit  cell. 
Suppose  that  the  Microscale  Reduction  Error  (MRE)  indicator  to  be  described  in  Section  5,  indicates 
that  the  classical  homogenization  procedure  is  not  valid  on  the  portion  of  the  problem  domain,  denoted 
Therefore,  the  optimal  computational  model  consists  of  the  finite  element  grid  G  on 
=  n! n,  where  the  elements  are  assumed  to  possess  homogenized  material  properties,  and  a  finite 
element  grid  G,  with  much  smaller  elements  constructed  on  the  microscale. 

The  micro-grid  G,  is  partitioned  as  follows 

G  =  G,UGi.  (26) 

where  G,  are  the  micro-grid  nodes  at  the  interface  between  the  two  regions,  and  G^  are  the  interior 
micro-grid  nodes  as  shown  in  Fig.  2. 

Likewise  the  macro-grid  G  is  partitioned  in  a  similar  fashion 

G  =  G/  U  Gc  (27) 

where  G/ are  the  macro-grid  nodes  at  the  interface  /],  which  do  not  have  to  coincide  with  the  nodes  in 
Gj,  and  G^j  are  the  remaining  macro-grid  points. 

We  further  define  an  auxiliary  grid  G  on_/2,  where  the  entire  finite  element  mesh  is  modeled  with 
homogenized  material  properties.  The  grid  G  is  aimed  at  capturing  the  lower  frequency  response  of  the 
two-scale  grid  model  G  U  G.  The  auxiliary  grid  is  partitioned  as  follows 

G  =  G,  U  U  Gc  (28) 

where  G,  =  G,,  G(j  =  G^^;  the  grid  G^  represents  auxiliary  grid  points  on  fl  as  shown  in  Fig.  2. 

For  information  transfer  between_the  micro-  and  macro-grids,  we  employ  continuous  homogeniza¬ 
tion-based  prolongation  operator  Q  derived  in  Section  3,  which  is  partitioned  into  two  blocks  for 
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Fig.  2.  Partitioning  of  the  auxiliary  and  micro  grids. 


convenience.  The  first  denoted  by  Q,  relates  nodal  displacements  in  the  macro  grid  G  to  those  in  the 
micro  grid  G  at  the  interface  7]  only 

Q :  G-^G,  ^29) 

where 

Q  -  [Qn  Qig\  (30) 

such  that 


2//-G,-^G,  and  Qic'-Gq^G, 

Note,  that  as  opposed  to  the  standard  linear  prolongation  operator,  which  relates  the  information  at  the 
interlace  only,  continuous  homogenization-based  operator  is  a  function  of  V^Nix  )  on  /}  resulting 
in  the  information  flow  from  the  interior  to  the  boundary  and  vice  versa.  ^ 

Likewise,  we  define  the  second  block  of  the  continuous  homogenization-based  prolongation  operator 

denoted  by  Q  which  relates  the  information  between  the  auxiliary  coarse  grid  and  the  interior  micro 
grid  nodes 

(32) 


(33) 


Qu'G,->G^^  and  Qll- ^  G  (34) 

Consequently,  the  continuous  homogenization-based  prolongation  operator  Q  can  be  structured  as 
follows 


Q-.G^G^ 

which  is  partitioned  as 

Q  =  \Qu  Qu\ 
such  that 
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Qn  ® 

^~[_Qu  Qll  0  . 

The  continuous  homogenization-based  restriction  operators  Q*:  G-^G  and  Q  *  :  G, 
gated  to  Q  and  Q.  and  are  schematically  denoted  as 


Q*  = 

1 _ 

Ql~ 

QIl 

and  <2  *  “ 

'Qu' 

Q^g^ 

.2 

O) 

O 

For  subsequent  derivations  we  will  introduce  the  following  notation: 


(35) 


G  are  conju- 


(36) 


u  =  [u,;u^]* 


auxiliary  grid  displacement  vector,  where  u,GGi.  ili  ^Gj  .  ilf^EGf;. 
macro-grid  displacement  vector  on  G. 

micro-grid  displacement  vector,  such  that  u,EG,  and  Uj  EG,  : 


Au 

^LI 

A,, 

0 

auxiliary  grid  stiffness  matrix  on  C; 


f-UrJGfcY 

f=\frJG]* 

/=[/r;/J* 


macro-grid  stiffness  matrix  on  G,  such  that 


micro-grid  stiffness  matrix  on  G; 

auxiliary  ^rid  force  vector,  where  fj,  /^,  f^y  are  nodal  forces  acting  on  grids 
G„  G^,  Gc,  respectively. 

macro-grid  force  vector  acting  on  G,  such  that  fc=fc’ 

micro-grid  force  vector,  where  f,  and  are  nodal  forces  acting  on  grids  G/ 

and  G^,  respectively. 


We  note  that  the  displacement  vectors  u  and  u  are  related  via  orthogonal  assembly  operator  L  given  by 


where  I  is  an  identity  matrix  of  an  appropriate  size,  such  that 

u  =  Lu  (38) 

We  are  now  in  a  position  to  formulate  an  algebraic  system  of  equations  for  the  two-scale  linear  elasticity 
problem  in  heterogeneous  media.  It  consists  of  finding  a  pair  of  nodal  displacement  vectors  (i2,  u)  such 
that 

l/2i(Au,  u )  +  {Au,  u))-(J,u)-  (/,  m) i^min  (39) 

(li.u) 


subjected  to  the  compatibility  condition  at  the  interface 

u,  =  Qu  (40) 

Minimization  of  (39)  with  respect  to  (u.u)  subjected  to  the  interface  condition  (40)  yields  a  system  of 
linear  equations; 


\a  +  Q*A,,Q) 

Q*A„' 

u 

7+Q*//‘ 

_  a„q 

A  LI.  . 

.  h  . 
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The  system  ot  linear  equations  (41)  can  be  solved  either  directly  or  iteratively.  The  direct  solver  is  not 
well  suited  for  an  adaptive  computational  environment,  where  the  region  requiring  a  more  detailed 
interrogation,  is  not  known  a  priori. 

It  is  our  objective  to  develop  an  iterative  solution  procedure,  which  exploits  the  solution  of  the 
auxiliary  problem  on  C  in  order:  (i)  to  identify  the  regions  where  the  homogenized  finite  element 
model  is  inadequate,  and  (ii)  to  predict  the  lower  frequency  response  of  the  two-scale  model. 

Section  5  deals  with  the  first  item,  while  in  Section  4.2  we  focus  on  developing  a  two-scale  iterative 
solution  scheme. 


4.2.  Iterative  two-scale  solution  procedures 

The  three-step  iterative  solution  procedure  based  on  minimization  of  energy  functional  (39)  on 
various  subspaces  is  given  below: 


Step  1 

Find  the  correction  v‘  which  minimizes  the  two-scale  energy  functional  (39)  on  the  subspace  of  the 
auxiliary  grid  functions,  i.e. 


\l2{{A{u  +  Lu'),  u  +  Lv')  +  {A{u‘  -f  Qv'),  u  +  Qv'))  -  (/,  w*  +  Lv')  -  (/,  u  4-  Qu')  =>min  (42) 

where  the  superscripts  refer  to  the  iteration  count. 

Note  that  the  auxiliary  grid  correction  v'  has  a  similar  partitioning  to  u,  i.e. 

and  v-=[vp,Va]*. 

A  direct  minimization  of  (42)  with  respect  to  v'  yields: 


(LML  +  Q*AQ )F‘  =  L*if-Au^)  Au^)  (43) 

The  first  term  on  the  left-hand  side  represents  the  assembled  form  of  the  macro-grid  stiffness  matrix.  In 
Section  3  we  have  shown  that  for  an  infinitesimally  small  unit  cell  the  second  term  represents  an 
assembled  form  of  the  stiffness  matrix  on  the  auxiliary  grid  i.e. 

lim  {L*AL  +  AO)  =  A  (44) 


In  practice,  however,  the  value  of  the  representative  unit  cell  size  e  is  finite,  and  thus  (44)  is  satisfied 
only  approximately.  Nevertheless,  for  the  purpose  of  approximating  the  auxiliary  grid  correction  u'  we 
will  replace  the  Jacobian  matrix  in  (43)  by  A.  In  the  adaptive  environment  this  approximation  will 
significantly  reduce  computational  cost,  since  only  a  single  factorization  of  the  auxiliary  stiffness  matrix 
is  required,  independent  of  the  refinement  process. 


Step  2 

Once  the  auxiliary  grid  correction  has  been  carried  out  it  is  necessary  to  update  the  solution  in  the 
auxiliary  grid 

ti'  '  —  u  +  u)v'  u'* '  =  u' +  oj  Lu'  u' —  u' +  u)Qv'  (45) 

The  relaxation  parameter  is  introduced  to  account  for  the  approximation  introduced  in  (44)  as  a  result 
of  a  finite  size  of  the  unit  cell.  The  relaxation  parameter  is  found  from  a  1-D  minimization  of  the  energy 
functional  along  the  direction  v'  evtiluated  in  the  previous  step  (43) 

I  /  2((/4(n  ‘  +  ojLu').  li'  +  (x)Lu‘ )  +  {A{u'  +  <j}Qu'),  u'  +  wQu' ))  —  (/,  u  ‘  +  wLv' ) 

-  {f,u‘  +  coQv‘)^min  (46) 


which  yields 
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‘  +  Q*(f- 

I"  {iL*AL  +  Q*AQ)v\d')  ^  ’ 

Step  3 

♦  Find  the  correction  on  the  micro-grid,  which  minimizes  the  energy  functional  on  the  subspace  of 
^  the  functions  on  the  micro-grid  G^,  i.e.  keeping  iV  fixed 

I  I / 2({Au' ,  il')  +  {A{u' +  u'),  u' +  u‘))  -  (f,  lV)  -  {f,  u' +  v')^m\n  (48) 

j  .  ... 

I  where  u',  =  0  on  F,  to  maintain  compatibility. 

I  The  direct  minimization  of  (48)  yields 

I  If  (49)  is  directly  solved  and 

^  u7'=u^  +  v‘^  (50) 

then  the  three-steps  iterative  process  described  is  in  the  spirit  of  FAC  algorithm  [8,  9],  subsequently  to 
I  be  referred  as  FAC-Comp. 

'  It  is  important  to  note  that  since  the  unit  cell  is  very  small,  the  number  of  degrees-of-freedom  in 
micro-grid  could  be  larger  than  in  the  macro-grid.  Secondly,  the  solution  behavior  in  the  micro-grid  is 
highly  oscillatory  with  a  lower  frequency  response  similar  to  that  in  the  auxiliary  mesh.  These  two 
I  observations  suggest  to  replace  the  direct  solution  of  (49)  by  smoothing  of  the  form  given  by 

I  ^^2' =^‘l+^'PllUl- ^uQ^' -  (51) 

where  is  a  preconditioner  on  the  micro-grid  and  r'  is  a  relaxation  parameter  given  by 

,  {ft-  ^uQ^‘  - 
where  =  P^^(/^  -  A^^,Qu‘  - 

This  variant  has  similar  characteristics  to  the  linear  version  of  ML  AT  [7],  and  will  be  termed  as 
MLAT-Comp. 


5.  The  microscale  reduction  error  estimators  and  indicators 
5.i.  Formulation 

In  this  section  we  quantify  idealization  errors  associated  with  homogenization  of  periodic  heteroge¬ 
neous  medium  and  present  their  use  in  the  adaptive  procedure.  The  proposed  Microscale  Reduction 
Error  (MRE)  estimator  is  based  on  assessing  the  uniform  validity  of  the  double  scale  asymptotic 
expansion  [1“3],  which  is  given  by  a  rapidly  decreasing  asymptotic  sequence 

u;  =  u^.{x)  +  4-  £^P,jk,{y)i<-lkii^)  +  O(e^)  (53) 

Following  [1-3],  the  T-periodic  function  is  found  from  the  higher-order  equilibrium  equation 
d  _ 

^^‘Pkld^(k.l)mnj  t^ijklit^(k,l)mn  ^km^ln)  ~  =  0 

on  unit  cell  dy 

Problem  (54)  is  solved  using  finite  element  method.  The  resulting  asymptotic  expansion  of  the  stress 
field  is  given  by 


(55) 
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where 

Kniniy)  =  +  ^k.mSl„) 

^iimnp(y)  ~  ^iikti^{kj)mnp  ^  ^kmn^lp) 

In  the  classical  homogenization  theory  only  the  first  term  in  (55)  is  considered,  while  the  second  term  is 
neglected.  Thus,  the  quality  of  the  homogenization  is  assessed  on  the  basis  of  the  relative  magnitude  of 
the  first  term  neglected  to  those  taken  into  account.  The  resulting  Microscale  Reduction  Error 
estimator  is  defined  as 

(57) 


I  err( 
the 


where 


0J2  is  a  Lj-norm  defined  as 


llM^->')llo.n=-^(2  [  htl(x,y)dYdn 

U  \ij  Jn  JY  ' 


To  steer  process  of  adaptivity  we  define  the  MRE  indicator,  which  reflects  the  relative  contribution  of 
individual  element  in  the  auxiliary  mesh  to  the  total  microscale  reduction  error 


e  _ 

7)  =13 


\^^klq^k.tq\\o.n‘ 
11-^  */“(*, /)llo,n 


This  approach  is  equivalent  to  the  one  employed  for  discretization  error  indicator  in  [11]. 

3.2.  Explicit  form  of  p  and  17^  in  ID 

In  this  subsection,  we  derive  a  closed  form  MRE  indicators  and  estimators  for  a  ID  model  problem  in 
order  to  study  various  factors  affecting  the  microscale  reduction  errors. 

Closed  form  solution  of  (4),  (54)  for  H  and  F  vields 


=  const, 


,  5  f" 

/I  H  dy  =  const,  (6i) 

where  D  are  the  effective  material  properties  and  /;  is  the  unit  cell  size.  Inserting  (60)  and  (61)  into  (57) 
yields  the  one-dimensional  counterpart  of  the  microscale  reduction  error  estimator  given  by 


r  D  \ .  iIclcMU 

OM 

For  the  unit^cell  consistinj:  of  two  phases  with  compliances  C,  =  1/Di  and  C  =  l/D.  (the  overall 
compliance  C  =  Cj  +  C2,  C  =  I  / D)^  a  the  volume  fraction,  the  resulting  MRE  estimators  is  given  by 
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) 


I 

)  I 


1 


i 

I 


IQ-CI  a(l-a)  1 

i  dr^ 

In.n 

C  2 

dv 

u.r2 

(63) 


From  the  above  expression  we  can  identify  four  factors  affecting  the  microscale  reduction  error: 

(1)  The  size  of  the  unit  cell,  h. 

(2)  The  normalized  difference  of  compliances,  |C,  -  C2I/C. 

(3)  The  fiber  volume  ratio,  a(l  -  a)/2. 

(4)  The  macro  strain  gradients,  ||d"wVdx^||o 

It  can  be  seen  that  the  error  estimator  is  asymptotically  exact  in  the  sense  that  the  microscale  reduction 
errors  vanish  if  either  the  normalized  strain  gradients  are  negligible,  the  unit  cell  is  infinitesimally  small, 
the  compliances  of  the  microconstituents  are  almost  identical  or  the  volume  ratio  is  close  to  either  zero 
or  one,  which  corresponds  to  a  homogeneous  material. 


6.  Numerical  results 

Our  numerical  experimentation  agenda  includes  two  test  problems.  The  first  example  deals  with  a 
square  plate  containing  a  centered  crack.  Geometry,  boundary  and  symmetry  conditions,  material 
properties,  loading  and  unit  cell  description  are  shown  in  Fig.  3.  The  finest  level  macro-mechanical  grid 
G  with  homogenized  material  properties  consists  of  64  elements  along  each  co-ordinate  where  each 
element  coincides  with  the  unique  unit  cell  boundaries. 

The  distribution  of  homogenization  errors  as  indicated  by  MRE  indicator  is  shown  in  Fig.  4(a).  The 
micro-grid,  G,  is  placed  on  the  portion  of  the  problem  domain,  which  encompasses  the  contour  of 
as  shown  in  Fig.  4(a).  For  simplicity  the  grid  G  on  H  is  selected  to  be  of  a  rectangular  shape. 
Ttus^  the  two-scale  model  consists  of  a  micro-grid  in  the  region  encompassed  by  12  x  20  unit  cells  in  the 
vicinity  of  the  crack  tip,  while  elsewhere  fllfl,  the  finite  element  mesh  is  constructed  on  the 
macro-scale. 

£:3rhe  multi-grid  process  was  carried  out  on  three  different  meshes:  two-scale  (macro-micro)  grid  and 
two  auxiliary  macro-grids.  We  used  V-cycle  with  1  pre-  and  1  post-smoothing  Gauss— Seidel  iterations  on 
Ae'two  auxiliary  levels  and  2  pre-  and  2  post-smoothing  Jacobi  iterations  on  the  finest  level.  As  usual, 
oh  the  coarsest  level  we  used  a  direct  solver.  As  a  termination  criterion  we  used  the  following  tolerance 
to  bound  the  ratio  of  the  two-scale  grid  residual  norm  versus  the  norm  of  the  right-hand  side  vector,  i.e. 


crack  tip 


1 


Fig.  3.  Plate  with  the  centered  crack:  geometry,  boundary  conditions,  material  properties  and  loading 


Micro-Grici 


J.  viMX.  aeisKv  /  t^ornpin.  MifUiods  Appl.  Mech.  /7-.\V 


7  ¥_¥  s  S  2  £  a  s 


"  =  ?=??  f  ,  2  ?  S  3 


I**)  *^9WP96n>2atiop  (d)  Rjsference  solution 


J.  Fish,  V.  Belsky  /  Comput.  Methods  Appi  Mech.  Engrg.  126  (1995)  17~3S 


31 


n 

IHIi/ll/lli  where  |li;|| ,  =  S  |y,|  v&R" 

i=  1 


(64) 


To  obtain  convergence  with  tolerance  of  eps=10“^  it  was  necessary  to  carry  out  14  cycles  using 
MLAT-Comp  algorithm  and  7  cycles  with  FAC-Comp  method. 

The  resulting  energy  distribution  absorbed  in  a  unit  cell  in  the  micro-grid  is  shown  in  Fig.  4(c).  For 
comparison  purpose  also  shown  are  the  results  obtained  on  the  basis  of  the  postprocessing  from  the 
classical  homogenization  theory  [12]  and  the  reference  solution  where  the  entire  problem  domain  O,  is 
modeled  on  the  microscale.  It  can  be  seen  that  the  postprocessing  procedure  from  the  classical 
homogenization  theory  significantly  underestimates  the  energy  absorbed  in  the  close  vicinity  to  the 
crack  tip.  On  the  other  hand  in  the  radius  of  2-3  unit  cells  away  from  the  crack  tip,  the  classical 
homogenization  theory  is  adequate. 

In  the  second  example,  we  consider  a  laminated  plate  [90,/0,  J90J^.  subjected  to  uniform  axial 
tension.  Geometry,  boundary  and  symmetry  conditions  and  the  micro-structure  cross  section  for  the 
different  layers  are  shown  in  Fig.  5.  We  considered  Glass-Epoxy  composite  material  with  the  following 
material  properties:  E,  =  72.3,  -  0.22  and  E,  =  2.92,3  =  0.35.  The  uniform  tension  load  was  applied 

normal  to  the  xy  plane.  The  finest  level  of  macro-grid  G  consists  of  24  elements  along  the  co-ordinate  x 
(thickness  direction)  and  192  along  y,  each  element  coinciding  with  the  unique  unit  cell. 

The  distribution  of  the  homogenization  errors  and  the  region  selected  for  micro-mechanical  modeling 
are  shown  in  Fig.  6(a).  The  micro-grid  consists  of  14  400  elements  placed  in  the  region  encompassed  by 
24x24  unit  cells  in  the  vicinity  of  the  free  edge.  The  two-grid  model  contains  approximately  38  000 
degrees-of-freedom.  The  multi-grid  process  was  carried  out  on  three  different  meshes:  two-scale 
(macro-micro)  grid  and  two  auxiliary  macro-grids.  We  used  V-cycle  with  1  pre-  and  1  post-smoothing 
Gauss— Seidel  iterations  on  the  auxiliary  levels;  3  pre-  and  3  post-smoothing  Jacobi  iterations  on  the 
finest  level  and  a  direct  solver  on  the  coarsest  level.  1%  error  of  residual  (64)  was  obtained  in  8  cycles 
of  MLAT-Comp  algorithm  and  8  cycles  of  FAC-Comp  method. 

Fig.  6(b,c,d)  compare  the  shear  stress  distribution  in  the  micro-grid  as  obtained  using  two-scale 

theory  and  the  reference  solution.  Results  are  consistent  with  our  previous 
observations,  i.e.  inadequacy  of  the  postprocessing  technique  from  the  classical  homogenization  theory 
in  the  ^hot  spots’  as  opposed  to  striking  accuracy  of  the  two-scale  model. 

To  study  boundary  layer  effect  between  two  dissimilar  layers  in  the  axial  tension  problem  we  consider 
a ’micro-grid  of  approximately  15  000  degrees-of-freedom  on  the  entire  problem  domain.  The  same 
solution  strategy  has  been  employed.  It  was  necessary  to  perform  5  multi-grid  cycles  to  achieve 
tolerance  0,1%.  Figs.  7  and  8  compare  the  distribution  of  peeling  stress  o-^  and  shear 


Fig.  5.  Plate  subjected  to  the  axial  tension:  geometry,  boundary  conditions  and  microsiructure. 
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Fig.  7.  Plate  subjected  to  the  axial  tension:  the  resulting  peeling  stresses 
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Fig.  8.  Plate  subjected  to  the  axial  tension:  the  resulting  shear  stresses. 
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stress  a  as  obtained  using  the  postprocessing  from  the  classical  homogenization  theory  and  the  finite 
element'solution  of  the  discrete  heterogeneous  media.  It  can  be  seen  that  except  for  the  close  vicinity  to 
the  free  edge  the  values  of  cr^  as  obtained  with  the  two  methods  are  in  good  agreement.  On  the  other 
hand,  the  distribution  of  shear  stress  cr„  differs  not  only  in  the  vicinity  of  the  free  edge,  but  along  the 
entire  interface  between  the  two  dissimilar  layers.  The  finite  element  of  the  discrete  heterogeneous 
model  shows  oscillatory  shear  stresses  developed  along  the  entire  interface,  while  the  solution  of 
homogenized  problem  shows  no  such  stress  concentration.  The  magnitude  of  these  shear  stresses  is 
roughly  1/3  of  the  shear  stresses  developed  at  the  interface,  but  even  so,  these  interface  shear  stresses 
may  significantly  affect  the  propagation  of  delamination  cracks  emanating  fn.  m  the  free  edge. 

The  primary  reason  why  the  postprocessing  technique  fails  to  detect  these  interface  shear  stresses  is 
because  it  permits  displacement  incompatibility  within  a  unit  cell  at  the  interface  between  dissimilar 
layers.  On  the  other  hand,  a  finite  element  solution  of  the  discrete  heterogeneous  model  enforces  such 
compatibility  exactly,  giving  rise  to  oscillatory  shear  stresses  at  the  interface. 

In  the  last  numerical  example  we  study  the  effectiveness  of  MLAT-Comp  algorithm  for  solving  very 
large  two-scale  models.  The  problem  domain,  boundary  conditions,  loading,  and  the  unit  cell  model  are 
the  same  as  in  the  first  example.  The  two-scale  model  contained  a  micromechanical  finite  element  mesh 
in  the  region  of  176  x  176  unit  cells  in  the  vicinity  of  the  crack  tip,  while  elsewhere,  the  finite  elements 
were  treated  as  homogenized.  The  macro-mechanical  finite  element  mesh  consists  of  352  elements  along 
each  co-ordinate.  Each  macro-mechanical  finite  element  coincides  with  the  unique  unit  cell.  Hence,  this 
problem  contains  435  074  independent  degrees-of-freedom. 

The  multi-grid  processes  was  carried  out  on  4  different  meshes;  two-scale  (macro-micro)  mesh  and 
three  auxiliary  macro-mechanical  meshes.  We  used  V-cycle  with  1  pre-  and  1  post-smoothing  Guass- 
Seidel  iterations  on  the  two  auxiliary  levels  and  2  pre-  and  2  post-smoothing  Jacobi  iterations  on  the 
finest  level.  As  usual,  on  the  coarsest  level  we  used  a  direct  solver.  It  was  necessary  to  perform  15 
multi-grid  cycles  to  provide  the  convergence  with  eps  =  0.01  in  accordance  with  criteria  (64).  Only 
MLAT-Comp  algorithm  was  tested,  since  the  micro-grid  contained  over  100  000  nodes,  and  the  direct 
solution  on  the  micro-grid  is  not  practical.  This  computational  process  takes  about  8.2  hours  on  the 
SPARC  station  LX,  which  is  17.2  times  faster  than  the  use  of  a  skyline  direct  solver  and  the  storage 
savings  are  significant. 

'k  ai  fff'j'. 


i  Appendix 

Two  dimensional  idealization  of  [90^/0^]^  laminated  plate 

Consider  a  [90^/0^]^  laminated  plate  as  shown  in  Fig.  9.  The  uniform  axial  tension  is  applied  along 
the  co-ordinate  Z.  In  order  to  reduce  the  problem  dimension  to  2-D  we  assume  that  the  shear  stresses 
^yz  l^he  shear  strains  are  negligible  and  it  is  necessary  to  idealize  the  microstructure  in 

‘90°  layer’  as  a  stack  of  orthotropic  layers  parallel  to  the  interface. 

For  the  purpose  of  calculating  the  equivalent  mechanical  properties  of  this  layer,  we  consider  the 
auxiliary  problem  given  in  Fig.  10.  The  elasticity  moduli,  the  Poisson’s  ratios  and  the  volume  fractions 
are  denoted  by  (£,.,  i/.  and  k^),  (/  =  1, 2),  respectively. 

The  homogenized  elasticity  moduli  are  found  on  the  basis  of  the  rule  of  mixtures 

E,  =  E^  =  k,E,  +  k^E^  E,  =  {k,Ey  +  A:,E-')-‘  (65) 

The  Poisson’s  ratio  in  the  plane  XY  is  evaluated  on  the  basis  of  the  equilibrium  condition  along  the 
co-ordinate  Y  under  the  uniform  tension  in  A"  (e^,  =  1) 

k^E^{vy  -  =  k^E^iv^^  -  vf)  (66) 

which  yields 

*'xy  =  ^yi  '={k^E^v^  +  k^_E,V,)l  E^ 


(67) 
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‘90®  layer 


Fig.  9.  Two-dimensional  idealization  of  the  laminated  plate. 

Fig.  10.  The  auxiliary  problem  for  calculation  of  the  equivalent  mechanical  properties. 


Similarly,  the  equilibrium  condition  along  the  co-ordinate  X  under  the  uniform  tension  in  Z  = 
yields 

k^E^(e^  —  =  ^2-^2(^xz  “  ^2) 

e^  =  EzVjE^  62  =  EzV2l  E2 

Exploiting  the  relation  for  orthotropic  material,  E^v^^  =  and  using  the  symmetry  condition  in 

and  y  gives 

^xz  =  ^  Eyk^p^  +  k2V2)lEx 

^zx  =  ^zy  =  l^^^^+k2^2 

Eqs.  (65),  (67)  and  (69)  represent  the  equivalent  orthotropic  material  properties  for  the  two-ph£ 
material  described  in  Fig.  10. 

In  the  second  part  of  this  appendix  we  will  show  that  for  the  axial  tension  problem  in  t 
heterogeneous  medium  only  a  two-dimensional  discretization  is  necessary. 

Consider  the  two-scale  asymptotic  expansion  of  the  strain  field  for  the  axial  tension  problem 

~  ^h».l3)ys)^yS  ^^a.^)33^33  O(^) 

~  i^ak^l  t^(c,.l3)kl)^kl  0(e)  (  I 

and 

^33  =  £33  =  t„3  =  t-„3  =  0 

where  Greek  subscripts  range  from  one  to  two.  The  corresponding  strain  variation  is  given  by 

tl(a.P)ys)  ^^yB  ^^{a,P)kl^kl  6 

while  other  components  of  the  strain  variation  vanish. 
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From  the  axial  tension  problem  in  the  uniform  tension,  e^,-,  -  e*,’,,  and  the  weak  form  of  equilibrium 
states  that 

f  Se  D  e  di7=0  VuEC°(/2)  (73) 

Jn 

Substituting  (70)-(72)  into  (73)  yields 

ii^cy^ps  +  ^(.c,.p)ys)  .p  )kl^  kl) 

X  iD^p,,i8,J^r  +  =  0  (74) 

Applying  the  integration  rule  for  highly  oscillatory  functions  on  0  [1]  results  in  a  macro  equilibrium 
equation 


KA>-,A  dA  =  -  id  V.  e  c  (fl) 


where 


I  ^a/333  ~  i^ai^^PlJ.  4"  ^(..,^)a0)(75;'M'7f^h’7A)33  T),,^,;,)  df^ 

‘^1  and  micro  (unit  cell)  equilibrium  equations 


D„a„u.  ^ 


j3  )kl^ a^v{i 


^Ka,p)klDaPir,h(^,^)Zi  <10  -  ^  33  d0  4>/t^33 

For  details  on  finite  element  discretization  of  macro  and  micro  equations  see  [13]. 
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An  adaptive  computational  technique  for  analyzing  problems  in  a  periodic  hetero¬ 
geneous  medium  is  developed.  The  optimal  two-scale  computational  model  con¬ 
sists  of  the  finite  element  mesh  constructed  entirely  on  the  microscale  in  the 
regions  identified  by  the  idealization  error  indicators,  while  elsewhere,  the  model¬ 
ing  level  is  only  sufficient  to  capture  the  response  of  homogenized  medium.  The 
resulting  linear  system  of  equations  is  solved  using  two  global-local  versions  of 
the  multi-grid  method  with  homogenization-based  intergrid  transfer  operators. 
Numerical  experiments  show  the  usefulness  of  the  proposed  multi-level  adaptive 
technique  for  predicting  the  detailed  response  of  composite  specimens. 


1  ■  Introduction 

The  computational  complexity  of  modeling  large  scale  composite  structures  is  enor¬ 
mous.  For  example,  the  typical  size  of  the  structure  (an  airplane  or  a  car)  is  of  the  order 
of  magnitude  of  tens  of  meters,  while  the  diameter  of  the  fastener  hole  is  of  the  order  of 
millimeters.  Prediction  of  micro-mechanical  failure  modes  necessitates  considerations 
at  even  smaller  scales.  The  useful  life  of  a  structure  depends  on  the  quality  of  modeling 
at  each  scale  and  the  ability  of  a  reliable  transfer  of  the  appropriate  information 
between  various  modeling  levels.  Thus,  the  need  for  reliable  analysis  techniques  at 
several  different  scales  is  crucial. 

In  this  paper  we  present  an  adaptive  two-scale  computational  techmque  for  analyzing 
problems  in  periodic  heterogeneous  medium,  which  combines  the  versatility  of  multi- 
grid  technology  [1-3]  with  inter-scale  communication  skills  of  homogenization-based 
prolongation  and  restriction  operators  [4,5],  and  reliability  of  microscale  reduction 
error  (MRE)  estimators  and  indicators  [6].  The  primary  objectives  of  this  scheme  are 


1 


two-fold: 

(i)  The  construction  of  an  optimal  two-scale  computational 

The  optimal  two-scale  computational  model  consists  of  the  finite  element  mesh  con¬ 
structed  on  the  microscale  in  the  regions  where  there  is  a  necessity  to  do  so,  while  else¬ 
where,  the  modeling  level  is  only  sufficient  to  capture  the  response  of  homogenized 
medium.  The  microscale  reduction  error  indicators  described  in  section  3,  are  aimed  at 
assessing  the  quality  of  homogenized  model,  and  identifying  the  regions  where  the 
homogenized  model  should  be  replaced  by  a  more  refined  computational  model  reflect¬ 
ing  the  details  of  the  microstructure. 

(ii)  An  efficient  solution  of  the  two-scale  computational  model 

Due  to  the  scaling  issue,  it  is  common  in  practice  to  obtain  a  detailed  local  response  by 
means  of  post-processing  techniques,  such  as  subjecting  a  local  model  to  the  boundary 
conditions  obtained  from  the  global  analysis.  This  approach  does  not  guarantee  a  reli¬ 
able  force  transfer  between  the  global-local  regions,  but  is  very  efficient  in  the  sense 
that  the  total  CPU  time  is  the  sum  of  the  global  and  local  analyses  as  opposed  to  the 
roughly  quadratic  growth  in  CPU  time  versus  the  problem  size  in  the  case  of  the  direct 
couple  solution  (or,  to  be  more  precise,  where  and  5  are  the  problem  size  and 
the  bound  width). 

The  multigrid  technology  and  in  particular  MLAT  [7]  and  FAC  [8,9]  are  excellent  can¬ 
didates  for  reliable  global-local  analyses  of  well-conditioned  problems,  mainly  because 
the  CPU  time  is  proportional  to  the  problem  size.  In  this  paper,  we  show  that  it  is  possi¬ 
ble  to  maintain  similar  performance  for  the  case  of  differential  equations  with  highly 
oscillatory  periodic  coefficients  giving  rise  to  poor-conditioned  linear  systems  [4],  if 
the  homogenization-based  intergrid  transfer  operators  [5]  are  employed  in  the  context 
of  MLAT  and  FAC. 

Between  the  two  techniques,  MLAT  is  more  sensitive  to  the  formulation  of  intergrid 
transfer  operators  since  the  communication  between  the  grids  is  performed  through  the 
entire  local  region  domain  as  opposed  to  their  interface  only  as  in  FAC.  This  has  a 
direct  consequence  on  the  performance  of  the  two  methods  in  the  case  of  periodic  het¬ 
erogeneous  medium. 

In  practice,  the  local  regions  requiring  consideration  on  the  scale  of  microconstiments 
may  contain  tens  thousand  of  degrees-of-ffeedom.  The  philosophy  of  MLAT,  which 
has  a  natural  mecht  asm  for  capturing  oscillatory  response  as  well  as  smooth  modes  of 
errors,  is  more  suitable  in  this  case.  On  the  other  hand,  for  locally  non-periodic  micro- 


2 


structure  or  curved  boundaries  of  local  regions,  that  cannot  be  sufficiently  accurate  rep¬ 
resented  by  a  spatial  periodicity  of  the  unit  cell,  the  global-local  procedure  in  the  spirit 
of  FAC  seems  to  be  a  natural  choice. 

The  outline  of  this  paper  is  as  follows.  Section  2  describes  an  adaptive  global-local  pro¬ 
cedure  for  periodic  heterogeneous  medium.  Microscale  reduction  error  indicators  and 
estimators  aimed  at  quantifying  the  quality  of  homogenization  and  at  steering  the  adap¬ 
tive  process  are  given  in  section  3.  A  numerical  experimentation  of  the  proposed  adap¬ 
tive  multiscale  computational  scheme  conclude  this  manuscript. 

2.  Description  of  the  iterative  global-local  algorithm  for  a  heterogeneous  medium 

In  this  section  we  present  the  formulation  of  an  iterative  global-local  algorithm  for 
solving  the  problems  in  a  periodic  heterogeneous  medium  where  one  or  more  regions 
are  modeled  on  the  microscale,  while  elsewhere  the  medium  is  treated  as  homoge¬ 
nized.  Our  formulation  is  applicable  to  general  three-dimensional  domains  with  unlim¬ 
ited  number  of  local  regions,  although  for  simplicity,  our  illustrations  will  be  limited  to 
two-dimensional  problems  with  a  single  local  region.  Attention  will  be  restricted  to  a 
two-level  scheme. 

2. 1  Problem  definition  and  notation 

Consider  a  heterogeneous  medium  on  Q  which  is  formed  by  a  special  periodicity  of  a 
unit  cell.  Suppose,  that  the  Microscale  Reduction  Error  (MRE)  indicator  to  be 
described  in  section  3,  indicates,  that  the  classical  homogenization  procedure  is  not 
valid  on  the  portion  of  the  problem  domain,  denoted  by  £2  c:  Q.  Therefore,  the  optimal 
computational  model  consists  of  the  finite  element  grid  ^  on  Q  -  £2/ £2,  where  the 
elements  are  assumed  to  possess  homogenized  material  properties,  and  a  finite  element 
grid  G,  with  much  smaller  elements  constructed  on  the  microscale. 

The  grid  G,  subsequently  to  be  referred  as  a  micro-grid,  can  be  partitioned  as  follows: 

G  "  Gj  ^  G^  (1) 

where  Gj  are  the  micro-grid  nodes  at  the  interface  Vj  between  the  two  regions,  and  G^ 
are  the  interior  micro-grid  nodes  as  shown  in  Fig.  1 . 

Likewise  the  grid  G,  termed  as  a  macro-grid,  is  partitioned  in  a  similar  fashion: 
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where  G/  are  the  macro-grid  nodes  at  the  interface  which  do  not  have  to  coincide 
with  the  nodes  in  G^,  and  Gq  are  the  remaining  macro-grid  points. 

We  further  define  an  auxiliary  grid  G  on  Q,  where  the  entire  finite  element  mesh  is 
modeled  with  homogenized  material  properties.  The  grid  G  is  aimed  at  capturing  the 
lower  frequency  response  of  the  two-scale  grid  model  Gu  (^.  The  auxiliary  grid  is 
partitioned  as  follows: 

G  -  GjUGiUGq  (3) 

where  G/  »  G/,  Gq  -  Gq\  the  grid  G^  represents  auxiliary  grid  points  on  Cl  as 
shown  in  Fig.  1 . 

To  transfer  the  information  between  the  micro-  and  macro-  scales  we  employ  homoge¬ 
nization-based  prolongation  operator  Q  developed  in  [5]: 

Q  •  Q  +  dQCV^N  (x^)  on  Q.  (4) 

where  Q  is  the  standard  linear  prolongation  operator,  d  is  the  unit  cell  solution; 

the  symmetric  gradient  of  the  shape  functions  in  the  auxiliary  grid  evaluatec 
at  the  Gauss  points  in  the  auxiliary  mesh;  C  the  projection  operator  aimed  to  maintain 
C  continuity  of  the  displacement  field  on  the  micro-scale. 

It  is  important  to  note  that  in  general  operator  C  is  of  a  global  nature,  i.e.,  there  is  an 
mformation  flow  between  any  Gauss  point  and  grid  node  in  the  auxiliary  mesh  G .  This 
leads  to  the  global  nature  of  the  homogenization-based  prolongation  operator  (4),  i.e., 
if  the  grid  G  is  defined  on  the  entire  problem  domain,  there  is  an  information  flow 
between  any  two  points  in  G  and  G.  At  the  same  time,  it  is  possible  to  employ  a  pro¬ 
jection  operator  on  the  patch-by-patch  basis  [10]  which  leads  to  the  homogenization- 
based  prolongation  operator  (4)  of  a  local  nature. 

In  both  cases,  the  homogenization-based  prolongation  operator  Q  consists  of  two  parts. 
The  first  denoted  by  ^ ,  relates  the  nodal  displacements  in  the  macro  grid  to  those  in 
the  micro  grids  G  at  the  interface  Tj  only: 

^•d^Gj  (5) 

m 

where 

6  -  [S;/  C/c]  <« 
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such  that 


Qll*Gi-^Gi  and  Qig*  Gq-^  Gj  (7) 

Note,  that  the  standard  linear  prolongation  operator  relates  the  information  at  the  inter¬ 
face  only,  between  Gj  and  Gj  as  opposed  to  operator  Qjq  which  is  a  function  of 

W  N{x  )  on  n  resulting  in  the  information  flow  between  any  two  points  in  Gq  and 

s  S 

G,. 

Likewise  we  define  a  second  part  of  the  homogenization-based  prolongation  operator 
denoted  by  Q  which  communicates  between  the  auxiliary  grid  and  interior  micro  grid 
nodes: 


Q  ^  G  ^  i_, 

where 


(8) 


Q  "  [Ql/Gll] 

such  that 

Hence,  the  final  form  of  homogenization-based  prolongation  operator  Q  can  be 
expressed  in  the  following  manner 


Q  ^  Qii  ^  Qig 
Qli  Qll  0 . 

The  homogenization-based  restriction  operators  Q  •  G  G  and  Q 
conjugated  to  Q  and  and  are  schematically  denoted  as 


(U) 

•  Gj  -^G  are 


-  ♦ 

Q  - 

Qii  Qli 

0  Qll 

A* 

and  Q  ■ 

Qll 

* 

Qig  ^ 

Qig  0 

For  subsequent  derivations  we  will  introduce  the  following  notation: 
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«  r  "1^ 

^  ^  Uj\u^  ;u^  -  auxiliary  grid  displacement  vector,  where  UfE  G/,  u^e  G^, 

u  j  'mA  ■  macro-grid  displacement  vector  on  G. 
w  -  -  micro-grid  displacement  vector,  such  that  Uj  €  Gj  and  «£  €  ; 

All  ^IL  ^IG 

All  All  0  -auxiliary  grid  stiffness  matrix  on  G; 

^GI  0  ^GG 


-  macro-grid  stiffness  matrix  on  Cr,  such  that  Aqq  -  Aqq  and 
^IG  "  ^IG'* 

A  A 

^  ~  micro-grid  stiffness  matrix  on  G; 

^Ll\ 

^  fi  ’?Q  '  yid^forw  vector,  where  fiJiJc  are  nodal  forces  acting 

^  on  grids  G/,  G^,  Gq,  respectively. 
f  ^  \^l  ■  macro-grid  force  vector  on  (^,  such  that  f(j  •  fg; 

^  "  P/  ^l]  ’  force  vector,  where  the  nodal  forces  fj  and  are  applied  on 

the  grids  Gi  and  G^,  respectively. 

We  note  that  the  displacement  vectors  u  and  u  are  related  via  orthogonal  assembly 
operator  L  given  by 


^  _  ^ll  ^IG 

A  A  ! 

^GI^GG\ 


where  /  is  an  identity  matrix  of  an  appropriate  size,  such  that 


(13) 


U  •  LU  (14) 

We  are  now  in  a  position  to  formulate  an  algebraic  system  for  two-scale  linear  elastic¬ 
ity  problem  in  heterogeneous  media.  It  consists  of  finding  a  pair  of  nodal  displacement 
vectors  (w,  u)  such  that 
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1/2  ( i^Au,  u)  +  {Au,  u))  —  {f,  u)  —  {f,  u)  >  n^in 

(w,  u) 

subjected  to  the  compatibility  condition  at  the  interface 

Uj  ^  Qu  (16) 

Minimization  of  (15)  with  respect  to  (u,  u)  subjected  to  the  interface  condition  (16) 
yields  a  system  of  linear  equations; 


A  A  A  A  " 


(A  +  Q  AjjQ)  QAj^  u\  Qfl 

Ali^  , 

The  system  of  linear  equations  (17)  can  be  solved  either  directly  or  iteratively.  The 
direct  solver  is  not  well  suited  for  adaptive  computational  environment,  where  the 
region  requiring  a  more  detailed  interrogation,  is  not  known  a  priori. 

It  is  our  objective  to  develop  an  inheritant  iterative  solution  procedure,  which  exploits 
the  solution  from  the  auxiliary  problem  on  G  in  order: 

(i)  to  identify  the  regions  where  the  homogenized  finite  element  model  is  inadequate, 
and 

(ii)  to  predict  the  lower  frequency  response  of  the  two-scale  model. 

Section  3  deals  with  the  first  item,  while  in  section  2.2  we  focus  on  developing  such  an 
inheritant  solution  scheme. 


The  three-step  iterative  solution  procedure,  which  is  based  on  minimization  of  energy 
functional  (15)  on  various  subspaces,  is  summarized  below; 

Step  1. 

Find  the  correction  v'  which  minimizes  the  two-scale  energy  functional  (15)  on  the 
subspace  of  the  auxiliary  grid  functions,  i.e., 

1  /2  ( (A  (u’  +  Lv') ,  u'  +  Lv^)  +  (A  (u'  +  Qv‘) ,  +  Qv) ) 


-  (f,u^  +  Lv^)  -  Qv')  — >  min 


I  .  Ar.h 


(18) 


where  the  superscripts  refer  to  the  iteration  count. 

The  auxiliai^grid  correction  v'  has  similar  partitioning  to  u,  i.e.  v 

^  "  fv,  -V  1  • 

L  ^  ’  GJ 

A  direct  minimization  of  (18)  with  respect  to  v'  yields: 


^  :1C 


{L  AL^Q  A(2)v'  -  +Q  {f-Au}) 


(19) 


The  first  term  on  the  left  hand  side  represents  the  assembled  form  of  the  macro-grid 
stiffness  matrix.  It  has  been  shown  in  [5]  that  for  an  infinitesimally  small  unit  cell  the 
second  term  represents  an  assembled  form  of  the  stiffness  matrix  on  the  auxiliary  grid 
Gi,  i.e.: 


lim  (L"" AL -k- Q  AQ)  •  A  (20) 

In  practice,  however,  the  value  of  the  representative  unit  cell  size  £  is  finite,  and  thus 
(20)  is  satisfied  only  approximately.  Nevertheless,  for  the  purpose  of  approximating  the 
auxiliary  grid  correction  v^.  we  will  replace  the  Jacobian  matrix  in  (19)  by  A.  In  the 
adaptive  environment  this  will  significantly  reduce  computational  effort.  By  this  tect 
nique  only  a  single  factorization  of  the  auxiliary  stiffness  matrix  is  required,  indepen¬ 
dent  of  the  refinement  process,  which  involves  replacement  of  the  homogenized  grid 
by  heterogeneous  one  in  the  regions  identified  by  Microscale  Reduction  Error  (MRE) 
indicator. 

Step  2. 

Once  the  auxiliary  grid  correction  has  been  carried  out  it  is  necessary  to  update  the 
solution  in  the  auxiliary  grid: 


ll  +  cov* 


./+1 


ti  +  ©Lv‘ 


u 


/  +  1 


n*  -I-  (nQv 

The  relaxation  parameter  is  introduced  to  account  for  the  approximation  introduced  in 
(20)  as  a  result  of  a  finite  size  of  the  umt  cell.  The  relaxation  parameter  is  found  from  a 
1-D  minimization  of  the  energy  functional  along  the  direction  v'  evaluated  in  the  previ¬ 
ous  step  (19): 


(21) 


1/2  ( (A  (i)  +  coLv') ,  u  +  cdLv')  -i-  (A  (u'  -t-  cdQv')  ,  u}  +  coQv') ) 
-  (f,u^  +  co£v')  -  +  coQv') 


(22) 


min 

CD 
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which  yields 


_  iL*(f-Au^)+Q  (f-Au^),v^) 

^  "  - TT - TIJ— X - ] — ; -  (23) 

((L*AL  +  Q  AQ)v‘,v') 

Step  3. 

Find  the  correction  on  the  micro-grid,  which  minimizes  the  energy  functional  on  the 
subspace  of  the  functions  on  the  micro-grid  G^,  i.e.  keeping  u'  fixed: 


1/2  ( (Au\  ii)  +  {A  (u'  +  v') ,  w'  +  v‘) )  -  (f,  ii)  _  (/;  a'  +  v') 


where  -  0  on  to  maintain  compatibility. 
The  direct  minimization  of  (24)  yields 


min 


^LL^L  "  4-  ”  ~ ^LL^L 

If  (25)  is  directly  solved  and 


(24) 


(25) 


U 


i+l 

L 


(26) 


then  the  three-steps  iterative  process  described  is  in  the  spirit  of  FAC  algorithm  [8,9], 
subsequently  to  be  referred  as  FAC-Comp. 

Because  of  the  smallness  of  the  unit  cell,  the  number  of  degrees-of-freedom  in  micro¬ 
grid  is  of  the  same  order  of  magnitude  or  larger  than  in  the  macro-grid.  Moreover,  the 
solution  behavior  in  the  micro-grid  is  highly  oscillatory  with  a  lower  frequency 
response  similar  to  that  in  the  auxiliary  mesh.  These  two  observations  suggest  to 
replace  the  direct  solution  of  (25)  by  smoothing  of  the  form  given  by 


(27) 


where  P is  a  preconditioner  on  the  micro-grid  G^  and  is  a  relaxation  parameter 
given  by 


where  v'. 


^LL  • 


(28) 
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This  variant  has  similar  characteristics  to  the  linear  version  of  MLAT  [7],  and  will  be 
termed  as  MLAT-Comp. 


3.  The  microscale  reduction  error  estimators  and  indicators 
3.1.  Formulation 

In  this  section  we  quantify  idealization  errors  associated  with  homogenization  of  peri¬ 
odic  heterogeneous  medium  and  present  their  use  in  the  adaptive  procedure.  The  pro¬ 
posed  Microscale  Reduction  Error  (MRE)  estimator  is  based  on  assessing  the  uniform 
validity  of  the  double  scale  asymptotic  expansion  [11-13],  which  is  given  by  a  rapidly 
decreasing  asymptotic  sequence: 

“1  “  “? M  (y) “O'. t)  (y^ “f, ki +  0 (E^)  (29) 

where  jc  is  a  macroscopic  position  vector,  y  -  x/e  is  the  co-ordinate  in  the  unit  cell, 
and  £  is  a  small  parameter  of  order  of  the  unit  cell  size. 

Following  [11-13],  functions  H,  and  P  are  found  by  inserting  asymptotic  expansion 
into  a  strong  form  of  equilibrium  equation  and  by  identifying  equal  powers  of  e,  whic! 
yields: 

-0  on  unit  cell  0„  (30) 

-  0  on  Q.  (3i) 

where  and  D/yjt/  are  constitutive  tensors  of  a  heterogeneous  medium  and  corre¬ 
sponding  effective  medium  given  by 

Dpqmn  "  ^  ^^2) 

and 

{k,l)mni*^kmrfilp  *'^ijkl(^ (k,l)mn*hm^ln>  -^ijmn  -  0 
■  P  (33) 

on  unit  cell  Qy 

Problems  (30)-(33)  are  solved  using  finite  element  method  [5]  starting  from  the  prob 
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lem  (30).  The  resulting  asymptotic  expansion  of  the  stress  field  is  given  by 
■  ^Ijkl  ^\k,  1)  ^  ^Ajklq  A,  Iq  ^ 

where 


^^jmn  "  ^ijkl  ^^{k,  1)  mn  ^  \  rrfilr) 

(35) 

^ijmnp  ^y^  "  ^ijkl  {k,  1)  mnp  ^kmn^lp^ 

In  the  classical  homogenization  theory  only  the  first  term  in  (34)  is  considered,  while 
the  second  term  is  neglected.  Thus,  the  quality  of  the  homogenization  is  assessed  on 
the  basis  of  the  relative  magnitude  of  the  first  term  neglected  to  those  taken  into 
account.  The  resulting  Microscale  Reduction  Error  estimator  is  defined  as 


£4^v2ii° 


0,Q 


where 


Iq  q  is  a  L2  *  i3orm  defined  as 


1/2 


y)dYdQ. 


(36) 


(37) 


To  steer  the  adaptive  process  we  defilne  the  MRE  indicator,  which  reflects  the  relative 
contribution  of  individual  element  in  the  auxiliary  mesh  to  the  total  microscale  reduc¬ 
tion  error: 


e 


ojl  mO 

^y^klq^k,  /<?tlo^  Q, 


^kr{k,l) 


0,Q 


(38) 


This  approach  is  equivalent  to  the  one  employed  for  discretization  error  indicator  [14]. 
3.2.  Explicit  form  of  n .ansLn ^  ia  ID 

In  this  subsection,  we  derive  a  close  form  of  MRE  indicators  and  estimators  for  a  ID 
model  problem  in  order  to  study  various  factors  affecting  the  microscale  reduction 
errors. 

Solution  of  (30)-(33)  for  H  and  P  yields: 
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-1 


0 


const. 


-  h 

«  ^(Hdy  -  const2 


where  D  are  the  effective  material  properties  and  h  is  the  unit  cell  size.  Inserting  (39) 
and  (40)  into  (36)  yields  the  one-dimensional  coimterpart  of  the  microscale  reduction 
error  estimator 

dV\\ 

-  ,  2  - 

„  r,  D  ys.  I'O.Q 

0  1- 

0,Q 

For  the  unit  ceil  consisting  of  two  phases  with  compliances  Cj  -  l/D^  and 
C2  "  I/D2  (the  overall  compliance  C  ■  ^  “  1/^).  ct  the  volume  frac¬ 

tion,  the  resulting  MRE  estimator  is  given  by 


T\-  h 


“  ^2!  ot  ( 1  -  a)  Idx^  llo,  Q 


C  ^ 

dx  llo.Q 

From  the  above  expression  we  can  identify  four  factors  affecting  the  microscale  reduc¬ 
tion  error: 

1.  The  size  of  the  unit  cell,  h.  ,,,  ..  , 

c  1  —  ^2 

2.  The  normalized  difference  of  compliances,  - = — 

3.  The  fiber  volume  ratio,  ^ 

.2  0 

4.  The  macro  strain  gradients,  “  “ 


dx  lo,Q 
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It  can  be  seen  that  the  error  estimator  is  asymptotically  exact  in  the  sense  that  the 
microscale  reduction  errors  vanish  if  either  the  normalized  strain  gradients  are  negligi¬ 
ble,  the  unit  cell  is  infinitesimally  small,  the  compliances  of  the  microconstituents  are 
almost  identical  or  the  volume  ratio  is  close  to  either  zero  or  one,  which  corresponds  to 
a  homogeneous  material. 

4.  Numerical  results 

Our  numerical  experimentation  agenda  includes  two  test  problems.  The  first  example 
deals  with  the  square  plate  with  a  centered  crack  subjected  to  a  uniform  tension.  Geom¬ 
etry,  boundary  and  symmetry  conditions,  material  properties  and  loading  are  shown  in 
Fig.  2.  The  micro-mechanical  finite  element  mesh  includes  4  elements  per  each  unit 
cell  corresponding  to  the  material  distribution.  The  finest  macro-mechanical  grid  G 
with  homogenized  material  properties  consists  of  64  elements  along  each  co-ordinate 
where  each  element  coincides  with  the  unique  unit  cell. 

The  distribution  of  homogenization  errors  as  indicated  by  MRE  indicator  is  shown  in 
Fig.  3a.  The  micro-grid,  G,  is  placed  on  the  portion  of  the  problem  domain,  which 
encompasses  the  contour  of  >  1  as  shown  in  Fig.  3a.  For  simplicity  the  grid  G  on  Q 
is  selected  to  be  of  rectangular  shape.  Thus  the  two-scale  model  consists  of  a  micro¬ 
grid  in  the  region  encompassed  by  12x20  unit  cells  in  the  vicinity  of  the  crack  tip, 
while  elsewhere  H/Q,  the  finite  element  mesh  is  constructed  on  the  macro-scale. 

The  multi-grid  process  was  carried  out  on  three  different  meshes:  two-scale  (macro¬ 
micro)  grid  and  two  auxiliary  macro-grids.  We  used  V-cycle  with  1  pre-  and  1  post¬ 
smoothing  Gauss-Zeidel  iterations  on  the  two  auxiliary  levels  and  2  pre-  and  2  post¬ 
smoothing  Jacobi  iterations  on  the  finest  level.  As  usual,  on  the  coarsest  level  we  used 
a  direct  solver.  As  a  termination  criterion  we  used  the  following  tolerance  to  bound  the 
ratio  of  the  two-scale  grid  residual  norm  versus  the  norm  of  the  right  hand  side  vector, 
i.e.. 


n 

\r\\2/\\j]\2^^P^  w/iere  llvUj  -  ^  v  e  R'  (43) 

/  =  1 

To  obtain  convergence  with  tolerance  of  eps  -  10  it  was  necessary  to  carry  out  14 
cycles  using  MLAT-Comp  algorithm  and  7  cycles  with  FAC-Comp  method. 

The  resulting  energy  distribution  absorbed  in  a  unit  cell  in  the  micro-grid  is  shown  in 
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Fig.  3c.  For  comparison  purpose  also  shown  are  the  results  obtained  on  the  basis  of  the 
classical  homogenization  theory  and  the  reference  solution  where  the  entire  problem 
domain  Q  is  modeled  on  the  microscale.  It  can  be  seen  that  the  classical  homogeniza-  j 
tion  theory  significantly  underestimates  the  energy  absorbed  in  the  close  vicinity  to  the 
crack  tip.  On  the  other  hand  in  the  radius  of  2-3  unit  cells  away  from  the  crack  tip  the  I 
classical  homogenization  theory  is  adequate.  I 

In  the  second  example,  we  consider  a  multiscale  modeling  of  laminated  plate 
[ 90^/ 0 ^g/90^]  subjected  to  uniform  axial  tension.  Geometry,  boundary  and  symme¬ 
try  conditions  an^  the  micro-structure  cross  section  for  the  different  layers  are  shown  in 
Fig.  4.  We  considered  Glass-Epoxy  composite  material  with  the  following  material 
properties:  -  72.3  -  0.22  and  £2  "  2.92  V2  -  0.35  .  The  uniform 

tension  load  was  applied  normal  to  the  xy  plane.  The  finest  level  of  macro-grid  G  con¬ 
sists  of  24  elements  along  the  co-ordinate  x  (thickness  direction)  and  192  along  y ,  each 
element  coinciding  with  the  unique  unit  cell. 

The  distribution  of  the  homogenization  errors  and  the  region  selected  for  micro¬ 
mechanical  modeling  are  shown  in  Fig.  5a.  The  micro-grid  consists  of  14,400  elements 
placed  in  the  region  encompassed  by  24x24  unit  cells  in  the  vicinity  of  the  free  edge,  i 
The  two-grid  model  contains  approximately  38,000  degrees-of-freedom.  The  multi-  j 
grid  process  was  carried  out  on  three  different  meshes:  two-scale  (macro-micro)  grid  | 
and  two  auxiliary  macro-grids.  We  used  V-cycle  with  1  pre-  and  1  post-  smoothing  . 
Gauss-Zeidel  iterations  on  the  auxiliary  levels;  3  pre-  and  3  post-  smoothing  Jacobi  I 
iterations  on  the  finest  level  and  direct  solver  on  the  coarsest  level.  1%  error  of  residual 
(43)  was  obtained  in  8  cycles  of  MLAT-Comp  algorithm  and  8  cycles  of  FAC -Comp 
method. 

Fig.  5b,c,d  compare  shear  stress  distribution  in  the  micro-grid  as  obtained  using  two- 
scale  model,  homogenization  theory  and  the  reference  solution.  Results  are  consistent 
with  our  previous  observations,  i.e.,  inadequacy  of  the  classical  homogenization  theory 
in  the  “hot  spots”  as  opposed  to  striking  accuracy  of  the  two-scale  model. 

The  goal  of  the  last  numerical  example  is  to  study  the  effectiveness  of  MLAT-Comp 
algorithm  for  solving  large  two-scale  models.  The  problem  domain,  boundary  condi¬ 
tions,  loading,  material  properties  distribution  on  the  unit  cell  and  the  micro-mechani¬ 
cal  finite  element  mesh  are  the  same  as  in  the  first  example.  The  computational  model 
contained  a  micro-mechanical  finite  element  mesh  in  the  region  of  176x176  unit  cells 
in  the  vicinity  of  the  crack  tip,  while  elsewhere,  the  finite  elements  were  treated  as 
homogenized.  The  macro-mechanical  finite  element  mesh  consists  of  352  element.*- 
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along  each  co-ordinate.  Each  macro-mechanical  finite  element  coincides  with  the 
unique  unit  cell.  Hence,  this  problem  contains  435,074  independent  degrees-of-free- 
dom. 

The  multi-grid  process  was  carried  out  on  the  4  different  meshes:  two-scale  (macro¬ 
micro)  mesh  and  three  auxiliary  macro-mechanical  meshes.  We  used  V-cycle  with  1 
pre-  and  1  post-  smoothing  Gauss-Zeidel  iterations  on  the  two  auxiliary  levels  and  2 
pre-  and  2  post-  smoothing  Jacobi  iterations  on  the  finest  level.  As  usual,  on  the  coars¬ 
est  level  we  used  direct  solver.  It  was  necessary  to  perform  15  multi-grid  cycles  to  pro¬ 
vide  the  convergence  with  eps  ^  0.01  in  accordance  with  criteria  (43).  Only  MLAT- 
Comp  algorithm  was  tested,  since  the  micro-grid  contained  over  100,000  nodes,  and 
the  direct  solution  on  the  micro-grid  is  not  practical.  This  computational  process  takes 
about  8.2  hours  on  the  SPARC  station  LX,  which  is  17.2  times  faster  than  the  use  of 
traditional  direct  solver  (even  without  taking  into  account  the  memory  difficulties, 
associated  with  the  direct  methods). 
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Fig.  2  Plate  with  a  centered  crack:  geometry,  boundary  conditions,  material  properties  and  loading 


crack  tip 


homogenization  theory  micromechanical  model 
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Energy  in  micro-region 


(b)  Homogenization  theory  (d)  Reference  solution 


Fig.  5  Microscale  modelling  of  the  plate  subjected  to  the  axial  tension  and  comparisons 
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The  p-version  of  finite  element  method  for  shell  analysis 

J.  Fish,  R.  Guttal 


Abstract  A  new  quadrature  scheme  and  a  family  of  hierarchical 
assumed  strain  elements  have  been  developed  to  enhance  the 
performance  of  the  displacement-based  hierarchical  shell 
elements.  Various  linear  iterative  procedures  have  been 
examined  for  their  suitability  to  solve  system  of  equations 
resulting  from  hierarchic  shell  formulations, 

1 

Introduction 

Since  earlv  seventies  there  has  been  a  disagreement  between 
various  sections  in  the  finite  element  community  over  the 
computational  efficiency  of  higher  order  elements.  On  one  hand 
there  was  a  clear  mathematical  evidence  of  the  superior 
theoretical  rate  of  convergence  (measured  in  terms  of  the 
problem  size)  of  the  p-type  methods  for  properly  designed 
meshes  as  demonstrated  by  Babuska,  Szabo,  and  Katz  (1981) 
but  on  the  other  hand,  it  was  commonly  believed,  primarily  in 
the  engineering  community,  that  the  /i- method  is 
computationally  more  efficient  due  to  its  superior  sparsity.  The 
disagreement  has  peaked  in  the  early  nineties.  For  example,  in 
the  First  US  Congress  on  Computational  Mechanics,  Bathe 
presented  numerical  results  conducted  on  Floyd  pressure  vessel 
showing  the  superior  performance  in  terms  of  CPU  time  of  the 
/j-method  even  for  problems  for  which  the  exact  solution  is 
analytic.  At  the  same  conference  Carnevali  reported  IBM 
research  division  findings  on  similar  problems  suggesting 
exactly  an  opposite  trend. 

In  practice,  computational  efficiency  of  various  finite  element 
versions  depends  not  only  on  sparsity  and  theoretical  rate  of 
convergence,  but  is  a  function  of  several  other  factors  including 
adaptivity  and  quality  control,  conditioning,  distortion 
sensitivity,  locking,  model  preparation  and  model 
improvement,  utilization  of  previous  computations  and  coding 
simplicity.  Ironically,  there  is  no  general  consensus  on  the 
relative  merits  of  some  of  these  factors.  For  example,  it  has  been 
argued  that  for  p-type  methods  the  finite  element  mesh  is 
simpler,  and  thus  the  time  required  for  data  preparation  is 
substantially  smaller.  Unfortunately  in  automated 
computational  environment  the  cost  of  automatic  mesh 
generation  of  higher  order  elements  is  not  necessarily  lower 
than  that  of  the  /i-method  (Shephard  and  Dey  1994). 
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The  p-method  has  been  commended  for  its  versatility  in  the 
adaptive  process  due  to  its  ability  to  exploit  previous 
computations  and  the  elegance  of  hierarchical  error  estimation 
process  (Zeinkiewicz  and  Craig  1986).  However,  it  is  often 
overlooked  that  the  sequence  of  lower  order  finite  element 
meshes  generated  in  the  adaptive  process  can  be  utilized  for 
both  solution  and  quality  control  processes  by  utilizing 
multigrid  technology  (Brandt  1977). 

Contradicting  observations  were  reported  regarding  the 
sensitivity  to  element  distortion.  Holzer,  Rank,  and  Werner 
(1990)  present  experimental  results  indicating  that  higher  order 
elements  are  less  sensitive  to  mesh  distortion,  while  Ramm, 
Stander  and  Matzenmiller  (1989)  in  their  review  article  on 
assumed  strain  shell  formulation  report  that  4-node  bilinear 
shell  elements  are  less  sensitive  to  mesh  distortion  than  their 
quadratic  counterparts. 

In  the  realm  of  opposing  views,  there  is  a  sound  theoretical 
evidence  on  superior  conditioning  of  matrices  arising  from 
orthogonal  basis  functions  (Zeinkiewicz  and  Craig  1986),  and 
circumvention  of  locking  with  higher  order  elements  as  shown 
by  Szabo,  Babuska,  and  Chayapaty  (1989).  Nevertheless,  since 
the  overall  computational  efficiency  is  strongly  linked  to 
the  program  architecture,  it  is  not  obvious  what  are  the 
contributing  factors  of  these  aspects. 

The  present  work  focuses  on  the  computational  aspects  of 
the  p-version  for  shell  analysis.  The  following  aspects  are 
studied: 

•  How  to  enhance  the  performance  of  shell  elements  up  to 
the  polynomial  order  of  4-5  using  assumed  strain 
formulation. 

•  How  to  speed  up  the  computation  of  element  matrices  by 
utilizing  previous  computations  and  how  to  exploit 
hierarchiality  of  the  p-method  via  special  quadrature 
scheme. 

•  How  to  exploit  the  well  conditioning  of  matrices  arising 
from  the  p-method  by  utilizing  the  multigrid  like 
technology  with  various  acceleration  schemes  for  thick 
and  thin  shells. 

2 

Element  formulation 


2.1 

Preliminaries 

Consider  the  geometry  of  a  typical  quadrilateral  shell  element 
defined  by  the  following  relation: 
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X  =  \i{\  +  =,)  +  (I  -  4,)  ;i)\ 


(1) 
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2^3 

Assumed  natural  strain  field 

In  order  to  alleviate  membrane  and  shear  locking  primarily  at 
lower  polynomial  we  define  an  assumed  natural  strain 
interpolants  in  the  following  manner:  Let 

(.VG,,  iVG,,  NGj)  be  the  number  of  quadrature  points  for  the 
displacement  based  formulation.  To  enhance  the  element 
performance,  we  introduce  a  special  set  of  one-dimensional 
shape  functions  ciefined  with  nodes  at 

reduced  quadrature  points  (c,^, ^here  Je[\,NG^  —  1], 
iCe[l,xVG,  -  1),  Ms(I,.VG,-- 1].' 

The  general  form  of  !  is  given  by: 

_  SG,  -  \ 

K!=  Z  =  no  sum  on  i 

/=-l 

VC, -I  .VC, -I 

/=»l  /=l 

i  ^  j  no  sum  on  i,  j  (10) 


2^.4 

Stiffness  matrix  calculations 

Since  the  constitutive  relations  are  expressed  in  material 
coordinate  system,  the  natural  strains  are  transformed  to 
material  coordinate  system.  From  Eqs.  (4)  and  (5),  the  strain 
components  in  material  coordinate  system  are  defined  as: 


— w 
or 


dx^ 


5  =  16 


(11) 

(12) 


and  the  element  stifftiess  matrix  can  be  cast  into  the  classical 
form: 

a 


where  B""'  is  defined  by  Eq.  (10)  and 

(13) 


is  the  constitutive  matrix  defined  in  the  Material  coordinate 
system. 
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H3RANS- Hierarchical  {3-01  reduced  transverse  stiffness. 
Assumed  Natural  Strain  element 

For  the  purpose  of  examining  the  causes  of  somewhat  stiffer 
behavior  of  H3-type  elements  compared  to  their  degenerated 
counterparts  (Stanley,  Levitt,  Stehlin,  and  Hurlbut  1992),  we 
consider  a  beam  problem.  For  elastic  isotropic  beam  the  strain 
energy  is  given  by, 

[/=:i  IfDafC-  +  -h  D^y^)dx  (14) 

2  L 

where  L  is  the  element  length;  s,  fc,  and  y  are  the  membrane 
strain,  curvature  and  transverse  shear  strain  respectively;  0^, 
Dv4,  and  Dj  are  the  bending,  membrane  and  shear  stiffness 


constants  given  by, 

Et^ 

^3  =  —  D^^Et  Ds  =  k,Gt  (15) 

where  t  is  the  thickness  of  the  beam  of  a  unit  width;  £  the  Youngs 
modulus;  G  the  shear  modulus  and  the  shear  correction  factor. 

In  the  classical  beam  formulation  the  normal  strains  u  are 
a  posteriori  calibrated  to  maintain  zero  normal  stress  (plane 
stress  assumption),  and  thus  have  no  contribution  to  the  strain 
energy  in  Eq.  ( 1 4),  It  can  be  seen  that  as  t  —  0  the  bending  energy  , 
becomes  negligible  in  comparison  to  shear  and  membrane  | 
energy  giving  rise  to  shear  and  membrane  locking,  if  the  element  ' 
cannot  represent  deformed  state  in  which  shear  and  membrane  I 
strains  vanish  through  out  the  element  (Beiytschko,  Stolarski, 
Liu,  Carpenter,  and  Ong  1985), 

In  H3-type  beam  elements  normal  strains  are  computed 
directly  from  kinematics.  These  values  are  not  arbitrary  and 
cannot  be  calibrated  to  maintain  plane  stress  condition.  Thus 
if  two  dimensional  state  of  stress  is  considered,  the  resulting 
strain  energy  takes  the  following  form: 

CT  =  -  J  (Dfl  K”  4-  r  +  e  D^/i  y^  4-  p’)  dx  ( 16) 

^  L 

It  can  be  seen  that  in  H3-type  flexural  elements  spurious 
coupling  between  membrane  and  normal  deformation  exists 
giving  rise  to  a  parasitic  transverse  normal  strain  energy,  which 
is  of  the  same  order  of  magnitude  as  that  of  the  membrane  strain 
energy  if  the  strains  are  of  equal  order.  This  phenomenon  is 
referred  here  as  the  transverse  normal  locking  of  H3-type 
flexural  elements. 

To  ameliorate  the  locking  caused  by  the  transverse  normal 
strains  we  propose  to  calibrate  the  constitutive  behavior  of 
H3-type  elements  to  match  the  strain  energy  corresponding  to 
H2-type  elements  without  introducing  zero  energy  modes.  This 
is  accomplished  by  modifying  coefficients  in  constitutive  tensor 
in  the  following  way: 

=  Ds  =  Dq  D^-  =  0  — 

where  x  is  a  stabilization  parameter  aimed  at  stabilizing  the  zero 
transverse  normal  energy  modes  of  H3-type  flextiral  elements. 


2.4 

H2ANS- Hierarchic  (2  >  Degenerated  Assumed  Natural  Strain 
element  with  rotational  degrees-of-freedom 

In  this  section  we  attempt  to  formulate  a  degenerated  assumed 
strain  shell  element,  which  employs  blending  functions  or 
Lagrangian  basis  for  geometry  mapping  and  Legendre 
polynomials  for  solution  interpolation. 

As  a  starting  point,  the  displacement  field  is  expressed  in 
terms  of  mid-point  translations  u|((;i,  ^;2)  and  mid-point 
rotations  0,  (<;„  which  are  defined  with  respect  to  the  fiber 
coordinate  system: 


Proof.  Substituting  (20)  and  (21)  into  left  hand  side  of  (22) 
yields: 


i{gh)dn=Ty  1 1 

Q  (=0,1-0  <=0  f  =  0  f  =  0 

•  I  A(c,)P,{:,)tfc,  i  P:iii) 


]•  P,(z,)PX:,)d:, 


(-0;=»0Jc=-0  /-I 


(23) 


Likewise,  the  right  hand  side  of  (22)  gives: 


3.3 

Symmetric  dot  product  integral  decomposition 

In  this  section  we  present  a  variant  of  Dot  product  integral 
decomposition  which  preserves  the  symmetry  of  the  stiffness 
matrix.  Consider  a  typical  stiffness  term  given  by 

=  DB3/  dn  (25) 

In  an  attempt  to  obtain  a  symmetric  dot  product  integral 
decomposition,  we  decompose  the  integrand  (g^  hj)  as  follows: 

h‘=g,  =  BlL/-  (26) 

where  L  is  a  lower  triangular  Cholesky  factor  of  the  constitutive 
matrix  D.  The  resulting  stiffness  matrix  is  given  by 

=  i  j  ( L " B j  Bg  (i)  J  dn  (27) 

/=i  o  n 


L  jg<i>,dn\h<p,dn 

/»i  O  Q 

=  iyiiiiUrr\p.i^^)PM.)d^. 

t»0)»0 i-O i-o f »0 r-o  \  -I 

•  i  Pj(iz)P:{iz)d^z  i 

-I  -I  ' 


Each  of  the  integrals  is  integrated  using  Gauss  quadrature.  The 
number  of  quadranire  points  as  well  as  the  maximum 
polynomial  order  of  the  interpolating  Legendre  polynomials 
in  each  direction  depends  on  how  well  the  integrand  L'  B^ 
is  approximable  by  polynomials  and  what  is  their  polynomial 
order.  We  will  refer  to  this  integration  scheme  as  Symmetric 
Dot  Product  (SDP)  Gauss  quadrature. 

In  case  when  the  constitutive  tensor  D  is  not  positive  definite 
an  alternative  integrand  decomposition  is  employed.  Let 


nt» 

■111 


paQ  qacO  V^  =  0 


=  h3  =  D/''^B3 

yielding 


(28) 


'1  >< 


\  P, ( C3)  p; (s=3)  <iC3  =  I  i  I  b.j,  =  Za,b,  (24)  k,,  =  X  ]  Bj ; 


>0j>0  doO 


■0;df2j  D0,  Bg/^^'  dCl 


(29) 


The  dot  product  of  integral  decomposition  was  originally  and  further  dot  product  integral  decomposition  of  the  second 

proposed  by  Hinnant  (1993).  The  quadrature  based  on  dot  term  in  (29)  yields  the  following  symmetric  form: 

product  integral  decomposition  is  optimal  in  terms  of  number 

ofintegrand  evaluations  for  hierarchical  systems.  To  clanfy  this  _  y  y  !^^^)6rdn-Hl>)(t>^0fdn- \  {Bl  dO 

point  we  consider  a  one-dimensional  case.  Let  g  =  {g,}  and  j, 

h  =  1  be  vectors  whose  terms  represent  the  hierarchical  o?/  (30) 


sequence  with  increasing  polynomial  order,  where  subscripts 
on  g  and  h  denote  the  polynomial  orders  md  L;e[0,p].  In 
evaluating  integrals  of  the  form  G-^  =  ^nd  = 

j  h^P,(^)  dc,  where  ke[0,  i]  and  /6(0,;1,  the  number  of  function 
evduations  for  is  {i  +  1)  and  (;  +  1),  respectively.  Thus 

the  total  number  of  function  evaluations  for  computing  all  the 
integrals  of  the  form  G-^  and  is  (p  +  1)  (p  +  2)  as  opposed 
to  2(p  +  !)•  for  uniform  quadrature.  It  can  be  shown  that 
this  estimate  grows  exponentially  with  the  increase  in  the 
number  of  space  dimensions. 

The  major  drawback  of  Dot  product  integral  decomposition 
is  the  lack  of  symmetry,  which  leads  to: 

1.  Non-symmetric  stiffness  matrix  if  g  and  h  are  of  different 
polynomial  orders  (such  a  situation  may  arise  in  the  case 
of  material  or  geometric  nonlinearity). 

2.  Redundancy  in  evaluating  each  of  the  two  integrals  G  ^  and 

which,  except  for  the  term  involving  constitutive 
tensor,  should  be  identical. 


Note  that  if  the  constitutive  tensor  is  constant. 
b^i  =  \^{D)(pj4>jdn  =  D6,J  reducing  Eq.  (30)  to 

fc.B  =  i  I  (Bl/"^) <i>: dn-  D  •  I  (Bin  <P:dn  (31) 

i^ia  a 

In  can  be  easily  shown  that  if  D  ^  constant,  stiffness  matrix 
evaluations  by  means  of  Eq.  (30)  is  more  computationally 
intensive  because  of  the  double  summation  involved. 
Nevertheless,  the  triple  integral  decomposition  (30)  might  be 
useful  in  the  following  two  scenarios: 

•  Thick  laminated  composite  shells  with  multiple  layers  and 
variable  jacobian  through  the  thickness. 

•  Small  deformation  nonlinear  material  analysis,  where  the 
first  term  in  (30)  can  be  computed  only  once  and  then 
reused  in  the  nonlinear  incremental  iterative  process. 


and  be  the  restriction  and  prolongation  operators, 
which  transfer  the  data  from  level  (m)  to  level  (m  -  1)  and  vice 
versa.  For  the  p-method  it  has  a  very  simple  form: 

Qr'  =  [I  0]=Q:.,^  (39) 

where  I  is  the  order  identity  matrix,  and  0  is  order 

—  ^^_i)  zero  matrix.  Note  that  the  restriction  of  the  stiffness 
matrix  is  given  by: 

A  single  V-cycle  has  a  compact  recursive  definition  given  by: 

z"’:  =  MG’"(r^K'").  (41) 

where  r'^  is  the  residual  vector.  The  V-cycle  multigrid  algorithm 
is  summarized  below: 

1.  Loop  f  =  0, 1, 2 . . .  until  convergence 
if  z  =  0^d'"  =  0 

2.  perform  pre-smoothing  operations 

d"*:  =  smooth(7i  o'd"*,  K”,  P) 

where  the  left  superscript  and  subscript  denote  the  cycle 
number  and  smoothing  count  respectively. 

3.  Restrict  residual  from  level  m  to  m  —  1 

j.m-1  _  -K'"  Jd") 

4.  Coarse  grid  correction 

If  (m  —  1)  =  lowest  level,  solve  directly 

Else  = 

5.  Prolongate  from  level  m  —  1  to  m 

^  /  d"*  = d"  -h  'oj  q;;j  _  j  z"" 

where  'co  is  a  coarse  grid  relaxation  parameter,  which 
minimizes  energy  functional  along  the  prescribed 
direction  v"  =  z'"“^  Note  that  for  two  grid  methods 

'CO  =  I  if  K'"-'  =  Otherwise 


method  has  a  logarithmic  dependence  on  the  problem  size  as 
opposed  to  multigrid  method  which  has  an  optimal  rate  of 
convergence  independent  of  the  mesh  size  and  spectral  order. 
The  key  question  is  whether  the  benefit  from  reducing  the  cost 
of  smoothing  process  over  weighs  the  suboptimal  performance 
of  HBM  in  comparison  with  the  standard  multigrid  method 
for  thin  and  thick  shells. 

4.2 

Two  parameter  acceleration  of  muitigrid  method 

For  ill-conditioned  problems,  such  as  thin  shells,  it  is  desirable 
to  accelerate  the  rate  of  convergence  of  the  multigrid  like 
methods.  In  this  section  we  present  a  two  parameter  acceleration 
scheme  that  requires  a  small  fraction  of  computational  effort, 
but  at  the  same  time  is  efficient  in  expediting  the  convergence 
of  the  multigrid  like  methods  (MG  and  HBM). 

Let '  r be  the  residual  vector  at  the  end  of  m-level  multigrid 
cycle.  The  incremental  multigrid  solution  for  the  next  cycle 
'z”  =  iVfG’"('r’’",  K'”)  is  used  as  a  predictor  in  the  two  parameter 
acceleration  scheme.  The  solution  in  the  correction  phase  is 
then  updated  as  follows: 

‘"■'v  =  'z'z"*  4-  V  (43) 

‘^^d'"  =  'd'"  +  '^'v  (44) 

where  parameters  (‘a,  ‘^)  are  obtained  by  minimizing  the 
potential  energy  functional: 

i(.d"  +  ‘Vz^  +  'i3’v)^K'"('d'"  +  *a‘z"’  +  '^'v) 

-  ('d”*  +  'a^z"*  +  ^  min  (45) 

The  resulting  algorithm  is  summarized  below: 

Step  1 
®d”*  — 0 

"2^:  =  MG’”("r'",K'") 


^  “  ymT 

6.  Perform  post-smoothing  operations 
■*  'od":  =  smooth(7,, ,,  K’".  f") 


<>v  =  '’7  =  0 


‘’x  =  K’"'’z'’ 


Ofl  =  o.  0, 


A  variant  of  the  standard  V-cycle  multigrid  method  (Brandt 
1977)  has  been  proposed  by  Bank,  Dupont  and  Yserentant 
(1988).  The  method  termed  as  hierarchical  basis  multigrid 
technique  (HBM),  is  similar  to  the  standard  multigrid  V-cycle, 
except  that  a  smaller  than  the  normal  subset  of  unknowns  is 
updated  during  the  smoothing  phase  at  a  given  level  HBM  takes 
advantage  of  the  fact  that  smoothing  mainly  affects  highest 
oscillatory  modes  of  error,  and  thus  relaxation  sweeps  are 
performed  on  the  block  by  block  level  keeping  the  rest  of  the 
degrees  of  freedom  fixed.  It  has  been  shown  by  Bank,  Dupont 
and  Yserentant  (1988)  that  the  rate  of  convergence  of  HBM 


Step  2  Do  i  =  0, 1, 2, . . .  until  convergence 

r(‘x,'z"*)  (‘x,‘v)>‘ r(*r'",'z'")| 

|'i3j“L('^V)  (‘y,'v)J  |(‘r^‘v)  J 

'^iv  =  ‘a'z'"  +  'jS'v 

I  ■**  I  __  ( ^  I  y 

‘*'y  =  'a'x  +  'i3'y 


f>0 


(47) 
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Fig.  3.  Comparison  of  quadrature  schemes  for  H3R-type  (<j  —  1) 
elements  for  pinched  cylinder  problem 
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•  ( A)  HAMS-SDP  corresponding  to  Symmetric  Dot  Product 
Gauss  quadrature  for  assumed  matenai  strain  element. 

•  ( -^ )  HSOL-UNIF  corresponding  to  Uniform  Gauss 
quadrature  scheme  for  displacement  based  element. 

•  (*)  HANS-UNIF  corresponding  to  Uniform  Gauss 
quadrature  scheme  for  assumed  natural  strain  element. 

•  (  X  )  HSOL-HBLOCK  corresponding  to  Hierarchic  Block 
Gauss  quadrature  scheme  tor  displacement  based  element. 

To  preserve  hierarchical  structure  of  the  stiffness  matrix  the 
displacement  based  shell  element  has  been  integrated  to 
accommodate  for  high]’-*  varying  metric  tensor  components 
cx.fc^,.  For  numerical  examples  considered,  the  number  of 
integration  points  for  Block  Gauss  quadrature  was  selected  as 
-  3  in  inplane  direction  and  1  in  transverse  direction, 
where  and  q"*"  are  the  maximum  polynomial  orders  of  the 
corresponding  block  in  inplane  and  transverse  directions, 
respectively. 

Similarly,  for  SDP-Gauss  quadrature  applied  to  displacement 
based  elements,  the  order  of  interpolating  Legendre 
polynomials  P(s,)  Is  selected  as  (p.  -r  1)  ie[l,  2]  in  inplane 
directions  and  (q  -r  m)  in  transverse  direction.  The 
corresponding  number  of  integration  points  are  (p^  -i-  /  +  1)  and 
((j  -r  m  4- 1)  in  inplane  and  transverse  directions,  respectively, 
where  {p^,pz)  are  the  polynomial  orders  of  the  integrand  in 
inplane  directions  and  q  is  the  polynomial  order  in 

transverse  direction  (cjj).  Selection  of  integers  I  and  m  is  dictated 
by  the  variation  of  the  metric  tensor  cxjc-^,  in  inplane  and 
transverse  directions  respectively.  For  example,  in  case  of 
constant  inplane  jacobian  (the  pinched  cylinder)  we  used  1=1, 
m  =  0  and  /  =  2,  m  =  1  for  the  case  of  variable  inplane  jacobian 
(frustum  of  the  cone). 

In  case  of  HAMS  elements  the  order  of  Interpolating 
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Fig.  4.  Comparison  of  quadrature  schemes  for  H3R-type  —  1) 

elements  for  frustum  of  a  cone 

Each  figure  contains  six  plots: 

•  (O)  HSOL-SDP  corresponding  to  Symmetric  Dot  Product 
Gauss  quadrature  for  displacement  based  element. 

•  ( □ )  HANS-SDP  corresponding  to  Symmetric  Dot  Product 
Gauss  quadrature  for  assumed  natural  strain  elcmenL 


Legendre  polynomials  is  selected  such  that  their  polynomial 
order  does  not  exceed  the  maximum  polynomial  order  of  the 
basis  functions  to  ensure  effectivity  of  selective  polynomial 
order  reduction.  On  the  other  hand  for  lower  order  blocks  the 
polynomial  order  for  Legendre  polynomials  is  selected  the  same 
as  for  displacement  based  elements  to  partially  preserve 
hierarchiaiity.  Thus  the  order  of  Legendre  polynomials  for 
HAMS  element  is  defined  using  the  following  rule: 

•  For  a  given  integrand  with  polynomial  orders  ( p,,  q) 

The  inplane  polynomial  order  of 
|p““  otherwise 

The  order  of  Legendre  polynomials  in  transverse  direction 
is  selected  as  q  +  m. 

•  The  number  of  inplane  integration  points  is  selected  as 
p^  -h  1.  and  cf^  +  1  in  transverse  direction. 

It  is  evident  from  Figs.  (1-4)  that  among  the  displacement 
(HSOL)  based  elements.  SDP  and  HBLOCK  quadrature  schemes 
are  computationally  more  efficient  than  the  uniform  (UNIF) 
quadrature.  The  difference  between  HSOL-SDP  and 
HSOL-HBLOCK  is  not  significant  and  it  can  be  deduced  that 
for  displacement  based  elements  SDP  and  HBLOCK  have 
a  comparable  performance.  It  is  apparent  from  the  Figs.  (1-4) 
that  HAMS-SDP  has  higher  computational  efficiency  than 


Table  2.  Effect  of  radius  to  thickness  (R/f)  ratio  on  iterative  methods. 
Three  cvciinder  assembly  modeled  with  36  (H2AMS)  elements 

Table  4.  Influence  of  smoothing  procedures  of  Multigrid¬ 
like  solvers.  Pinched  cylinder  modeled  with  16  (H2AMS) 
elements,  Muitigrid-Uke  solvers  with  (4, 6, 8)  levels 

Solver 

(Rmin/t  =  100) 

(R  min/f  =  1000) 

Solver 

GS-l 

IPCG-l  ICC 

MG-GS-ACC(4,6,8) 

300/25 

13728/1144 

^  - 

HBM-GS-.\CC(4,6,3) 

271/37 

47379/6537 

MG-ACC(R/f=  10) 

37/12 

57/17  61/6 

MG-ICC-ACC(4.6,3) 

235/12 

1191/97 

HBM-ACC(R/f=  10) 

23/10 

29/11  32/12 

HBM-ICC-ACC(4,6,3) 

250/33 

1476/294 

MG-ACC(R/t=  100) 

115/43 

295/97  110/21 

PCG-ICC 

330/144 

1115/660 

HBM-ACC(J?yt  =  100) 

117/72 

157/76  110/58 

Direct 

536/1 

536/1 

MG-ACC(R/t  =  300) 

797/315 

1359/445  245/59 

HBM-ACC(J?/t=  300) 

632/412 

447/221  310/182 

performance  of  the  iterative  procedures  deteriorates,  due  to 
increase  in  the  condition  number.  Assuming  that  deterioration 
in  conditioning  does  not  affect  the  accuracy  of  direct  solution 
due  to  round  off  errors,  the  direct  solver  has  outperformed  the 
iterative  procedures  for  very  thin  shells  {RJt  =  1000). 

In  Table  4  the  inliuence  of  various  popular  smoothing 
procedures  (GS  -  Gauss  Seidel;  JPCG  -  Jacobi  pre-conditioned 
conjugate  gradient  and  ICC  -  Incomplete  Cholesky)  on  the 
performance  multigrid-like  solvers  (MG- ACC  and  HBM-ACC) 
is  examined.  One  smoothing  iteration  of  each  procedure  is 
LncorporatecL  The  experiments  are  conducted  on  the  pinched 
cylinder  problem  modeled  with  16  elements  with  R/t  =  10; 

R/t  =  100  and  R/t  =  300.  For  either  of  the  muitigrid  procedures 
one  Incomplete  Cholesky  (ICC)  smoothing  has  been  found  to 
be  optimal  in  terms  of  CPU  time  for  both  thin  (R/t  —  100) 
and  very  thin  (R/t  =  300)  shells.  For  relatively  thick  shells 
(R/t  =  10)  the  weaker  Gauss  Seidel  smoothing  is  found  to  be 
optimal  in  terms  of  CPU  time. 

In  Table  5  we  study  the  performance  of  muitigrid  solver 
(MG-GS-ACC)  for  the  case  where  the  coarse  mesh  represents 
the  state  of  plane  stress  ( p  =  8,  q  =  I )  while  the  fine  mesh 
represents  3-D  model  with  (p  =  8,  =  3).  The  coarse  grid 

relaxation  parameter  defined  in  Eq.  (42)  is  used  for  efficient 
coarse  grid  correction.  Alternatively,  one  can  recompute  and 
factorize  the  stiffness  matrix  corresponding  to  q  -  1  with  a  3-D 
constitutive  model  and  then  incorporate  it  for  coarse  grid 
correction.  For  a  relatively  small  problem  considered  (12 
elements,  2208  dofs  for  =  1)  no  significant  difference  in  terms 
of  CPU  time  has  been  found  between  the  two  methods. 
Numerical  experiments  indicate  that  HBM-ACC  is  not 
particularly  well  suited  for  transitioning  between  different 
mathematical  models. 


Tabic  3.  Study  of  Muitigrid-Uke  solvers  for  transitioning 
from  plane  stress  to  3-D  models,  pinched  cylinder  modeled 
with  12  (H3)  elements.  Multigrid- like  solver  MG-GS-ACC 
with  2  Gauss  Seidel  smoothing 


Element 

NDOFS 

Direct 

2D -3D 

Recomputed 

H3RAMS  (q  =  3) 

4416 

1203 

904/55 

877/41 

H3SOL  (q  =  3) 

4416 

1203 

789/48 

906/46 

Figures  7  and  8  depict  the  rate  of  convergence  of  various 
elements  for  the  pinched  cylinder  and  the  3  cylinder  assembly 
problems  respectively.  Percentage  relative  error  in  the  energy 
norm  is  plotted  versus  the  total  CPU  time  required  to  solve 
the  problem.  SDP  quadrature  scheme  for  integration  of  element 
stiffness  matrices  and  the  best  solution  procedure  for  a  given 
polynomial  order  are  adopted  for  all  elements.  It  is  evident 
that  H2AMS  and  H3RAMS  have  the  best  performance  in 
degenerated  and  3-D  categories,  respectively. 

6 

Summary  and  condusions 

Research  efforts  have  been  made  to  optimize  the  computational 
efficiency  of  the  p-method  for  shell  analysis.  A  new  quadrature 
scheme  and  a  family  of  hierarachical  assumed  strain  based  shell 
elements  have  been  introduced.  Various  linear  iterative 
procedures  have  been  examined  for  their  suitability  to  solve 
linear  system  of  equations  resulting  from  hierarchic  shell 
formulation. 

In  Figs.  9  and  10  we  compare  h  and  p  versions  of  finite 
element  analysis  for  the  two  shell  problems,  a  pinched  cylinder 


Solver  R/t  =10  20 


MG-GS-ACC(4,6,8) 

37/12 

48/16 

HBM-GS-ACC(4.6,8) 

23/10 

33/16 

MG-ICC-ACC(4,6,8) 

61/6 

65/7 

HBM-ICC-ACC(4,6,8) 

32/12 

38/15 

PCG(4,6,8) 

148/24 

164/36 

PCG-ICC 

50/22 

60/34 

Direct 

242/1 

242/1 

MG-ICC-ACC(6,8) 

155/5 

158/6 

HBM-ICC-ACC(6,8) 

130/7 

134/9 

PCG(6,8) 

171/12 

184/19 

30 

100 

300 

1000 

57/20 

115/43 

797/315 

5004/1969 

37/19 

117/72 

632/412 

5098/3357 

68/8 

110/21 

245/59 

610/171 

45/20 

110/58 

310/182 

862/517 

187/52 

425/232 

827/458 

1953/1329 

65/42 

130/135 

258/324 

623/860 

242/1 

242/1 

242/1 

242/1 

158/6 

177/12 

235/33 

416/98 

139/12 

171/30 

271/87 

541/238 

200/30 

370/133 

532/255 

1112/481 

Table  3.  Effect  of  radius  to  thickness  (H/t)  ratio 
on  iterative  methods.  Pinched  cylinder  modeled 
with  16  (H2AMS)  elements 
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RECENT  ADVANCES  IN  THE  R-VERSION  OF  THE  FINITE 
ELEMENT  METHOD  FOR  SHELLS* 

Jacob  Fish  and  Ravi  Gctt.\l 

Depar’ment  of  Civil  Engineering  and  Scientific  Computation  Research  Center, 

Rensselaer  Polytechnic  Institute.  Troy.  NY  12180.  L',S..A. 

Abstract — Research  efforts  aimed  at  optimizing  the  computational  efficiency  ot  the  ^-method  are 
described.  These  include  (i)  a  novel  quadrature  scheme  for  hierarchical  shell  elements,  (ii)  a  tamily  or 
assumed  strain  hierarchical  shell  elements,  (iii)  selective  polynomial  order  escalation  tor  assumed  strain 
elements,  and  (iv)  accelerated  multigrid-like  solution  procedures.  Numerical  e.xperiments  indicate  that  ’.vith 
these  enhancements  it  is  possible  to  speed  up  the  overall  computational  time  of  p-method  for  analysis 
of  shells  by  a  factor  greater  than  five  for  relatively  small  problems  (less  than  10  000  dofs).  whiie 
computational  savings  for  larger  problems  are  even  more  signincunt.  It  has  been  lound  that  the 
performance  of  the  enhanced  variant  of  the  p -method  for  shells  is  comparable  to  that  ot  the  /? -method 
for  low  accuracv  requirements,  and  better  if  higher  accuracies  are  desired. 


1.  INTRODLCTION 

Since  the  early  seventies  there  has  been  a  disagree¬ 
ment  between  various  sections  in  the  finite  element 
community  over  the  computational  efficiency  of 
higher  order  elements.  On  one  hand  there  was  clear 
mathematical  evidence  on  the  superior  theoretical 
rate  of  convergence  (measured  in  terms  of  the  prob¬ 
lem  size)  of  the  p-type  methods  for  properly  designed 
meshes,’  but  on  the  other  hand  it  was  commonly 
believed,  primarily  in  the  engineering  community, 
that  the  /j -method  is  computationally  more  efficient 
due  to  its  superior  sparsity.  The  disagreement  has 
peaked  in  the  early  nineties.  For  example,  in  the  First 
US  Congress  on  Computational  Mechanics,  Bathe 
presented  numerical  results  conducted  on  Floyd 
pressure  vessel  showing  the  superior  performance  in 
terms  of  CPU  time  of  the  /i-method  even  for  prob¬ 
lems  for  which  the  exact  solution  is  analytic.  In  the 
same  conference  Carnevaii-  reported  IBM  research 
division  findings  on  similar  problems  suggesting 
exactly  an  opposite  trend. 

In  practice  computational  efficiency  of  various 
finite  element  versions  depends  not  only  on  sparsity 
and  theoretical  rate  of  convergence,  but  is  a  function 
of  several  other  factors  including  adaptivity  and 
quality  control,  conditioning,  distortion  sensitivity, 
locking,  model  preparation  and  mode!  improvement, 
utilization  of  previous  computations  and  coding  sim¬ 
plicity.  Ironically,  there  is  no  general  consensus  on 
the  relative  merits  of  some  of  these  factors.  For 


•  Paper  presented  at  the  3rd  National  Symposium  on 
Large-Scale  Structural  Analysis  for  High-Performance 
Computers  and  Workstations,  held  8-11  November  1994, 
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example,  it  has  been  argued  that  tor  /7-type  methods 
the  finite  element  mesh  is  simpler,  and  thus  the  time 
required  for  data  preparation  is  substantially  smaller. 
Unfortunately,  in  automated  computational  environ¬ 
ment  the  cost  of  automatic  mesh  generation  of  higher 
order  elements  is  not  necessarily  lower  than  that  of 
the  /? -method.- 

The  /7 -method  has  been  commended  for  its  versatil¬ 
ity  in  the  adaptive  process  due  to  its  ability  to  exploit 
previous  computations  and  the  elegance  ot  hierarchi¬ 
cal  error  estimation  process.*^  However,  it  is  often 
overlooked  that  the  sequence  ot  lower  order  finite 
element  meshes  generated  in  the  adaptive  process  can 
be  utilized  for  both  solution  and  quality  control 
processes  by  utilizing  multigrid  technology.' 

Contradicting  obserx'ations  were  reported  regard¬ 
ing  the  sensitivity  to  element  distortion.  Holzer^ 
presents  experimental  results  indicating  that  higher 
order  elements  are  less  sensitive  to  mesh  distortion, 
while  Ramm^  in  his  review  article  on  assumed  strain 
shell  formulation  reports  that  4-node  bilinear  shell 
elements  are  less  sensitive  to  mesh  distortion  than 
their  quadratic  counterparts. 

In  the  realm  of  opposing  views,  there  is  sound 
theoretical  evidence  on  superior  conditioning  of 
matrices  arising  from  orthogonal  basis  functions, 
and  circumvention  of  locking  with  higher  order 
elements.*  Nevertheless,  since  the  overall  compu¬ 
tational  efficiency  is  strongly  linked  to  the  program 
architecture,  it  is  not  obvious  what  are  the  contribut¬ 
ing  factors  of  these  aspects. 

The  literature  on  the  higher  order  plate  elements  is 
rapidly  expanding.  For  extensive  review  we  refer  to 
the  paper  by  Szabo  and  Sahrmann^  and  to  Rets  6 
and  10  for  additional  references.  Application  of  the 
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/7-niethod  for  general  curved  shells  is  quite  limited. 
To  our  knowledge  only  two  papers^-*^  employ  a 
hierarchical  sequence  of  approximations  for  curved 
shell  elements. 

The  present  work  focuses  on  the  computational 
aspects  of  the  -version  for  shell  analysis.  Our  pri¬ 
mary  research  efforts  focus  on  enhancing  element 
level  computations,  since  the  cost  of  analysis  in  the 
/7-method  is  often  dominated  by  the  formation  of 
finite  element  matrices  (as  opposed  to  the  /i -method, 
where  the  solution  process  is  generally  dominant). 
The  following  aspects  are  studied: 


The  space  spanned  by  hierarchic  shape  functions  is 
denoted  by  where  p  is  in-plane  polynomial 

order  of  basis  functions  corresponding  to  the  interp¬ 
olation  order  of  and  q  {q  ^p)  is  the  polynomial 
order  of  basis  functions  in  transverse  direction  ident¬ 
ified  with  the  polynomial  order  of /^(Cj). 

Let  ;;  represent  a  Natural  Element  Curvilinear 
coordinate  system.  Then  the  covariant  basis  vectors 
a,-  and  their  contravariants  a'  are  defined  as  follows: 

dX,  dQi 

ai==  — Cj  a‘  =  — Cj  (j) 

oq,  CAj 


1.  How  to  enhance  the  performance  of  shell  el¬ 
ements  up  to  the  polynomial  order  of  4-5  using 
assumed  strain  formulation. 

2.  How  to  speed  up  the  computation  of  element 
matrices  by  utilizing  previous  computations  and 
how  to  exploit  hierarchiality  of  the  /7-method 
via  special  quadrature  scheme. 

3.  How  to  reduce  the  size  of  the  element  matrices 
by  adaptively  selecting  higher  order  modes.’- 

On  the  system  of  equations  level,  the  applicability 
of  the  multigrid  technology  with  various  acceleration 
schemes  for  thick  and  thin  shells  is  presented  and 
compared  with  the  direct  solver. 

2,  HIERARCHICAL  ASSUMED  STRAIN  SHELL  ELEMENT 
FORMULATION 

2.1.  Assumed  strain  formulation 

Consider  the  geometry  of  a  typical  quadrilateral 
shell  element  defined  by  the  following  relation: 

X  =  i[(l  +  ,  i,)  +  (1  -  ,  c,)]  (1) 

where  X  denotes  position  vector  of  a  generic  point  of 
the  shell  in  the  global  Cartesian  coordinate  system, 
and  X*^*  are  position  vectors  of  the  top  and 
bottom  surfaces,  respectively.  The  unit  vectors  in  the 
global  Cartesian  system  are  denoted  by  e,.  Equation 
(1)  represents  a  smooth  mapping  of  a  biunit  cube  into 
physical  shell  domain,  with  linear  interpolation  in  ^3 . 
<;3  =  0  corresponds  to  the  middle  surface  of  the  shell. 
It  is  common  practice  to  interpolate  the  bottom  and 
the  top  surfaces  either  using  Lagrange  polynomials,’^ 
blending  functions’  or  even  Legendre  polynomials.- 
The  displacement  field  of  a  higher  order  plate/shell 
theory  can  be  approximated  as  in’  ’^ 


We  also  consider  material  Cartesian  coordinate 
system  denoted  by  x  where  material  properties  of 
the  element  are  defined.  Plane  stress  assumption  for 
classical  shell  theory  {q  =  \)  is  also  e.xercised  in  this 
coordinate  system.  Unit  basis  vectors  for  the  Material 
coordinate  system  are  denoted  by  p,-.  They  are  defined 
such  that,  P3  is  perpendicular  to  mid-surface  and  Pi . 
P:  are  as  close  as  possible  to  a,, 

The  components  of  strain  tensor  in  the  global  {£.,) 
and  material  (t.,)  coordinate  systems  respectively,  are 
related  by  orthogonal  transformation 

^  '  P;  )(®;  '  P/)^W  =  W 

Let  be  the  shape  functions  obtained  using 

tensor  product  of  Legendre  polynomials,’  then 

.VA/£>5  SMDS 

I  and  £™=  I  (5) 

A~\  A» I 

where  d  is  the  displacement  vector  representing  the 
amplitudes  of  hierarchical  modes  in  global  coordinate 
sytem:  NMDS  is  the  number  of  modes;  lower  case 
subscripts  denote  space  dimension,  while  upper  case 
indices  are  reserved  for  mode  numbering;  is  the 
symmetric  gradient  of  the  shape  functions. 

Using  Eqs  (4)  and  (5)  the  material  strain-displace¬ 
ment  relation  is  denoted  by: 

NMDS  NMDS 

€,=  X  I  (6) 

To  enhance  the  element  performance  primarily  at 
lower  spectral  orders  assumed  strain  formulation  is 
employed.  Let  (p,q)  be  the  polynomial  order  of 
displacement  interpolants,  then  the  polynomial  order 
of  denoted  by  (71,72,73)  is  modified  as  follows: 


“(=  (2) 

a  <■  1 

where  /^(^j)  in  Eq.  (2)  represents  through-the- 
thickness  variation  of  the  displacement  components. 
Typically,  Legendre  polynomials  are  chosen  as  basis 
functions  for  in-plane  displacement  components 
ensure  numerical  stability  and  hier¬ 
archiality. 


«e[l,2] 

73  =  ^  -  ^3 


(7) 


where  4  is  defined  as  in  Ref.  15  to  alleviate  membrane 
and  shear  locking. 


h 


I  if  =  /  or  j  ^  6[U  3] 
0  otherwise. 


(8) 
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Following  5*bar  nomenclature  the  enhanced  ma¬ 
terial  strain  field-displacement  relation  can  be  con¬ 
veniently  cast  into  the  following  form: 


f.  =  T' 


(9) 


considered,  the  resulting  strain  energy  takes  the  fol¬ 
lowing  form: 


(DgK^  "T 

L 


+  D,-r-^D^l.r)±x  (12) 


where  obtained  by  interpolating 

between  a  set  of  reduced  quadrature  points. In  the 
present  work  will  be  obtained  by  selectively 
projecting  out  higher  order  modes  within  the  quadra¬ 
ture  process  (as  described  in  Section  3). 

Shell  element  formulation  based  on  Eqs  (2-9)  will 
be  referred  as  H3 AMS— Hierarchical  (3-D)  Assumed 
Material  Strain  element. 

In  thin  shell  limit,  retention  of  3  degrees-of-free- 
dom  at  each  node  on  top  and  bottom  surfaces  leads 
to  large  stiffness  coefficients  for  relative  displacements 
correspondins  to  shell  thickness.  '  This  leads  to  de¬ 
terioration  of  rate  of  convergence  for  lower  poly¬ 
nomial  orders.  This  phenomenon  is  especially 
prominent  when  thickness  is  small  compared  to  in¬ 
plane  dimensions.  To  alleviate  this  drawback  we 
propose  either  to  reduce  stiffness  in  the  trans%erse 
direction  (such  element  to  be  referred  as  H3RAMS), 
or  to  employ  hierarchical  assumed  strain  degenerated 
shell  element  formulation  with  rotational  degrees-of- 
freedom  denoted  by  H2AMS.  These  two  elements  are 
described  in  Sections  2.2  and  2.3. 


where 


(13) 

In  curved  continuum  based  flexural  elements  spuri¬ 
ous  coupling  between  membrane  and  normal  defor¬ 
mation  exists  giving  rise  to  a  parasitic  normal  strain 
eneray,  which  is  of  the  same  order  of  magnitude  as 
that  of  the  membrane  strain  energy  if  the  strains  are 
of  equal  order.  This  phenomenon  is  referred  to  here 
as  transverse  normal  locking  of  solid  based  flexural 
elements. 

To  ameliorate  the  locking  caused  by  transverse 
normal  strains  we  propose  to  calibrate  the  constitu¬ 
tive  behavior  of  solid  based  elements  to  match  the 
strain  enerav  corresponding  to  degenerated  elements 
without  introducing  zero  energy  modes.  By  this 
technique  the  stiffness  coefficients  in  the  constitutive 
tensor  are  modified  in  the  following  way: 


D„  =  Ds,  Ds  =  Ds  Dc  =  0  D„=^/D.,  (14) 

2.2.  H3RAMS — hierarchical  (3-D)  with  reduced 

transverse  stiffness,  assumed  material  strain  element  ^  is  a  stabilization  parameter  aimed  at  stabiliz- 

For  the  purpose  of  examining  the  causes  of  some-  ing  the  zero  transverse  normal  energy  modes  ot  solid 

what  suffer  behavior  of  solid  based  elements  com-  based  flexural  elements, 

pared  to  their  degenerated  counterparts  (with 

rotational  dofs),  consider  a  beam  problem.  For  elas-  2.3.  H2AMS — hierarchic  (2-D)  degenerated  assumed 
tic  isotropic  beam  the  strain  energy  is  given  by.  material  strain  element  with  rotational  degrees -oj- 

freedom 

[7  ^  ,  Asa  starting  point,  consider  the  displacement  field 

C/  =  -  {DgK-  +  +  Ds'r)  dx  (10)  terms  of  mid-point  translations  ,  c.) 

^  and  mid-point  rotations  which  are  defined 

with  respect  to  the  fiber  coordinate  system: 

where  L  is  the  element  length;  €,  k,  and  y  are  the 

membrane  strain,  curvature  and  transverse  shear  . 

strain  respectively; and  D 5  are  the  bending,  1  M  — re(l/=  (15) 

membrane  and  shear  stiffness  constants  given  by,  j  2 

EP 

D3  =  —  D^  =  Et  Ds  =  kfit  (11)  the  unit  vectors  (e^,,e(,e()  of  the  fiber 

coordinate  system  are  defined  as  follows: 


where  t  is  the  thickness  of  the  beam  of  a  unit  width, 
E  the  Young’s  modulus;  G  the  shear  modulus  and  k, 
the  shear  correction  factor. 

In  2-D  normal  strains  are  computed  directly  from 
kinematics.  These  values  are  not  arbitrary  and  are  not 
consistent  with  plane  stress  condition  for  thin  do¬ 
mains.  Thus  if  two  dimensional  state  of  stress  is 


e'3  = 


Xtop  _ 

t 


e(  = 


X  e, 

II  ej  X  e/il 


e{  =  62X63,  (16) 


f (<!-?’)  is  ^he  thickness  of  the  shell  defined  as. 

f  =  IIX"”’ (17) 
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For  the  purpose  of  discussion  here,  the  iso-  mizes  the  number  of  function  evaluations  and 
parametric  shell  element  discretization  is  viewed  of  eliminates  the  need  for  explicit  strain  interpolation 
consisting  of  the  following  two  steps:  between  reduced  and  regular  quadrature  points. 


1.  Evaluate  the  displacement  field  at  the  finite 

element  nodes  (g,  =  J )  using  Eq,  (15): 

=  =  ;i ,  = 

2.  Interpolate  the  displacement  field  using  two- 

dimensional  Lagrangian  basis  functions: 

The  extension  of  this  approach  to  the  hierarchical 
formulation  where  degrees-of-freedom  are  not  associ¬ 
ated  with  the  value  of  the  solution  at  a  specific 
location  within  the  element  is  as  follows:  Instead  of 
taking  a  two-step  route,  the  fields  and 

are  directly  discretized  using  the  Legendre 
polynomials.  The  resulting  solution  approximation 
takes  the  following  form: 


3.1.  Do[  product  integral  decomposition 

Consider  the  integral  of  the  form  Jn5’('^i » 

tn  the  natural  coordinate  system  such 
that  dn  =  dc,  d^id^j  and  —  I  <^,<  1.  The  integral 
under  consideration  may  represent  a  typical  stiffness 
matrix  component,  where  g"  is  a  strain-displacement 
matrix  component  and  A  is  a  strain-displacement 
matrix  term  multiplied  by  a  Jacobian  and  a  corre¬ 
sponding  component  of  the  constitutive  tensor.  In  the 
classical  Gauss  quadrature  the  integrand  (gh)  is 
implicitly  curve  fit  with  a  polynomial  and  then  inte¬ 
grated  in  a  close  form.  It  will  be  shown  that  for 
hierarchical  systems  it  is  more  efficient  to  curve  fit 
separately  each  term  of  the  integrand  {g  and  h)  with 
orthonormal  polynomial: 


,  «  0  ;  -  1}  Jt  =»  U 


Note  that  there  is  a  fundamental  difference  between 
Eq.  (18)  and  its  iso-parametric  counterpart.  In  the 
classical  iso-parametric  formulation  the  variable  vec¬ 
tor  function  in  Eq.  (18)  is  replaced  by  a  set 

of  constant  vectors  e^(<;i\^:)  representing  the  fiber 
coordinate  system  at  a  specified  node  A.  Conse¬ 
quently  the  present  formulation  gives  rise  to  an 
additional  term  in  the  displacement  gradient 
evaluation: 


I 

Os, 


.  ,  .  ,,  ,  ,  1 

L  - 


/Hi  /m  /«  t 

h  =  i^  Y. 


=  y  (21) 


'PAi>)P,(^:)PAiyy 


=  X  '^3)  (--) 


(20) 

2  |_  o<;^  cc,  J 

where  as[l,2].  Derivatives  of  ((/e{),  (fe<))  are  ob- 
tained  by  differentiation  of  appropriate  mapping 
functions. 


3.  QUADRATURE  SCHEME  FOR  HIERARCHICAL  SHELL 
ELEMENTS 

In  this  section  we  present  a  nearly  optimal  quadra¬ 
ture  scheme  for  hierarchical  systems,  which  mini- 


where  P,  are  normalized  Legendre  polynomials. 
For  convenience,  concise  notation  is  introduced  with 

Si)  =  ^/(^l)-^y(C:)^A:(C3)t  jV  = 

(/ij -1- 1)  (/I2  +  l)(/i3  +  I)  and  M  =  (mi  +  l)(m2 -h  1) 
(m3-h  1). 

Using  (21)  and  (22)  the  integral  of  g  /z  can  be 
decomposed  into  a  dot  product  of  two  vectors: 

jQ  /-oy-ojk-ojn 

•  hP,(^,)PAiz)Pkii,)<i^ 

Jn 

=  X  f  f  h4>,dD.  (23) 

/- 1  Jq  jn 


h<t>,dQ. 


where  /,  =  min(/i„  m,-)  and  L  =  \)(U  A-  l).(/3  4-1). 

The  proof  based  on  orthogonality  of  Legendre 
polynomials  was  given  in  Ref.  16  for  l-D  problems 
and  in  Ref.  17  for  multi-dimensions.  In  Ref.  16  it  has 
been  shown  that  the  number  of  function  evaluations 
required  for  the  dot  product  integral  decomposition 
can  be  reduced  by  approximately  a  factor  of  2'“*' 
compared  to  the  classical  Gauss  quadrature,  where 
nsd  is  the  number  of  space  dimensions. 
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3.2.  Svmmerric  dot  product  integral  decomposition  for 
HAMS  shell  element 

In  this  section  we  present  a  variant  of  Dot  product 
integral  decomposition  which  preserv’es  the  symmetry 
of  the  stiffness  matrix.  Consider  a  typical  stiffness  for 
HAMS  element  given  by 


(24) 


JQ 


In  an  attempt  to  obtain  a  symmetric  dot  product 
integral  decomposition,  we  decompose  the  integrand 
(g^hg)  as  follows: 


(25) 


Note  that  if  the  constitutive  tensor  is  constant 
D;y  =  [n(D)0/</);dQ  =  DO;y  Tcducing  Eq.  (29)  to 

=  i  I*  ■)<Pi 

xdn-D-|  (Br^' -■)<?,  da  (30) 

It  can  be  easily  shown  that  if  D  constant  then  the 
stiffness  matrix  evaluations  by  means  of  Eq.  (29)  is 
more  computationally  intensive  because  of  the 
double  summation  involved. 

The  polynomial  order  of 

chosen  to  selectively  project  out  higher  order  terms 
from  the  strain  field.  By  this  technique  the  typical 
stiffness  matrix  term  is  given  by: 


where  L  is  a  lower  triangular  Cholesky  factor  of  the 
constitutive  matrix  D.  The  resulting  stiffness  matrix  is 
given  by 

/=.  t  j  n 


X 


JQ 


(26) 


Each  of  the  two  integrals  is  integrated  using  Gauss 
quadrature.  The  number  of  quadrature  points  as  well 
as  the  maximum  polynomial  order  of  the  interpolat¬ 
ing  Legendre  polynomials  in  each  direction  depends 
on  how  well  the  integrand  -  is  appro.ximable 

by  polynomials  and  what  is  their  polynomial  order. 
We  will  refer  to  this  integration  scheme  as  Symmetric 
Dot  Product  (SDP)  Gauss  quadrature. 

In  the  case  when  the  -constitutive  tensor  D  is  not 
positive  definite  an  alternative  integrand  decompo¬ 
sition  is  employed.  Let 


=  ha-Dy'-Br  (27) 


which  yields 


k 


AB  — 


III 


i  ™  I  k  =  !  J  fl 


B22AP,{l,)P:ii:)PAii) 

B22AP:{CAPM:)PA^y) 

Br.AhcyP,(ii)PA^y) 

B~2AP:(ii)PAiz)PAii) 


T 


Ly'-d£i 


nL 


r 


BusPA-iAPAiAPd^i) 

B22BPAiyPACz)Pdii) 

By,aPAiAPA^i)Pdii) 

B22BPAiAPdiz)Pk(.^z) 

By.BPAiAPAii)PMz) 

BuBPAiAPdii)P-Mz) 


J'-iD. 


(31) 


where 


m  <  I, 
m  =  I, 


(32) 


kAB=  i  f  Br^-/‘''<^/di2 

/- 1  Jn 


X 


dn  (28) 


and  further  dot  product  integral  decomposition  of  the 
second  term  in  (28)  yields  the  following  symmetric 
form: 


L  L 


^AB—  Z  Z 

/- i /• 1 


(gmairyl 

n 


which  is  consistent  with  Eqs  (7)  and  (8). 

4.  SOLUTION  PROCEDURES  FOR  HIERARCHICAL  SHELL 
FOR.MULATION 

In  this  section  we  present  two  versions  of  acceler¬ 
ated  multigrid  method  for  solving  positive  definite 
systems  arising  from  the  /? -version  discretization  of 
shells: 


K"*d^  =  r;  m  =  L2. . .  ,levei  (33) 

where 


^  ■— V 

n 


(29) 

a 


K' 


■R"-'  Kr,"! 

_  K7,  K7,J  1  d7  J 


(34) 


X 
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and  m  is  the  level  number;  K'^  the  stiffness  matrix  on 
the  initial  level:  K’”  is  of  order  n„>  where  , 
is  the  order  of  the  block  K'””';  d"" ”  ‘  e  iH"’’”  - '  and 
d^e  -1). 

The  special  feature  of  the  Eq.  (34)  for  shell  analysis 
is  that  lower  order  block  ft"*”'  might  be  different 
from  the  stiffness  matrix  corresponding  to  level 
(m  —  1),  denoted  as  K"*'*  because  of  either 


Otherwise 


‘CD 


(38) 


6.  Perform  post-smoothing  operations 
=  smoothfy....,  ^  [d'",  K'",  f”). 


1.  Change  in  constitutive  model  from  plane  stress 
(^  -  1)  to  3-D  ((?  ^2). 

2.  Progressive  improvement  in  geometry  or 

3.  Changing  quadrature  scheme. 

Let  and  Q;”^,  be  the  restriction  and  pro¬ 

longation  operators,  which  transfer  the  data  from 
level  (m)  to  level  [m  —  I)  and  vice  versa.  For  the 
p-method  it  has  a  very  simple  form: 

Q:r‘  =  [i  o]  =  q;:_,^  (35) 


A  variant  of  the  standard  V-cycle  multigrid  method 
has  been  proposed  by  Bank.  Dupont  &  Yserentan.'* 
This  method  termed  as  hierarchical  basis  multigrid 
technique  (HBM).  is  similar  to  the  standard  multigrid 
V-cycle,  except  that  a  smaller  than  the  normal  subset 
of  unknowns  is  updated  during  the  smoothing  phase 
at  a  given  level.  Schematically,  the  smoothing  process 
in  HBM  takes  the  following  block  structure: 

=  3mooth(v;  ^jd'",  KT', ,  f^)  (39) 


where  I  is  the  order  _  i  identity  matrix,  and  0  is 
order  zero  matrix.  Note  that  the  restric¬ 

tion  of  the  stiffness  matrix  is  given  by: 

R'"-' =  Q;"-'K’"q;:_,  (36) 

A  single  V-cycle  has  a  compact  recursive  definition 
given  by: 

r:  =  K'")  (37) 

where  f”  is  the  residual  vector.  The  V-cycIe  multigrid 
algorithm  is  summarized  below: 

1.  Loop  /  =  0,  1.  2  . . .  until  convergence  if 
i  =  O^d"^  =  0 

2.  Perform  pre-smoothing  operations 

... 'd"":  =  smooth(7uj'd"*,  K”,  f”) 

where  the  left  superscript  and  subscript  denote 
the  cycle  number  and  smoothing  count  respect¬ 
ively. 

3.  Restrict  residual  from  level  m  to  m  -  1 


HBM  takes  advantage  of  the  fact  that  smoothing 
mainly  affects  highest  oscillatory  modes  of  error,  and 
thus  rela.xation  sweeps  are  performed  on  the  block  by 
block  level  keeping  the  rest  of  the  degrees  of  freedom 
fixed.  It  has  been  shown  that  the  rate  of  convergence 
of  HBM  method  has  a  logarithmic  dependence  on  the 
problem  size  as  opposed  to  multigrid  method  which 
has  an  optimal  rate  of  convergence  independent  of 
the  mesh  size  and  spectral  order. The  key  question 
is  whether  the  benefit  from  reducing  the  cost  of 
smoothing  process  over  weighs  the  suboptimal  per¬ 
formance  of  HBM  in  comparison  with  the  standard 
multigrid  method  for  thin  and  thick  shells. 

For  ill-conditioned  problems,  such  as  thin  shells,  it 
is  desirable  to  accelerate  the  rate  of  convergence  of 
the  multigrid  like  methods.  In  this  section  we  present 
a  two  parameter  acceleration  scheme  that  requires  a 
small  fraction  of  computational  effort,  but  at  the 
same  time  is  efficient  in  expediting  the  convergence  of 
the  multigrid  like  methods  (MG  and  HBM). 

Let  V"  be  the  residual  vector  at  the  end  of 
m -level  multigrid  cycle.  The  incremental  multigrid 
solution  for  the  next  cycle  V”  =  K''’)  is  used 

as  a  predictor  in  the  two  parameter  acceleration 
scheme.  The  solution  in  the  correction  phase  is  then 
updated  as  follows: 


4.  Coarse  grid  correction 

If  (/M  —  1)  =  lowest  level,  solve  directl) 

Else  = 

5.  Prolongate  the  solution  from  level  m  -  I  to  rr 


=  +  (40) 

'>'d'"  =  'd'”-h'^‘v  (41) 

where  parameters  ('a,  'p)  are  obtained  by  minimizing 
the  potential  energy  functional: 


where  ‘co  is  a  coarse  grid  relaxation  parameter, 
which  minimizes  energy  functional  along  the 
prescribed  direction  v"*  =  Q;;;_ ,z^*- Note  that 
for  two  grid  methods  ‘cu  =  1  if 


('d'”  4-  'aV'’  H-  '^V)TC'"('d"*  -f-  'a'z"'  -h  'jJ'v) 

-('d”  -h  'a'r  -f-  '/?'v)^r-min  (42) 

'I'/f 
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The  resulting  algorithm  is  summarized  below: 
Step  1. 

=  0,  V”  =  r 
V:  =  K"*) 

Oy  =  =  0 

°/?  =  0 

(r.V) 

Step  2. 

Do  /  =  0,  I,  2  . .  .  until  convergence 


Let  the  estimated  error  E  =  0/?  e  be  a  linear 
combination  of  basis  functions  (p  spanning  the  sub¬ 
space  IV‘^  then  the  unknown  coefficients  P  are  ob¬ 
tained  by  minimization  of  the  energy  functional  on 
the  subspace  IV‘,  that  is. 

—  ff,  -h  0/?)— min  (45) 

ii 

where  K  and  f  are  the  stiffness  matrix  and  the  force 
vector  corresponding  to  the  enriched  space  and 
(*.  ■)  denotes  the  bilinear  form  given  by 

n 

(u.  v)  =  ^  u,c,.  (46) 

y-  I 


’('x.  't")  ('x.  -y)^  ‘ 

('x,  'v)  ('y.  'v) 


('r,  ‘tn 

('T”,  ‘V) 


i  >  0 


(43) 


ly  ‘‘X't"  -h  'p'y 

=  ''"‘v 

'^‘y  =  'a'x4-'j?'y 

I  +  1  |,m  _  •  y 

=  .V/CT  ^V”,  K"*) 

Note  that  the  two  parameter  acceleration  scheme 
requires  no  additional  matrix-vector  multiplication 
and  its  benefit  clearly  overshadows  the  cost  involved 
in  dot  product  evaluations  in  Eq.  (43)  for  thin  shells. 
For  alternative  acceleration  schemes,  including  PCG 
acceleration  see  Ref.  17. 


Since  the  hierarchical  basis  functions  0  are  typically 
highly  oscillatory  functions  with  compact  support,  it 
is  common  practice  to  approximate  the  stiffness 
matrix  corresponding  to  the  subspace  ^V'  by  its 
diagonal  form,  which  further  reduces  the  cost  of 
computing  the  error  estimate.  By  this  technique  the 
error  estimate  in  the  energy  norm  is  given  by 


‘|e:i 


(47) 


where 


and  is  the  stiffness  coefficient  corresponding  to 
the  degree-0 f- freedom  A.  rj^  is  termed  as  an  error 
indicator  which  measures  the  decrease  in  error  of  the 
solution  by  adding  a  particular  new  degree-of-free- 
dom.  Adaptive  strategy  is  steered  by  the  magnitude 
of  the  error  indicators.  At  each  step  we  add  all 
degrees-of-freedom  corresponding  to  error  indi¬ 
cators,  such  that 


5.  ADAPTIVITY  .\ND  QUALITY  CONTROL 

Both  a  posteriori  error  estimation  scheme  and 
adaptive  strategy  are  based  on  hierarchical  spectral 
order  enrichment.  One  of  the  earliest  uses  of  this 
approach  was  by  Zienkiewicz  and  his  associates  in  the 
early  1980s.'‘  By  this  technique  given  the  finite  element 
solution  corresponding  to  the  finite  element  space 
one  can  hierarchically  enrich  the  space  by 
adding  certain  hierarchical  basis  functions  to  the  set 
already  used  for  S^'‘^\  If  S^^**^*^  is  the  new  space,  then 
we  have  the  hierarchical  decomposition 

^  w*  (44) 

where  is  the  subspace  which  corresponds  to  the 
span  of  the  additional  basis  functions  and  /  is  the  list 
of  additional  basis  functions. 


r\A  >  ynm^  ■  (49) 

Parameter  ye [0.1]  controls  the  speed  of  conver¬ 
gence:  if  y  is  zero,  then  we  add  all  possible  degrees-of- 
freedom;  if  y  is  one,  we  add  none. 

Note  that  this  theoretical  framework  is  only  valid 
as  long  as  the  finite  element  matrices  arc  hierarchical, 
that  is  lower  order  matrices  are  sub-matrices  of 
higher  order  matrices.  Even  though  solution  approxi¬ 
mation  is  hierarchical  the  resulting  finite  element 
matrices  will  not  be  in  the  three  cases  mentioned  in 
Section  4. 

Our  experience  indicates  that  the  quality  of  error 
estimators  and  indicators  as  well  as  the  efficiency  of 
adaptive  strategy  could  strongly  degrade  if  the  lower 
order  blocks  are  ot  recomputed  in  the  three  cases 
mentioned  above. 
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6.  NUMERICAL  RESULTS 

Our  numerical  studies  include 

1 .  Comparison  of  SDP  with  other  popular  quadra¬ 
ture  schemes. 

2.  Linear  solvers  for  hierarchical  systems. 

3.  Effects  of  mesh  distortion  and  progressive 
change  of  geometry  on  hierarchic  shell  elements. 

4.  Adaptivity  and  selective  polynomial  refinement. 

A  comparison  of  various  quadrature  schemes  is  a 
difficult  task  since  they  provide  different  results  and 
their  performance  is  implementation  dependent.  Fo¬ 
cusing  primarily  on  the  computational  efficiency  as¬ 
pects  and  assuming  that  each  quadrature  scheme  has 
been  implemented  with  the  optimal  efficiency  we 
comprise  the  following  basis  for  comparison:  Sol¬ 
ution  accuracy  (measured  in  terms  of  error  in  the 
energy  norm)  vs  CPU  time  required  to  form  a 
stiffness  matrix  of  the  single  element.  We  will  conduct 
numerical  examples  for  two  problems  quarter  of  each 
modeled  with  a  single  element:  pinched  cylinder 
(constant  in-plane  Jacobian)  and  a  frustum  of  a  cone 
(variable  in-plane  Jacobian).  All  the  experiments  are 
conducted  on  a  Sun  Sparc  10  workstation  with  128 
MB  internal  memory. 

Figures  show  the  performance  of  four  types  of 
shell  elements:  H2-type  (degenerated  hierarchic  shell 
with  5  dofs  per  mode”)  in  Fig.  L  H3R-type  (hierar¬ 
chic  shell  element  with  q  =  1  and  reduced  stiffness  in 
transverse  normal  direction”)  in  Fig.  2,  H3-type 


q  =  1  (hierarchic  shell  element  with  quadratic 
through  the  thickness  interpolation)  in  Fig.  3,  and 
H3-type  q  -  ^  (hierarchic  shell  element  with  fourth 
order  through  thickness  interpolation)  in  Fig.  4.  . 

Each  figure  contains  four  plots: 

•  (O)  HSOL-SDP  corresponding  to  Symmetric 
Dot  Product  Gauss  quadrature  for  displacement 
based  element. 

•  (A)  HAMS-SDP  corresponding  to  Symmetric 
Dot  Product  Gauss  quadrature  for  assumed  material 
strain  element. 

•  (-r)  HSOL-UNIF  corresponding  to  Uniform 
Gauss  quadrature  scheme  for  displacement  based 
element. 

•  (x)  HSOL-HBLOCK  corresponding  to  Hierar¬ 
chic  Block  Gauss  quadrature  scheme  for  displace¬ 
ment  based  element. 

In  Uniform  quadrature  entire  stiffness  matrix  is  inte¬ 
grated  with  the  same  number  of  quadrature  points, 
which  is  dictated  by  the  maximum  polynomial  order 
of  the  integrand  and  does  not  exploit  the  hierarchical 
structure  of  the  stiffness  matrix.  A  variant  of  the 
Uniform  quadrature  scheme,  which  is  partially- 
adapted  to  take  advantage  of  the  hierarchic  structure 
of  the  stiffness  matrix  is  labeled  as  Hierarchic  Block  ^ ' 
quadrature.  By  this  technique  submatrices  corre¬ 
sponding  to  different  polynomial  orders  are  inte¬ 
grated  with  an  integration  rule  corresponding  to  the 
maximum  polynomial  order  of  the  appropriate  block. 


Pinched  cylinder  (1  element) 


1 00.0  e 


Frustum  of  a  cone  under  self  weight  (I  element) 


o  H2SOL-SDP 
X  H2SOL-HBLOCK 
A  H2AMS-SDP 
+  H2SOL-UNIF 

R//=100 
100.0ft 
Rl  =  100.0ft 
/?2=200.0ft 
•£=3.0xl0c6 
Poisson  fado=0.3 
Self  weights  100.0 


1.0  lO.O  lOO.O 

CPU  time  (s) 

Fig.  1.  Comparison  of  quadrature  schemes  for  H2-type  elements. 
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Pinched  cylinder  (1  element) 


CPU  time  (s) 

Fig.  2.  Comparison  of  quadrature  schemes  for  H3R-type  (^  =  I)  elements. 


To  preserve  hierarchical  structure  of  the  stiffness 
matrix  the  displacement  based  shell  element  has  been 
over  integrated  to  accommodate  for  highly  varying 
metric  tensor  components  dXiic^j.  For  numerical 


examples  considered,  the  number  of  integration 
points  for  Block  Gauss  quadrature  was  selected  as 
3  in  inplane  direction  and  -h  I  in  trans¬ 
verse  direction,  where and  q^^"^  are  the  maximum 


Pinched  cylinder  (I  element) 

o  H2SOL-SDP 
H2SOL-HBLOCK 
A  H2AMS-SDP 
+  H2SOL-UNIF 

R/t^\00 
L=600.0ft 
/?=300.0ft 
£=3.0xl0e6 
Poisson  ratio=:0.3 
/=  1  /Z,  per  unit  length 

O.l  1.0  10.0  1 00.0  1000.0 

CPU  time  (s) 


Frustum  of  a  cone  under  self  weight  ( I  element) 

o  H2SOL-SDP 
X  H2SOL-HBLOCK 
A  H2AMS-SDP 
4-  H2SOL-UNIF 

//=100.0ft 
/?l  =  !00.0ft 
/?2=200.0ft. 
£=:3.0xl0e6 
Poisson  nuio=0.3 
Self  weight  =100.0 

^’*0.1  1.0  10.0  100.0  1000.0 
CPU  time  (s) 

Fig.  3.  Comparison  of  quadrature  schemes  for  H3-type  (</  =  2)  elements. 
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Pinched  cylinder  (1  element) 

0  H2SOL-SDP 
X  H2SOL-HBLOCK 
A  H2AMS-SDP 
+  H2SOL-UNIF 

/2/r=lOO 
£,=600.0ft 
;?=300.0ft 
£=:3.0x  I0e6 
Poisson  raiio=0.3 
/=!//.  per  unit  length 

'lO.O  31.6  100.0  316.2  1000.0  3162.3  lOOOO.O 

CPU  time  (s) 

Frustum  of  a  cone  under  seif  weight  (1  element) 

0  H2SOL-SDP 
^  H2SOL-HBLOCK 
A  H2AMS-SDP 
+  H2SOL-UNIF 

/?/f=:l00 
//=  100.0  ft 
/?1  =  100.0ft 
^=200.0  ft 
£=3.0xl0e6 
Poisson  ratio=0.3 
Self  weights  1 00.0 

■'TO.O  31.6  .  lOO.O  316.2  1000.0  3162.3  10000.0 

CPU  lime  (s) 

Fig.  4.  Comparison  of  quadrature  schemes  for  H3-typc  {q  =  4)  elements. 

polynomial  orders  of  the  corresponding  block  in  ing  Legendre  polynomials  is  selected  as  (p,  +  /) 
inplane  and  transverse  directions,  respectively.  f6[1.2]  in  inplane  directions  and  {q  in  trans- 

Similarly,  for  SDP-Gauss  quadrature  applied  to  verse  direction.  The  corresponding  number  of  inte- 

displacement  based  elements,  the  order  of  interpolat-  gration  points  are  (/?,  +  /  +  !)  and  (<y-!-m-hl)  in 


Pinched  cylinder  modeled  with  16  elements  Line  pinched  cylinder 


CPU  time  (s) 

Three  cylinder  assembly 


Three  evlinder  assembly  modeled  with  36  elements  ♦  ^Diaphragm 


CPU  time(s)  Self  weights  1000.0 


Fig.  5.  Rate  of  convergence  in  terms  CPU  time  for  various  elements  for  the  line  pinched  cylinder  problem 
(16  elements)  and  the  3  cylinder  assembly  problem  (36  elements). 
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Table  1.  Comparison  of  iterative  schemes  for  pinched  cylinder  {R;t  =  100)  modeled  with  16  (H2AMS) 
elements.  One  Gauss  Seidel  smoothing  for  multigrid-like  solvers 


Solver 

(4.  5.  6.  7.  S) 

(4,  6.  8) 

(6.  8) 

(6.  7.  8) 

MG-ACC 

262.224/22 

203.544.- 28 

147.170/13 

174.360/12 

HBM-ACC 

219.540/49 

188.400/42 

189.940/25 

193.050/26 

MG-PCG 

265.140/17 

271.710/27 

319.490/29 

296.710/19 

HBM-PCG 

288.970/44 

276.980/42 

410.170/56 

442.140/61 

MG 

693.020/56 

626.860/83 

424.360/58 

381.290/34 

HBM 

2010.420/435 

1464.410/314 

1037.970/198 

1370.230/266 

PCG 

519.470/177 

670.310/154 

380.880/53 

316.164/71 

Direct 

456.308- 1 

456.308-1 

456.308/ 1 

456.308/1 

Table  2.  Comparison  of  iterative  schemes  for  three  cylinder 
assembly  iR't  -  100)  modeled  with  36  {H2AMS)  elements. 
One  Gauss  Seidel  smoothing  for  mulitgrid-Iike  solvers 


Solver 

(4,  5,  6.  7,  3) 

(4.  6,  8) 

MG-ACC 

198.390/8 

187.160'12 

HBM-.ACC 

207.180/22 

164.740/17 

MG-PCG 

294.940/9 

312.150/15 

HBM-PCG 

397.180/31 

414.690/32 

MG 

284.990/12 

296.060 '20 

HBM 

449.710/50 

452.550/50 

Direct 

1231.440/1 

1231.440/1 

Table  3.  Effect  of  radius  of  thickness  (Rt)  ratio  on  iterative  methods.  Pinched  cylinder  modeled  with  16  (H2AMS)  elements 


Solver 

'S 

II 

3 

(y?/r  =20) 

=30) 

II 

o 

o 

{R.i  =300) 

{R  t  =  1000) 

MG-ACC  (4,  6, 8) 

60.8/10 

83. 12/11 

73.05/12 

203.54/28 

1023.6/169 

8059.7/1292 

HBM-ACC  (4,  6,  8) 

32.1/8 

49.39/10 

53.92/14 

188.40/42 

1025.8/275 

8718.0/2382 

PCG  (4,  6,  8) 

216.3/27 

295.59/40 

294.38/56 

670.81/154 

1398.6/458 

3775.2/1329 

Direct 

456.3/1 

456.3 1 /T 

456.31/1 

456.31/1 

456.31/1 

456.31/1 

MG-ACC  (6.  8) 

89.7/4 

95.73/5 

95.79/5 

147.17/13 

373,05/50 

1969.1/309 

HBM-ACC  (6,  8) 

95.5/6 

100.38/7 

110.17/9 

189.94/25 

661.88/122 

2259.4/449 

PCG  (6.  8) 

228.3/11 

241.99/15 

255.94/19 

380.88/53 

722.14/155 

1840.0/481 

Table  4.  Influence  of  smoothing  procedures  of  multigrid-like  solvers.  Pinched  cylinder  modeled  with  16  (H2AMS)  elements, 

multigrid-like  solvers  with  (4, 6, 8) 


Solver 

GS-l 

GS-2 

JPCG-l 

JPCG-2 

MG-ACC  {Rjt  =  100) 

203.5MI2S 

211.460/21 

754.450/64 

705.000/41 

HBM-ACC  {Rjt  =  100) 

188.400/42 

197.833/35 

307.480/55 

349.930/52 

MG-ACC  (Rjt  =  300) 

1023.550/169 

1030.670/100 

3311.800/278 

2590.820/149 

HBM-ACC  (Rjt  =  300) 

1025.740/275 

1300.045/230 

973.970/175 

1009.500/150 

Table  5.  Study  of  multigrid-like  solvers  for  transitioning  from  plane  stress  to  3-D  models.  Pinched  cylinder 
modeled  with  12  (H2AMS)  elements,  multigrid-like  solver  MG-ACC  with  2  Gauss  Seidel  smoothing 


Element 

NDOFS 

Direct 

2D-3D 

Recomputed 

H3RAMS  iq  =  3) 

2407.780 

1809.54/55 

1753.990/41 

H3SOL  (q  =  3) 

2407.780 

1578.69/48 

1811.140/46 
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Scordeiis-Lo  roof  I  element 


H3SOL(^=l) 


o  Lagrange  \ 

□  Blending  ^ 

- _ 1 _ \ _ ! _ ^ ^ _ 

9.8  63.1  lOO.O  153.5  251.2  398.1 

_ Scordelis-Lo  roof  I  element _ 

H3RAMS  ((/=!) 


Scordelis-Lo  roof  4  elements 


H3SOL(^=l) 


3.2-0  Lagrange  \ 

o  Blending 

,.ol - 1 - 1 - 1 - 1 - ^ ^ - L. 

31.6  50.1  79.4  125.9  199.5  316.2  501.2  794.: 

Scordelis-Lo  roof  4  elements 
- 

H3RAMS  (^=1) 


o  Lagrange  \ 

a  Blending  W 

i  -  --l _ ^ _ ! _ 1 _ ! _ !_ 

15.8  25.1  39.8  63.1  100.0  158.5  251.2 

Degree  of  freedom 

_ Pinched  cylinder  1  element _ 

^  H3SOL((/=l) 


o  Lagrange 
□  Blending 


Pinched  cylinder  I  element 


o  Lagrange  \ 

□  Blending  ^ _ _ 

qI  I  I _ I _ I _ I _ I - L_ 

*31.6  50.1  79.4  125.9  199.5  316.2  501.2  794.3 

Degree  of  freedom 

_ Pinched  cylinder  4  elements _ 

Q _  H3SOL  ((?=!) 


H3RAMS  ((?=1) 


50.1  -  0  Lagrange  Q 

□  Blending 

39  8  I - - ! - 1 - ^ - \ - ^ - ! - 

63.1  79.4  100.0  123.9  158.5  199.5  251.2  316.2  396.1 
Pinched  cylinder  4  elements 

100.0 - - 

H3RAMS  (</=l) 


o  Lagrange 
□  Blending 


39.8  63.1  100.0 

Degree  of  freedom 


o  Lagrange  “ 

•  □  Blending 

iJ  »  -1 _ I _ 1 _ 1 - 1 - ! - 

*31.6  50.1  79.4  125.9  199.5  316.2  501.2  794.3 

Degree  of  freedom 


Fig.  6.  Experimental  rates  of  convergence  for  various  elements  with  progressive  (Lagrange)  and  fixed 

(blending)  geometry. 
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100.0 


lOO.O 


Regular  mesh  (/i -method) 
Disioned  mesh  a  (/t -method) 
Distorted  mesh  b  (/i -method) 
Regular  mesh  (p -method) 
Distorted  mesh  -method) 


10000.0 

Typical  /t- method  mesh  (a)  ^ 

1.0 


-5.0- 


Typical /t- method  mesh  tb)  j 

- 5,0 - -<T 

o  Regular  mesh  (/i- method) 

*  Di.storted  mesh  a  {/t -method) 
—  Distorted  mesh  b  (/i -method) 
a  Regular  mesh  (p -method) 

A  Distorted  mesh  (p -method) 


316.2  lOOO.O  3162.3 
Degrees  of  freedom 


1 0000.0 


Fig.  7.  Effect  of  mesh  distortion  on  /?-  and  p-versions  of  finite  element  method. 


inplane  and  transverse  directions,  respectively,  where 
(Pi,Pz)  are  the  polynomial  orders  of  the  integrand  in 
inplane  directions  and  q  is  the  polynomial 

order  in  transverse  direction  Selection  of  integers 


/  and  m  is  dictated  by  the  variation  of  the  metric 
tensor  dx^jd^^  in  inplane  and  transverse  directions 
respectively.  For  example,  in  case  of  constant  inplane 
Jacobian  fthe  pinched  cylinder)  we  used  /  =  I,  m  =  0 


Pinched  cylinder  modeled  with 
16  (H3RAMS)  elements  (^=  I ) 


Line  pinched  cylinder 


CPU  lime  (s) 

Three  cylinder  a.sscmbly  modeled 


Three  cylinder  assembly 


31.6  50.1  79.4  125.9  199.5  316.2  501.2  794.3 

CPU  time  (s) 


«l  =  l00.0ft 
/?2=:200.0ft 
£=3.0*i0c6 
Poisson  ratio =0.3 
Self  weights  lOOO.O 


Fig.  8.  Effect  of  selective  refinement  on  rates  of  convergence. 


208 


Jacob  Fish  and  Ravi  Guttal 


<n 


<N 

X 


Fig.  9.  Factors  enhancing  computational  efficiency  of  /7-method. 


and  /  =  2,  m  =  1  for  the  case  of  variable  inplane 
Jacobian  (frustum  of  the  cone). 

In  case  of  HAMS  elements  the  order  of  interpolat¬ 
ing  Legendre  polynomials  is  selected  such  that  their 
polynomial  order  does  not  exceed  the  maximum 
polynomial  order  of  the  basis  functions  to  ensure 
effectivity  of  selective  polynomial  order  reduction.  On 
the  other  hand  for  lower  order  blocks  the  polynomial 
order  of  Legendre  polynomials  is  selected  the  same  as 
for  displacement  based  elements  to  partially  preserve 
hierarchiality.  Thus  the  order  of  Legendre  poly¬ 
nomials  for  HAMS  element  is  defined  using  the 
following  rule: 

•  For  a  given  integrand  with  polynomial  orders 

iPi.  q) 


The  inplane  polynomial  order  of 

I  otherwise 


(50) 


The  order  of  Legendre  polynomials  in  transverse 
direction  is  selected  as  ^  -h  m. 


•  The  number  of  inplane  integration  points  is 
selected  as  /7®"-r  L  and  1  in  transverse 

direction. 


It  is  evident  from  Figs  1*4  that  among  the 
displacement  (HSOL)  based  elements,  SDP  and 
HBLOCK  quadrature  schemes  are  computationally 
more  efficient  than  the  uniform  (UNIF)  quad¬ 
rature.  The  difference  between  HSOL-SDP  and 
HSOL-HBLOCK  is  not  significant  and  it  can 
be  deduced  that  for  displacement  based  elements 
SDP  and  HBLOCK  have  a  comparable  perfor¬ 
mance. 

Two  problems  are  considered  for  investigation  of 
linear  solution  procedures,  the  line  pinched  cylinder 
modeled  with  16  elements  (2432  dofs)  and  an  assem¬ 
bly  of  3  cylinders  under  dead  load  modeled  with  36 
elements  (5496.dofs),  12  in  each  segment  as  shown  in 
Fig.  5. 

In  Tables  1  and  2,  various  linear  iterative  solvers 
are  compared  with  the  direct  (LDU)  skyline  solver. 
An  attempt  to  determine  the  best  iterative  procedure 
for  the  two  problems  with  radius  to  thickness  ratio 
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100  {RJ  =  100)  has  been  made.  The  linear  solution 
methods  considered  are: 

•  MG-ACC  Multigrid  method  with  two  parameter 
acceleration. 

•  HBM-ACC  Hierarchical  Basis  Multigrid 
method  with  two  parameter  acceleration. 

•  MG-PCG  Multigrid  method  with  PCG  acceler¬ 
ation. 

•  HBM-PCG  Hierarchical  Basis  Multigrid  method 
with  PCG  acceleration. 

•  MG  Multigrid  method. 

•  HBM  Hierarchical  Basis  Multigrid  method. 

•  PCG  Pre-conditioned  Conjugate  Gradient 
method  with  Block  Preconditioner. 

•  Direct  LDU  skyline  solver. 

The  columns  in  Tables  I  and  2  represent  different 
levels  employed  in  the  iterative  procedure.  For 
example  (4, 6. 8)  has  3  levels  for  multigrid-like 
solvers,  the  coarse  level  corresponding  to  polynomial 
order  4  and  the  finest  level  being  polynomial  order  8. 
For  the  PCG  solver,  the  same  notation  implies  that 
the  preconditioner  has  3  blocks  corresponding  to 
polynomial  orders  (1— 4-),  (5,6)  and  (7.8).  For  the 
direct  solution  of  the  coarse  grid  stiffness  matrix  the 
modes  are  numbered  to  minimize  the  skyline  profile. 
This  is  accomplished  by  using  the  connectivity  be¬ 
tween  topological  entities  (vertices,  edges  and  faces) 
as  a  basis  for  mode  numbering. 

It  is  apparent  from  Tables  I  and  2  that  MG-ACC 
and  HBM-ACC  are  most  efficient  iterative  solvers 
among  the  various  iterative  solution  procedures  com¬ 
pared.  For  the  smaller  problem  with  16  elements 
(2432  dofs)  the  most  efficient  iterative  solver  has  been 
found  to  be  3  times  faster  than  the  direct  solver,  and 
for  a  moderately  larger  problem  with  36  elements 
(5496  dofs)  this  factor  has  been  increased  to  7.5.  This 
ratio  is  likely  to  increase  for  larger  problems  as  long 
as  the  thickness  to  span  ratio  is  not  decreased. 

On  the  other  hand  it  can  be  inferred  from  Table  3 
that  as  the  radius  to  thickness  (Rlt)  ratio  becomes 
larger  the  performance  of  the  iterative  procedures 
deteriorates,  due  to  increase  in  the  condition  number. 
Assuming  that  deterioration  in  conditioning  does  not 
affect  the  accuracy  of  direct  solution  due  to  round  off 
errors,  the  direct  solver  has  outperformed  the  itera¬ 
tive  procedures  for  very  thin  shells  {Rlt  =  300)  and 
{Rlt  =  1000). 

In  Table  4  the  influence  of  various  popular  smooth¬ 
ing  procedures  (GS — Gauss  Seidel  and  JPCG — 
Jacobi  pre-conditioned  conjugate  gradient)  on  the 
performance  multigrid-like  solvers  (MG-ACC  and 
HBM-ACC)  is  examined.  The  influence  of  number  of 
smoothing  iterations  is  also  studied.  The  experiments 
are  conducted  on  the  line  pinched  cylinder  problem 
modeled  with  16  elements  with  Rjt  =  100  and 
Rlt  =  300.  For  either  of  the  multigrid  procedures  one 
Gauss  Seidel  (GS-l)  smoothing  has  been  found  to  be 
optimal  in  term  of  CPU  time. 


Figure  5  depicts  the  rate  of  convergence  of  various 
elements  for  the  pinched  cylinder  and  the  3  cylinder 
assembly  problems.  Percentage  relative  error  in  the 
energy  norm  is  plotted  vs  the  total  CPU  time  required 
to  solve  the  problem.  SDP  quadrature  scheme  for 
intesration  of  element  stiffness  matrices  and  the  best 
solution  procedure  for  a  given  polynomial  order  are 
adopted  for  ail  elements.  It  is  evident  that  H2AMS 
and  H3AMS  have  the  best  performance  in  degener¬ 
ated  and  3-D  categories,  respectively. 

In  Table  5  we  study  the  performance  of  multigrid 
solver  (MG-.ACC)  for  the  case  where  the  coarse  mesh 
represents  the  state  of  plane  stress  ip  =  \) 

while  the  fine  mesh  represents  3-D  model  with 

=  8.  ^/  =  3).  The  coarse  grid  relaxation  parameter 
is  used  for  efficient  coarse  grid  correction.  Alterna¬ 
tively.  one  can  recompute  and  factorize  the  stiffness 
matrix  corresponding  io  q  =  I  with  a  3-D  constitutive 
model  and  then  incorporate  it  for  a  coarse  grid 
correction.  For  a-relatively  small  problem  considered 
(12  elements.  2208  dofs  for  ^  =  1)  no  significant 
difference  in  terms  of  CPU  time  has  been  found 
between  the  tw’o  methods.  Numerical  experiments 
indicate  that  HBM-.ACC  is  not  particularly  well 
studied  for  transitioning  between  different  math¬ 
ematical  models. 

A  comparison  of  rate  of  convergence  for  elements 
with  progressive  geometry  and  fixed  geometry  is 
depicted  in  Fig.  6.  Progressive  geometry  mapping  is 
carried  out  using  Lagrange  polynomials,  the  order  of 
the  Lagrange  polynomials  match  that  of  the  interp¬ 
olation  functions.  Blending  mapping  functions  are 
used  for  fixed  geometry  mapping.  It  is  well  known 
that  for  lower  order  elements  the  super-parametric 
formulation  degrades  the  element  performance,  since 
the  rigid  body  modes  are  not  represented  exactly.  It 
can  be  seen  that  for  higher  order  elements  both 
approaches  possess  similar  convergence. 

The  effect  of  mesh  distortion  is  shown  in  Fig.  7.  It 
is  evident  that  mesh  distortion  degrades  the  perform¬ 
ance  of  both  p-  and  /i-versions  of  finite  element 
method,  although  the  /7-version  was  found  to  be 
somewhat  less  sensitive  to  mesh  distortion. 

The  influence  of  selective  polynomial  escalation  is 
studied  in  Fig.  8.  For  all  numerical  examples  con¬ 
sidered  the  value  of  parameter  y  in  Eq.  (49)  was 
selected  between  0.0 1  and  0.02.  In  general  selective 
polynomial  escalation  leads  to  higher  rates  of  conver¬ 
gence. 

7.  SUMMARY,  CONCLUSIONS  AND  FUTURE  WORK 

Research  efforts  have  been  made  to  optimize  the 
computational  efficiency  of  the  /? -method  for  shell 
analysis.  A  new  quadrature  scheme  and  a  family  of 
hierarchical  assumed  strain  based  shell  elements  have 
been  introduced.  Various  linear  iterative  procedures 
have  been  examined  for  their  suitability  to  solve 
linear  system  of  equations  resulting  from  hierarchic 
shell  formulation.  The  key  factors  enhancing  the 
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Fig.  10.  Experimental  comparison  of  computational 
efficiency  of  h  and  p  versions  of  finite  element  method. 


computational  efficiency  of  the  /^-method  are  sum¬ 
marized  in  Fig.  9  in  chronological  order  for  the 
problems  considered.  It  can  be  seen  that  even  for  a 
small  problem  (2944  dofs)  a  reduction  of  the  total 
CPU  time  by  a  factor  of  6.85  has  been  achieved.  For 
a  relatively  large  problem  of  3  cylinder  assembly  this 
factor  increases  to  8.8. 

Considerable  speed  up  can  be  obtained  using  par¬ 
allel  architectures.' All  the  element  level  computations 
including  dot  product  integral  decomposition  as  well 
as  selective  polynomial  order  escalation  are  com¬ 
pletely  parallelizable.  The  multigrid  like  methods 
require  evaluation  of  inner  products,  matrix-vector 
products  and  factorization  of  coarse  level  stiffness 
matrix.  The  latter  is  bottleneck  to  parallelism,  and 
thus  in  a  parallel  computing  environment,  it  may  be 
more  efficient  to  evaluate  approximation  to  it.‘^ 

In  Fig.  10  we  compare  /i-  and  -versions  of  finite 
element  analysis  for  the  two  shell  problems,  line 
pinched  cylinder  and  an  assembly  of  3  cylinders  with 
a  square  cut  out  in  each  cylinder.  Assumed  strain 
elements,  9  node  ANS  for  A-method^®  and  H2AMS 
for  /? -method,  have  been  used.  Relative  error  in 
energy  norm  is  plotted  vs  the  total  CPU  time.  For  the 
reference  solution,  96  and  64  element  meshes  with 
/?  =  8  have  been  considered  for  the  3  cylinder  assem¬ 
bly  and  pinched  cylinder  problems  respectively.  Both 
h-  and  -methods  have  comparable  performance, 
although  the  p-method  with  relatively  larger  number 
of  elements  (16  elements  for  line  pinched  cylinder  and 
216  for  3  cylinder  assembly)  and  lower  maximum 
polynomial  order  seems  to  perform  better 


than  a  more  traditional  approach  with  smaller 
number  of  elements  but  larger  maximum  polynomial 
order  Nevertheless,  the  differences  are 

insignificant,  and  thus,  superiority  claims  on  the  basis 
of  the  few  problems  considered  in  the  paper  are 
premature. 

Future  research  efforts  will  be  concentrated  in  the 
following  five  areas: 

1.  Develop  a  priori  (based  on  estimated  condition¬ 
ing-^)  and  a  posteriori  (based  on  the  perform¬ 
ance  of  iterative  process-^)  estimators  aimed  at 
predicting  optimal  solution  procedures  and 
their  strategy, 

2.  Reducing  the  sensitivity  of  iterative  solvers  to 
thickness/span  ratio  by  isolating  and  solving 
directly  bending  dominated  lower  frequency 
behavior. 

3.  Study  of  h-p  assumed  strain  formulation  for 
shells  with  selective  polynomial  order  escala¬ 
tion. 

4.  Extension  of  hierarchical  shell  formulation  to 
laminated  composites. 

5.  Developement  of  pre-  and  post-processing 
capabilities  for  higher  order  hierarchical  shell 
elements. 
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ABSTRACT 

An  accelerated  multigrid  method,  which  exploits  shell  element  formulation  to  speed  up 
the  iterative  process,  is  developed  for  inherently  poor  conditioned  thin  domain  problems 
on  unstructured  grids.  Its  building  blocks  are:  (i)  intergrid  transfer  operators  based  on  the 
shell  element  shape  functions,  (ii)  heavy  smoothing  procedures  in  the  form  of  Modified 
Incomplete  Cholesky  factor,  and  (iii)  various  two-  and  three-parameter  acceleration 
schemes.  Both  the  flat  shell  triangular  element  and  the  assumed  strain  degenerated  solid 
shell  element  are  considered.  Numerical  results  show  a  remarkable  robusmess  for  a  wide 
spectrum  of  span/thickness  ratios  encountered  in  practical  applications. 


1.0  Introduction 

This  paper  focuses  on  development  of  efficient  iterative  solvers  for  a  linear  system  of 
equations  arising  from  the  finite  element  discretization  of  large  scale  shell  structures.  On 
one  hand,  iterative  methods,  such  as  preconditioned  conjugate  gradient  (PCG)  and  multi¬ 
grid  (MG),  offer  the  promise  of  substantially  reducing  operations  and  storage  require¬ 
ments  for  large  scale  systems,  but  on  the  other  hand,  they  are  not  weU  suited  for  inherently 
poor  conditioned  thin  domain  problems,  such  as  thin  shells. 

It  is  often  assumed  that  for  well  conditioned  three-dimensional  problems  the  number 
of  degrees-of-freedom  for  which  the  conjugate  gradient  method  requires  the  same  amount 
of  CPU  time  as  the  direct  method  is  in  the  neighborhood  of  500,  while  a  breakeven  prob¬ 
lem  size  for  the  multigrid  method  is  approximately  double  [1],  [2].  There  is  no  doubt  that 
the  breakeven  problem  size  for  shells  will  move  upwards  as  the  span/thickness  ratio 
increases.  This  paper  attempts  to  assess  the  balance  between  a  problem  size  and  a  thick¬ 
ness/span  ratio  that  will  justify  the  use  of  either  iterative  or  direct  solvers. 

We  focus  on  the  accelerated  multigrid  method  for  shells,  which  offers  the  advantage  of 
possessing  an  asymptotically  optimal  rate  of  convergence  with  linear  complexity,  i.e., 
computational  work  for  achieving  a  prescribed  accuracy  is  proportional  to  the  number  of 
discrete  unknowns.  It  is  important  to  note  that  the  overhead  involved  in  automatic  mesh 
generation  of  the  hierarchy  of  auxiliary  surface  meshes  needed  for  multigrid  applications 
is  relatively  small  in  comparison  to  the  total  solution  time  for  large  thin  domain  problems, 
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where  a  breakeven  problem  size  might  be  very  high. 

Since  the  pioneering  work  of  Fedorenko  [3]  in  1962,  multigrid  literature  has  grown  at 
an  astonishing  rate.  A  cumuladve  review  of  the  technical  literature  may  be  found  in  the 
Multigrid  Bibliography  [4],  which  is  periodically  updated.  Applications  of  unstructured 
multigrid  method  have  been  typically  concentrated  in  fluid  mechanics,  with  very  few 
attempts  in  solid  mechanics  [1],  [5],  [6],  [7],  [8],  [9].  To  our  knowledge  this  is  one  of  the 
first  attempts  aimed  at  investigating  the  usefulness  of  the  multigrid  method  for  solving  a 
system  of  discrete  equations  arising  from  the  finite  element  discretization  of  shells.  The 
noteworthy  exceptions  are  the  PCG  method  with  incomplete  blockwise  factorization  pre¬ 
conditioner,  which  can  be  interpreted  as  a  nested  two-grid  method[10],  and  the  application 
of  the  multigrid  method  to  hierarchical  shell  systems  (p-method)  [11],  where  the  multi¬ 
grid-like  solvers  are  most  natural  due  to  the  simplicity  of  intergrid  transfer  operators, 
which  are  simply  identity  operators. 

One  of  our  key  goals  is  to  examine  the  influence  of  various  formulations  of  the  pri¬ 
mary  multigrid  elements,  such  as  coarse  grid  correction,  smoothing  or  relaxation  proce¬ 
dures,  intergrid  transfer  operators,  and  acceleration  schemes,  on  the  overall  performance 
of  the  iterative  process.  In  section  2,  we  examine  several  formulations  of  intergrid  transfer 
(prolongation  and  restriction)  operators  for  each  of  the  two  shell  theories:  (i)  flat  elements, 
formed  by  combining  a  plane  membrane  element  with  a  plate  bending  element,  and  (ii) 
degenerated  solid  elements  with  certain  kinematic  and  mechanical  assumptions  built  in.  In 
the  first  category  we  consider  the  18  degrees-of-freedom  flat  shell  triangular  element  [12], 
[13],  which  is  based  on  the  superposition  of  the  DKT  plate  element  [14]  and  the  mem¬ 
brane  element  with  drilling  degrees-of-freedom  [15],  while  the  curved  9-node  ANS  ele¬ 
ment  [16]  is  used  as  a  representative  of  the  second  category. 


2.0  The  Multigrid  Algorithm 

As  a  prelude  to  subsequent  derivations  we  briefly  outline  the  basic  two-grid  algorithm  for 
solving  a  linear  systems  of  equations  resulting  from  the  finite  element  discretization 

^AB^B  ~  ^B 

where  capital  subscripts  are  reserved  for  degrees-of-freedom  m  the  source  grid.  Tensorial 
convention  is  employed  with  summation  over  the  repeated  indices. 

The  two-grid  method  summarized  below  Is  an  Iterative  process  that  resolves  higher  fre¬ 
quency  response  of  the  system  by  means  of  relaxation  methods,  while  the  remaining 
smooth  components  of  the  solution  are  captured  on  the  auxiliary  coarse  grid. 

•  Starting  from  the  source  (fine)  grid  approximation  ,  which  is  obtained  at  the  end  of 
cycle  i ,  perform  typically  one  or  two  pre-smoothing  iterations  to  smooth  out  high  fre¬ 
quency  components  of  the  error  and  evaluate  the  fine  grid  residual 

•  Restrict  the  residual  from  the  fine  grid  to  the  auxiliary  coarse  grid 

"a  =  QaA^A 


(2) 


where  lower  case  subscripts  denote  the  degrees-of-freedom  in  the  auxiliary  coarse  grid 
and  is  the  restriction  operator 

•  Compute  the  coarse  grid  correction 

(3) 

where  is  the  coarse  grid  stiffness  matrix  obtained  either  directly  on  the  auxiliary 
coarse  grid  or  by  restricting  the  fine  grid  stiffness  matrix 


^ab  ~  QaA^AB^Bb  (4) 

The  solution  of  Equation  (3)  can  be  carried  out  by  a  direct  solver,  or,  if  this  is  still  too 
expensive,  by  introducing  another  coarser  auxiliary  grid  and  using  one  or  more  cycles 
of  the  two-grid  algorithm. 

•  Prolongate  the  displacement  correction  from  the  coarse  grid  to  the  fine  grid  and  update 

dB^d^  +  cnQgb^db  (5) 

where  is  termed  as  prolongation  operator  related  to  the  restriction  operator  by 

[CaJ  =  \p-bm  '  CO  is  a  coarse  grid  relaxation  parameter,  which  minimizes 
^ergV  functioial  along  the  prescribed  direction  Mq  =  Qgi,Adi^ .  Note  that  co  =  1  for 
two  grid  problems,  where  the  coarse  grid  stiffness  matrix  is  obtained  by  restriction  (4); 
otherwise. 


CO 


^dc^CA^A 


(6) 


•  Perform  post-smoothing  operations^  starting  with  the  updated  solution  on  the  fine  grid 
to  obtain  a  new  approximation  d^^ 

•  Accelerate  the  multigrid  cycle  using  two-parameter  scheme: 


4^  ^  <=  4 + «[  4^  ^  -  4j + p[4  -  4’  (7) 

where  a  and  P  are  step  sizes  (in  the  corresponding  search  directions)  selected  on  the 
basis  of  minimizing  the  energy  functional.  The  alternative  acceleration  scheme  in  the 
form  of  conjugate  gradients  is  briefly  described  in  section  4. 

•  Check  convergence.  If  necessary,  start  a  new  cycle. 


The  building  blocks  of  the  accelarated  multigrid  algorithm,  including  (i)  the  intergrid 
transfer  operators,  (ii)  smoothing  schemes,  (iii)  coarse  grid  correction  and  (iv)  accelera¬ 
tion,  will  be  investigated  in  the  subsequent  sections. 
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3.0  The  Intergrid  Transfer  Operators  for  Shells 

3.1  Flat  shell  triangular  element 

We  consider  an  18  degrees-of-freedom  fiat  shell  triangular  element  [12],  [13],  which  is 
based  on  the  superimposition  of  the  DKT  plate  element  [14]  and  the  membrane  plane 
stress  element  with  drilling  degrees-of-ffeedom  [15],  subsequently  to  be  referred  to  as  the 
Discrete  Membrane  Triangle  (DMT). 

3.1.1  The  DKT  Plate  Bending  Element 

The  DKT  plate  bending  element  is  a  Discrete  Kirchhoff  Triangle  which  satisfies  the 
Kirchhoff  hypothesis  at  some  discrete  points  within  the  element.  For  element  formulation 
we  refer  to  [14].  In  this  section  we  briefly  outline  only  those  element  formulation  details 
which  are  relevant  to  the  construction  of  intergrid  transfer  operators. 

Let  and  P2  rotations  of  the  normal  to  the  midsurface  in  the  local  element 

coordinate  system  and  {d.}  =  [w,  0  0  w,  0  0  w,  0  0  be  the  nodal  degrees-of- 
freedom  of  the  element  corresponding  to  out-of-plane  displacements  and  midplane  rota¬ 
tions,  which  are  related  by  the  set  of  shape  functions  and  described  in  Appendix 
A. 

P  P 

P2  =  ^a'^d  . sum  on  a'  =  [1.9]  (8) 

where  the  prime  on  the  subscript  denotes  the  quantities  with  respect  to  the  element  local, 
coordinate  system. 

Let  be  the  coordinates  of  the  node  in  the  source  mesh,  which  lies  within  one  of  the  aux¬ 
iliary  coarse  mesh  elements.  Then  the  nodal  rotations  in  the  source  mesh  can  be  found 
directly  from  (8) 

a  a 

®  1  =  ~^d  ^d  (^a)  =  ^d  (^a)  . ^ 

Unfortunately,  for  the  DKT  element  the  transverse  displacement  w  in  the  interior  of  the 
element  is  not  defined  [14],  since  the  transverse  shear  energy  is  neglected  in  the  element 
formulation  and  therefore  auxiliary  interpolation  function  for  w  needs  to  be  constructed. 
We  assume  that  w  is  a  quadratic  field,  with  shape  functions  corresponding  to  three  vertex 
and  three  midside  modes.  The  midside  translations  and  are  found  using  the 

cubic  variation  of  w  along  each  side  (see  Appendix  A),  which  yields 


.sum  on  d  =  [1.9] 


(10) 


3.1.2  The  DMT  Membrane  Element 


The  Discrete  Membrane  Triangular  (DMT)  shell  element  is  a  9  degrees-of-freedom  plane 
stress  element,  which  interpolates  the  in-plane  translation  field  and  v  in  terms  of  in¬ 
plane  translations  and  drilling  rotations  at  the  element  vertices 


V  =  H.d.. 
a  a 


..sum  on  a'  =  [1,9] 


(11) 


Uj  0, 


,  V,  02^  Uj  Vj  02_  is  the  nodal  displacement  vector,  and  are 


where  {d^.}  = 

the  corresponding  shape  functions  described  in  Appendix  A. 


As  in  the  DKT  element  where  the  transverse  displacement  field  is  not  defined,  in  the  DMT 
a  similar  situation  exists  for  the  rotational(drilling)  field  with  respect  to  the  normal  to  the 
element  plane.  We  will  construct  a  linear  interpolation  for  drilling  degrees-of-freedom. 


3.1.3  The  Intergrid  Transfer  Operators  For  DKT+DMT  Shell  Element 
Based  on  (9),  (10),  (11)  and  (12),  and  after  proper  assembly  we  obtain 

(12) 

in  which  and  d^.  are  local  nodal  vectors  in  the  source  and  auxiliary  meshes,  respe- 
tively 

d^.  =  v^,  9;,,,  03^]  </„,  =  \u^  9j„.  8^^.  03  j  (13) 

A  Similar  relation  can  be  constructed  for  nodal  vectors  given  in  the  global  coordinate  sys¬ 
tem 


d.  =  Q,  d 

/4  ^Aa  a 


where 


(14) 


~  AA'Q A' a'"^ aa . summation  over  the  underlined  indices  (15) 

Taa'  and  are  local-to-global  orthogonal  transformation  matrices  in  the  source  and 
au^ary  meshes,  respectively. 

Remark  1:  An  alternative  to  the  prolongation  operator  defined  on  the  basis  of  the  eilftmpiir  shape  functions 
(8)-(  16)  one  can  simply  employ  a  linear  interpoladon  for  translational  and  rotational  degrees-of-freedom 
using  classical  constant  strain  triangle  shape  functions,  but  as  will  be  shown  in  section  5.  the  efficiency  will 
suffer. 

Remark  2:  hi  order  to  construct  the  intergrid  transfer  operator  given  in  (15)  for  general  unstructured 
(unnested)  grids  it  is  important  to  employ  an  efficient  method  for  collecting  and  interpolating  information 
from  one  grid  to  another.  The  goal  is  to  find  in  which  coarse  grid  element  each  fine  grid  node  lies  as  well  as 
fine  grid  local  coordinates  in  the  coarse  element.  This  operation  can  be  easily  accomplished  by  looping  over 
all  fine  grid  nodes  and  coarse  grid  elements,  in  which  case  the  search  procedure  may  overshadow  the  entire 


5 


computational  cost.  A  more  economical  procedure  can  be  obtained  by  introducing  the  background  grid  [17]. 
For  uniformly  shaped  source  grids,  the  background  grid  consists  of  equally-sided  brick  elements  filling  the 
rectangular  frame  encompassing  the  entire  problem  domain.  The  total  number  of  bricks  in  the  background 
grid  is  taken  to  be  equal  to  the  number  of  elements  in  the  auxiliary  coarse  grid.  The  search  algorithm  consists 
of  two  steps:  (i)  For  each  point  in  the  source  grid,  determine  in  which  brick  element  in  the  background  grid 
it  lies.  Store  the  brick  number  and  count  the  number  of  source  grid  points  in  each  brick,  (ii)  For  each  element 
in  the  auxiliary  coarse  grid,  determine  which  bricks  in  the  background  grid  it  covers  and  check  if  the  corre¬ 
sponding  source  grid  points  lie  within  this  element;  if  they  do,  calculate  the  local  coordinates:  if  not,  proceed 
to  the  next  element. 


3.2  The  ANS  Shell  Element 

The  ANS  shell  is  based  on  a  Mindlin/Reissner-like  (C°  continuous)  degenerated-solid 
shell  formulation  with  assumed  natural  strain  formulation  aimed  at  circumvent  locking 
and  reduce  distortion  sensitivity  [16]. 

The  displacement  field  of  the  ANS  element  is  of  the  classical  degenerated  solid  type 


u  (5, 11,0  =  f 

a  -  I 


(16) 


where  S^are  nodal  translations  at  the  reference  surface;  ^aV^al'^al  orthonormal 
fiber  basis  vector  at  node  a ,  defined  so  that  ^3  is  normal  to  the  plane  and  ^2 
close  as  possible  to  the  T)  coordinate  directions;  0^p  0^2  rotations  of  the  fiber  about 
the  basis  vectors^p^2>  respectively;  is  the  thicimess  of  the  shell  at  node  a; 
(^.  n)  the  in-plane  Lagrangian  shape  functions. 

The  prolongation  operator  for  the  translational  degrees-of-freedom  can  be  directly 
obtained  from  the  above  Lagrangian  shape  functions 


(x^)  5^ . sum  on  a  =  [1.9] 


(17) 


To  construct  the  prolongation  operator  for  the  rotational  degrees-of-freedom,  we  first  eval¬ 
uate  the  relative  displacement  in  the  source  mesh 


Au(x.)  =  u°^  {x.) -u°\x.)  = 


Aw. 


a  =  i 


which  is  then  transformed  into  a  local  element  coordinate  system 


Aii^ix^) 

Au2  (x^) 

i 

'Alx  ^Ai.y  i 
'A2,.r  ^A2,y  ^A2,, 


Au^ 

Au, 

(19) 
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where  P  =  1,  2  is  a  free  index,  and  summation  over  repeated  indices  over  k  =  1,  2,  3  is 
exercised.  Consequently  the  rotational  field  is  prolongated  as  follows: 


An,  (.r.)  0,,  0,, 

01  (-'a) - (-'a)  0«2 

An.(.r,)  0  0,, 

02  (-'a)  =  — =  -V/  (•':a)9a1+'V(-’^a)0„2 


,.sum  on  a  =  [1.9] 


(20) 


where  shape  functions  are  summarized  in  Appendix  B .  The  resulting  node-to-node  prolon¬ 
gation  operator  is  given  by; 


N^{x^)  0  0  0  0 

0  (x^)  0  0  0 

0  0  N^ix^)  0  0 

0  0  0  nI"  (x^)  ^x^) 

0  0  0  /v“”  (.!_,)  (A^) 


(21) 


Remark  3:  An  alternative  to  the  prolongation  operator  for  rotational  degrees-of-freedom  defined  on  the  basis 
of  the  element  shape  functions  (18)-(20)  is  to  employ  a  Lagrangian  interpolation  identical  to  the  one 
employed  for  translation  degrees-of-freedom  (18). 

Remark  4:  For  higher  order  ANS  meshes,  it  is  convenient  to  construct  an  auxiliary  mesh  from  lower  order 
ANS  elements.  For  example,  the  shape  functions  of  4-node  ANS  element  // '  (X^)  can  be  utilized  for 

prolongating  the  solution  from  9-node  ANS  elements.  Similarly,  9-node  elements  can  serve  as  an  auxiliary 
mechanism  for  16-node  elements,  and  etc. 

For  higher  order  elements  an  alternative,  which  exploits  the  fact  that  membrane  dominated  modes  are  of 
higher  frequency  than  those  of  bending,  will  be  tested.  By  this  approach  only  membrane  dominated  modes 
of  higher  order  elements  are  prolongated  using  lower  order  element  shape  functions,  whereas  bending  dom¬ 
inated  modes,  for  which  the  smoothing  process  is  usually  inefficient,  are  prolongated  tising  an  identity  oper¬ 
ator,  and  then  resolved  with  a  direct  solver.  Mode  separation  is  carried  out  in  the  locd  fiber  coordinate 
system,  which  requires  transformation  of  aU  global  quantities,  including  stiffness,  displacement  and  force 
vectors  from  the  global  to  the  local  fiber  coordinate  system. 

Remark  5:  It  is  important  to  note  that  in  the  case  of  assumed  strain  formulation,  restrictictfi  of  the  source  grid 
stif&iess  matrix,  QaA^AB^Bb '  ^  stiffness  matrix  of  the  coarse  grid  independently  recom¬ 

puted  even  though  the  meshes  are  nested.  This  is  because  the  assumed  strain  field  is  enhanced  by  projecting 
certain  undesirable  modes  from  the  symmetric  gradient  of  the  displacement  field.  Whether  it  is  more  compu¬ 
tationally  efficient  to  construct  the  auxiliary  coarse  mesh  stiffness  matrix  by  restriction  (eq.  (4))  or  by  recom¬ 
putation  and  coarse  grid  acceleration  (6)  will  be  investigated  in  sectiai  5. 


4.0  Acceleration  schemes 

For  ill-conditioned  problems  various  acceleration  schemes  are  essential  to  speed  up  the 
rate  of  convergence.  This  is  especially  true  for  thin  shell  problems,  where  the  auxiliary 


coarse  meshes  might  be  too  stiff  to  accurately  capture  the  lower  frequency  response  of  the 
source  problem.  However,  when  both  the  coarse  grid  correction  and  relaxation  solutions 
are  appropriately  scaled  the  speedup  is  often  astonishing,  by  a  factor  of  ten  and  more,  as 
evident  from  our  numerical  examples. 

We  start  by  describing  the  so-called  two-parameter  acceleration  scheme,  which  uses  the 
incremental  multigrid  cycle  as  a  search  direction,  and  subsequently  scales  it  to  minimize 
the  potential  energy  functional. 


Let  rg  be  the  residual  at  the  end  of  cycle,  i .  The  incremental  multigrid  solution  for  the 
next  cycle,  denoted  as  =  MG\  r^,  K^gj ,  is  used  as  the  predictor  in  the  two  parameter 
acceleration  scheme.  The  solution  in  the  correction  phase  is  then  updated  as  follows: 


i  +  i  i  i  ^  i  i 
Vn  =  a^o  +  p  V. 


,/  +1  ,/  i  + 1 


where  parameters  a  ,  P  j  are  obtained  by  minimization  of  the  potential  energy  func¬ 
tional 


If  ,/  i  i  oi  M  I  J  i  o*  M  (  ji  i  i  M 

Ad^  +  a  +  P  v^jK^B[<^g  +  azg  +  ^vgj-[d^  +  az^  +  ?,  ^  min  (24) 

a  .  0 


The  resulting  algorithm  of  the  two  parameter  acceleration  scheme  is  summarized  below; 
Step  1:  Initiation 


dl  =  0 


^B  ~  fB 


=  Mg[  r°,  K^g 


v°  =  0  yl  =  0 


-  K 

^B  ~  '^BC-C 


0  _ 

“  0  0 


p  =  0 


Step  2:  Do  i  =  0.  1.  2. ...  until  convergence 


1  I  I  I  I  I 

a'  ^  -^c-c 
P‘  ‘  Vb  -Vo 
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i+l  i  i  ( 

vg  =az^  +  ^vg 

(31) 

J +1  J  i+i 

(32) 

i+l  1  1  „i  i 

yg  =  a  -tg  + 13  >’g 

(33) 

i+l  /  £  +  1 

~  ^B~  y'B 

(34) 

(35) 

1 +  1  _  ^  J+l 
■'^B  ~  ^BC'C 

(36) 

Note  that  the  two  parameter  acceleration  scheme  requires  no 

additional  matrix-vector 

multiplication  and  for  thin  shells  its  benefit  clearly  overshadows  the  cost  involved  in  addi¬ 
tional  vector  product  evaluations. 

An  alternative  to  the  acceleration  scheme  described  in  equations  (26)-(37)  is  the  use  of  a 
multigrid  cycle  as  a  preconditioner  within  the  conjugate  gradient  method 


v‘;'  = 


(37) 


d 


i+  1 
B 


(38) 


where  the  parameters  a\  are  determined  from  the  line  search  and  K-onhogonal- 
=  0 ,  respectively. 


5.0  Numerical  examples  and  discussion 

Our  numerical  experimentation  agenda  includes  investigation  of  various  intergrid  transfer 
operators  described  in  section  3  as  well  as  other  multigrid  elements,  such  as  smoothing, 
coarse  grid  correction  and  acceleration. 

Two  problems  are  considered,  the  line  pinched  cylinder  with  end  diaphragms,  and  the 
assembly  of  three  cylinders  with  end  diaphragms  subjected  to  point  load.  Geometry,  load¬ 
ing,  boundary  conditions  and  material  properties  for  the  two  problems  are  given  in  Figures 
1(a)  and  1(b).  Uniform  and  graded  meshes  of  either  ANS  or  Flat  Shell  Triangular  (FST) 
elements  as  shown  in  Tables  1  and  2,  and  Figures  2  and  3  have  been  considered.  For  uni¬ 
form  meshes,  mesh  1  is  used  as  an  auxiliary  grid  for  mesh  3,  while  mesh  2  is  auxiliary  to 
mesh  4.  The  nodes  of  all  auxiliary  and  source  meshes  are  placed  on  the  exact  geometry, 
which  ensures  an  unnested  situation  for  curved  shell  structures.  All  numerical  examples 
were  conducted  for  five  different  radius/thickness  ratios:  50, 100,  200, 500  and  1(X)0.  Con¬ 
vergence  was  measured  in  terms  of  the  normalized  L2  -norm  of  the  residual  with  tolerance 
of  lOe-6.  Computations  were  carried  out  on  the  SPARC  10  workstation. 
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For  fiat  shell  triangular  element  meshes  four  different  formulations  of  intergrid  transfer 
operators  have  been  compared. 

Bsh-Msh  Bending  prolongated  using  DKT  element  shape  functions  (eqs.  (8)(10)); 

Membrane  displacements  prolongated  using  DMT  element  shape  functions 
(eqs.  (11)). 

Bln-Mln  Bending  prolongated  using  linear  field; 

Membrane  prolongated  using  linear  field. 

Bsh-Mln  Bending  prolongated  using  DKT  element  shape  functions  (eqs.  (8)(10)); 
Membrane  prolongated  using  linear  field. 

Bln-Msh  Bending  prolongated  using  linear  field; 

Membrane  displacements  prolongated  using  DMT  element  shape  functions 
(eqs.  (11)). 

Tables  3  and  4  compare  computational  efficiency  (measured  in  terms  of  CPU  time  and 
number  of  iterations)  of  various  intergrid  transfer  operators  for  the  two  test  problems. 
From  the  program  architecture  standpoint  the  use  of  linear  basis  for  prolongating  ail  the 
fields  (Bln-Mln)  is  very  attractive,  since  no  information  on  element  formulation  is  needed 
in  the  solution  process.  Nevertheless,  it  is  evident  from  tables  3  and  4,  that  the  computa¬ 
tional  efficiency  of  the  two-grid  method,  which  exploits  the  element  information  and  in 
particular  that  of  the  DKT  element  in  the  iterative  solution  process,  is  by  far  superior.  It 
can  be  seen  that  the  optimal  computational  performance  has  been  obtained  with  the  Bsh- 
Mln  version  of  the  prolongation  operator. 

In  the  case  of  9-node  ANS  elements  we  study  the  following  five  different  formulations  of 
the  intergrid  transfer  operators  defined  as: 

BiQ9  £-node  Bi-Quadratic  prolongation  for  midplane  displacements  and  rotations. 

Bi09Mr  9-node  ^-Quadratic  prolongation  for  midplane  displacements  (eq.  (18)). 

Midplane  rotations  are  extracted  from  displacements  (eqs.(19)(20)(21)). 

BiL4  4-node  Bi-Linear  prolongation  for  midplane  displacements  and  rotations,  i.e. 

4- node  elements  are  used  as  an  auxiliary  mesh  for  9-node  elements. 

MeBiL4  Bending  prolongated  using  an  identity  operator.  4-node  Bi-Linear  prolonga¬ 
tion  is  used  for  Membrane  only.  See  Remark  4. 

Bi09Re  9-node  ^-Quadratic  prolongation  and  restriction  operators  for  all  degrees- 
of-freedom.  Coarse  mesh  stiffness  matrix  Recomputed  and  coarse  grid  solu¬ 
tion  accelerated  using  equation  (6).  See  remark  5.  ■ 

Tables  5  and  6  compare  the  five  intergrid  transfer  operators  for  the  two  test  problems.  It  is 
evident  that  the  most  efficient  formulation  is  the  one  that  recomputes  the  coarse  grid  stiff¬ 
ness  matrix  (BiQ9Re),  i.e.,  the  stiffness  matrix  obtained  by  any  form  of  restriction  fails  to 
effectively  capture  the  lower  frequency  response  of  the  source  mesh.  This  is  not  surpris- 
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ing,  because  the  intergnd  transfer  operators  are  formulated  on  the  basis  of  shape  functions 
only,  and  do  not  reflect  the  enhanced  strain  field  of  the  assumed  strain  element.  The  inter¬ 
grid  transfer  operator,  which  is  based  on  bi-linear  prolongation  for  membrane  and  identity 
for  bending,  MeBiL4,  yields  fewer  cycles,  but  does  not  offer  savings  in  terms  of  the  over¬ 
all  performance  because  the  auxiliary  mesh  is  larger  and  thus  CPU  time  per  cycle  is 
longer. 

Comparing  results  in  Tables  3  and  4  with  those  in  Tables  4  and  5,  it  can  be  seen  that  a  gen¬ 
eral  trend  indicates  a  significantly  faster  rate  of  convergence  of  the  flat  shell  triangular  ele¬ 
ment.  Similar  observations  have  been  found  from  the  experiments  conducted  on  the  two 
and  three  level  graded  meshes  as  shown  in  Table  13. 

Tables  7  and  8  investigate  the  influence  of  acceleration  on  the  rate  of  convergence  in  the 
case  of  FST  and  ANS  meshes,  respectively.  It  can  be  seen  that  acceleration  significantly 
affects  the  rate  of  convergence  especially  as  the  span  thickness  ratio  increases.  The  two 
acceleration  schemes,  based  on  the  conjugate  gradient  method  and  minimization  of  poten¬ 
tial  energy  functional,  described  in  section  4  have  similar  performance  in  terms  of  number 
of  iterations  and  CPU  time. 


In  Tables  9  and  10  we  investigate  two  popular  smoothing  procedures  based  on  Gauss- 
Seidel  and  Modified  Incomplete  Cholesky  (MIC)  Factorization  [18]  with  0.05  diagonal 
scaling  for  stabilization  for  both  FST  and  ANS  meshes.  It  is  evident  that  for  thick  shells, 
the  two  smoothers  have  similar  computational  performance.  For  poor  conditioned  prob¬ 
lems  (span/thickness  ratio  over  500)  a  heavier  smoothing  procedure,  such  as  MIC,  is  the 
most  efficient,  by  far  outperforming  one  or  two  Gauss-Seidel  smoothing  iterations. 


6.0  Summary  and  conclusions 

Recent  years  saw  a  re-emergence  of  iterative  solvers  in  finite  element  structural  analysis 
due  to  increasing  demand  to  analyze  very  large  finite  element  systems.  However,  the 
major  obstacle  that  needs  to  be  overcome  before  iterative  solvers  can  be  routinely  used  in 
commercial  packages  is  circumventing  their  pathological  sensitivity  to  problem  condition¬ 
ing.  This  paper  presents  an  attempt  in  this  direction  in  the  form  of  an  accelerated  multigrid 
method  dedicated  for  inherently  poor  conditioned  thin  domain  problems,  which  exploits 
the  knowledge  of  the  finite  element  formulation  in  speeding  up  the  iterative  process. 

Tables  11-12  compare  the  performance  of  the  most  efficient  version  of  the  accelerated 
multigrid  method  developed  against  the  conjugate  gradient  method  with  Incomplete 
Cholesky  preconditioner  and  the  direct  solver  with  skyline  storage  for  the  two  problems 
and  the  two  types  of  elements  considered.  In  the  case  of  the  multigrid  solver,  the  CPU  time 
includes  the  overhead  involved  in  the  auxiliary  mesh  generation  and  the  data  transfer 
between  the  grids.  Results  show  remarkable  robusmess  of  the  accelerated  multigrid 
method  for  a  wide  spectrum  of  span/thickness  ratios  encountered  in  practical  applications 
as  opposed  to  the  MIC  preconditioned  conjugate  gradient  method.  Nevertheless,  superior¬ 
ity  claims  with  respect  to  direct  methods  are  premature  at  this  point  since  (i)  no  compari¬ 
sons  with  some  of  the  state-of-the-art  sparse  direct  solvers  [19]  have  been  carried  out,  and 
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(ii)  no  tests  were  conducted  on  large  scale  industry  problems.  Moreover,  we  would  like  to 
caution  that  for  linear  static  analysis,  any  form  of  the  multigrid  method  requires  for  each 
load  case  a  new  iterative  process  (except  for  the  stiffness  formadon,  restriction  and  factor¬ 
ization  on  the  coarse  grid),  whereas  in  a  direct  solution,  factorization  is  performed  only 
once,  and  each  load  case  requires  only  forward  reduction  and  back  substitution. 
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APPENDIX 

A.  Flat  Triangular  Shell  Element  Shape  Functions 

The  D^T  plate  ^lement  shape  functions  corresponding  to  the  rotational  degrees-of-ffee- 
domH^.  and  are  given  below  [14]; 

=  L5{a^N^-a^N^)  =  b^N^  +  b^N^ 

=  l.5{d^N^-d^N^)  (39) 

^2  =  -  A'l  +  =  -  (^5^5  +  W 

where  N-  are  standard  6-node  triangular  element  shape  functions,  and 


^3  - 


“t  =  -v'5 


k  A  ‘'ll 


4  u  u 


1  1  2  12',. 


4  y  2  ‘Jj 


i  2  2 

‘ij  =  ^a+yij 


,12  1  2^  ,,2 


yu  =  >',■  -  yj 


(40) 


where  k  -  4, 5,  6  for  the  sides  ij  =  23, 3 1, 12  respectively.  The  functions  h^'  ,  ,  hI'  ,  , 

hJ  ,  and  Hf  are  obtained  from  the  above  expressions  by  replacing  n.  by  /V,  and  indices  6 
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and  5  by  4  and  6,  respectively.  The  functions  ,  Wg' ,  ,  hI;  ,  ,  and  w,-  are  obtained 

by  replacing  by  and  indices  6  and  5  by  5  and  4,  respectively 

Following  construction  given  in  equation  (10)  the  out-of-plane  displacement  shape  func¬ 
tions  are  given  by 


H'l  =  i-^-n 

w  1 

^2  =  ](l-?-n)(-Vi2^  +  .V3iIl) 

w  1 

II 

^5  =  |^[-V23^+>’i2(^ 

^6  =  -^-n)] 

li 

^8  =  +y23^J 

where  ^  and  r]  are  the  area  coordinates. 

The  DMT  element  shape  functions  and  are  given  as  in  [15] 


=  1-^ 

/f“  = 

0 

^3 

=  ](!-?• 

-n)  (^Vi2-nv3i) 

< 

//“  = 

0 

^6 

-?-Tl)yi2  +  Tl}'23] 

n; 

=  T] 

^8  = 

0 

Hi 

=  in  [-5^: 

23+(1-'^-T1)V3i] 

=  0 

h; 

=  1-^- 

T1 

^3 

-n)  (-^i^i2  +  n'’^3i) 

=  0 

=  ^ 

II 

K)| 

1 

^-Tl).ri2-n.V23] 

=  0 

^8 

=  T] 

Hi 

=  ]n 

-(1  -  ^-T1)X3J 

0 

The  shape  functions  for  the  drilling  degrees-of-ffeedom  are  given  by 


(41) 


(42) 


(43) 
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=  N^-\(N,  +  N,) 

=  i(-'Vl2/4  +  'V5-'^23''4 


3fv  //^  ^;  /,2 

9  i ''^5^23  ^^23  ^6-^31  "^^31 


2(^4-’^12^^2  ■  ^6'^21'^hl 


12  ^s^v/hi 


=  N^--{N,^N^) 


?(-.V3X23/4+V3i/4 


^9  =^3-i(^  +  ^5) 

B.  Shape  Function  for  ANS  Shell  Element 

Interpolants  for  the  rotational  field  directly  follow  fi'om  equations  (19),  (20),  (21). 

*''A 


(-'a)  = 


=  -r'^«(42(i)^Ai,.  +  4(2) 


^1  ^Al, 
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TABLE  1.  Cylinder  Mesh  Information 


Mesh  Type 

Num.  Nodes  R  dir 

Num.  Nodes  Y  dir 

mesh  1 

21 

21 

mesh  2 

31 

31 

mesh  3 

41 

41 

mesh  4 

61 

61 

TABLE  2,  Three  Cylinder  Assembly  Mesh  Information 


Mesh  Type 

Num.  Nodes  R  dir 

Num.  Nodes  Y  dir 

mesh  1 

25 

25 

mesh  2 

31 

31 

mesh  3 

49 

49 

mesh  4 

61 

61 

TABLE  3.  Comparison  of  Intergrid  Transfer  Operators  for  Flat  Shell  Triangular  element  (Pinched 
cylinder  with  end  diaphragms  problem.  Incomplete  Cholesky  Smoothing,  2-parameter 
Acceleration) 


Mesh 

coarse/fine 

Intergrid 

Transfer 

tbicky'span 

1/50 

thick/span 

1/100 

thick/span 

1/200 

thick/span 

1/500 

thick/ span 
1/1000 

mesh  1/  3 

Bln-Mln 

119.8/ 19 

124.7/21 

139.3/28 

203.4/53 

302.5/99 

Bsh-Msh 

97.1/ 10 

99.3/  11 

119.8/ 19 

137.1/26 

181.4/43 

Bsh-Mln 

93.6/8 

101.8/9 

119.0/ 17 

139.5/26 

183.4/44 

Bln-Msh 

124.8/20 

128.0/21 

144.6/27 

210.2/53 

326.7/99 

mesh  2/  4 

Bln-Mln 

321.4/20 

317.4/20 

331.6/22 

386.3/31 

521.7/57 

Bsh-Msh 

278.2/  11 

281.2/11 

282.4/ 12 

326.6/ 18 

391.0/30 

Bsh-Mln 

257.3/8 

251.2/7 

265.7/ 10 

320.8/  18 

384.0/30 

Bln-Msh 

324.6/20 

325.8/20 

349.9/  22 

394.9/31 

564.2/57 

i 


TABLE  4.  Comparison  of  Intergrid  Transfer  Operators  for  Flat  Shell  Triangular  element  (Pinched 
Three  Cylinder  Assembly  with  end  diaphragms  problem.  Incomplete  Cholesky  Smoothing,  2- 
parameter  Acceleration) 


Mesh 

coarse/fine 

Intergrid 

Transfer 

thick/span 

1/50 

thick/span 

1/100 

thick/span 

1/200 

thick/span 

1/500 

thick;  span 
1/1000 

mesh  1/  3 

BLa-Mln 

213.8/ 19 

205.5/20 

214.6/22 

287.5/43 

559.0/  123 

Bsh-Msh 

181.0/ 10 

188.7/11 

184.9/ 13 

231.3/23 

402.8/  65 

Bsh-Mln 

165.4/  7 

168.8/9 

170.2/ 10 

217.1/23 

394.9/  68 

Bln-Msh 

229.1/  19 

226.2/  20 

221.3/24 

309.0/43 

648.2/  124 

mesh  2/  4 

1 

1 

j 

Bln- Min 

361.1/20 

369.4/20 

371.7/  22 

457.2/  37 

752.0/  88 

Bsh-Msii 

320.5/  11 

-  ■  1 

318.0/11 

338.9/  12 

395.2/21 

566.9/47 

Bsh-Mln 

298.0/  7 

304.5/  8 

344.2/ 10 

383.1/21 

564.5/47 

Bln-Msh 

393.0/  19 

385.5/20 

393.0/21 

480.7/  34 

860.5/90 

TABLE  5.  Comparison  of  Intergrid  Transfer  Operators  for  .ANS  Shell  element  (Pinched  cylinder 
with  end  diaphragms  problem.  Incomplete  Cholesky  Smoothing,  2-parameter  Acceleration) 


Mesh 

coarse/fine 

Intergrid 

Transfer 

thick/'span 

1/50 

thick/span 

1/100 

thick/span 

1/200 

thick/span 

1/500 

thick/span 

1/1000 

mesh  1/  3 

BiQ9 

297.9/ 14 

341.1/26 

423.0/51 

656.5/ 128 

1028.6/245 

BiQ9Mr 

306.8/  14 

353.9/26 

450.0/51 

748.0/  129 

1207.0/  247 

BiL4 

366.0/  19 

430.0/36 

569.6/72 

975.6/  176 

1581.0/328 

MeBiL4 

438.8/9 

467.1/  13 

645.6/21 

711.9/40 

747.4/66 

BiQ9Re 

270.6/ 10 

301.2/  16 

357.3/  30 

536.3/79 

975.9/  188 

mesh  2/  4 

BiQ9 

728.8/ 10 

775.0/  18 

905.7/  34 

1283.0/83 

1895.6/  167 

BiQ9Mr 

753.6/  11 

845.1/18 

%5.7/  34 

1413.6/84 

2153.8/  168 

BiL4 

929.1/ 13 

1056.0/24 

1260.8/48 

1993.3/ 121 

3160.6/242 

MeBiL4 

1401.1/8 

1450.6/ 10 

1453.4/  15 

1651.5/28 

1874.7/45 

BiQ9Re 

664.9/  8 

672.7/  12 

773.0/20 

1024.0/50 

1581.4/  111 

TABLE  6.  Comparison  of  Intergrid  Transfer  Operators  for  ANS  Shell  element  (Pinched  Three 
Cylinder  Assembly  with  end  diaphragms  problem.  Incomplete  Cholesky  Smoothing,  2-parameter 
Acceleration) 


Mesh 

coarse/fine 

Intergrid 

Transfer 

thick/span 

1/50 

thick/span 

1/100 

thick/span 

1/200 

thick/span 

1/500 

thick/span 

1/1000 

mesh  1/  3 

BiQ9 

449.8/  12 

490.6/22 

601.5/42 

867.9/  103 

1340.9/  200 

BiQ9Mr 

467.3/  12 

514.3/22 

618.1/43 

981.2/ 103 

1564.8/203 

BiL4 

772.3/48 

931.1/  80 

>300 

MeBiL4 

966.0/  38 

1126..7/59 

1350.7/  86 

BiQ9Re 

413.0/11 

456.5/  18 

521.7/  30 

835.6/77 

1365.1/  164 

mesh  2/  4 

BiQ9 

729.6/11 

762.6/  18 

972.8/  35 

1398.1/86 

1937.1/  164 

BiQ9Mr 

777.3/  11 

819.8/ 19 

982.3/  36 

1421.5/87 

2194.7/ 165 

BiL4 

1239.9/47 

1482.77/  70 

2141.3/ 140 

3739.6/292 

>300 

MeBiL4 

1802.0/39 

2033.9/54 

2468.5/92 

3543.3/  156 

3765.8/  186 

BiQ9Re 

681.2/ 10 

733.4/  14 

834.6/25 

1163.1/64 

1767.3/  131 

TABLE  7.  Comparason  of  acceleration  schemes  for  Flat  Shell  Triangular  element  (Pinched 
cylinder  with  end  diaphragms  problem.  Incomplete  Cholesky  Smoothing) 


Mesh 

coarse/fine 

^91 

thick/span 

1/50 

thick/span 

1/100 

thick/span 

1/200 

thick/span 

1/500 

thick;  span 
1/1000 

mesh  1/  3 

case  1 

119.4/11 

147.8/ 18 

232.7/37 

588.0/ 127 

1481.7/354 

case  2 

93.6/8 

101.8/9 

119.0/  17 

139.5/26 

183.4/44 

case  3 

92.5/8 

94.4/9 

113.8/ 17 

138.3/  26 

185.3/44 

mesh  2/  4 

case  I 

336.6/  14 

313.4/12 

392.2/20 

779.9/61 

1760.5/ 166 

case  2 

257.3/8 

251.2/7 

265.7/  10 

320.8/  18 

384.0/  30 

case  3 

250.1/8 

247.0/7 

265.0/ 10 

311.2/18 

384.0/  30 

Note:  case  1:  without  acceleration;  case  2;  two-parameter  acceleration;  case  3:  CG  acceleration. 


TABLE  8.  Comparason  of  acceleration  schemes  for  ANS  element  (Pinched  cylinder  with  end 
diaphragms  problem.  Incomplete  Cholesky  Smoothing) 


Mesh 

coarse/fine 

Accel. 

Type 

thick/span 

1/50 

thick/'span 

1/100 

thick/span 

1/200 

thick/span 

1/500 

thick/span 

1/1000 

mesh  1/  3 

case  1 

538.1/45 

2074.1/  159 

/>500 

/  >1000 

/>1000 

case  2 

297.9/ 14 

341.1/26 

423.0/51 

656.5/ 128 

1028.6/245 

case  3 

300.9/ 14 

336.9/26 

417.7/51 

674.5/ 128 

1054.5/245 

mesh  2/  4 

case  I 

1028.5/23 

1656.9/73 

4234/273 

/>1000 

/>1000 

case  2 

728.8/  10 

775.0/  18 

905.7/34 

1283.0/83 

1895.6/  167 

case  3 

716.0/ 10 

790.9/ 18 

937.6/34 

1290.8/83 

1929.5/  167 

Note:  case  1:  without  acceleration;  case  2:  two-parameter  acceleration;  case  3:  CG  acceleration. 
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TABLE  9.  Comparison  of  smoothing  procedures  for  Flat  Shell  Triangular  element  (Pinched 
cylinder  with  end  diaphragms  problem.  Two-parameter  acceleration) 


.Mesh 

coarse/fine 

Smoothing 

Procedure 

thick/span 

1/50 

thick/span 

1/100 

thick/spau 

1/200 

thicic'span 

1/500 

thick/span 

1/1000 

mesh  1/  3 

MIC 

93.6/  8 

101.8/9 

119.0/17 

139.5/26 

183.4/44 

IGS 

109.9/ 14 

114.5/16 

157.3/32 

340.8/  101 

697.1/235 

2GS 

106.4/9 

113.6/ 11 

144.1/ 18 

260.8/46 

544.6/114 

mesh  2/  4 

MIC 

257.3/8 

251.2/7 

265.7/  10 

320.8/  18 

384.0/30 

1  GS 

293.3/  14 

302.4/ 15 

344.9/21 

570.5/  57 

1215.0/ 160 

2GS 

295.5/9 

294.6/9 

328.5/  13 

459.6/28 

829.3/63 

TABLE  10.  Comparison  of  smoothing  procedures  for  ANS  element  (Pinched  cylinder  with  end 
diaphragms  problem.  Two-parameter  acceleration) 


Mesh 

coarse/fine 

Smoothing 

Procedure 

thick/span 

1/50 

thick/span 

1/100 

thick/span 

1/200 

thick/span 

1/500 

thkky'span 

1/1000 

mesh  1/  3 

MIC 

297.9/  14 

341.1/26 

423.0/51 

656.5/  128 

1028.6/245 

IGS 

371.8/32 

538.7/  82 

1092.8/  244 

/>300 

/>300 

2GS 

369.1/22 

521.4/47 

1060.7/ 140 

/>300 

/>300 

mesh  2/  4 

MIC 

728.8/  10 

775.0/ 18 

905.7/34 

1283.0/83 

1895.6/  167 

1  GS 

812.7/  22 

995.4/43 

1749.7/  136 

/>300 

/>300 

2GS 

809.4/ 14 

1032.5/29 

1732.4/  80 

/>300 

/>300 

T.ABLE  11.  Comparison  of  solution  methods  for  flat  shell  triangular  element  (Pinched  cylinder 
with  end  diaphragms  problem) 


Mesh 

coarse/fine 

S  lover 
Type 

thick/span 

1/50 

thicky'span 

1/100 

thick/span 

1/200 

thick/ span 
1/500 

thick;  span 
1/1000 

mesh  2/  4 

two-grid 

257.3/8 

251.2/7 

265.7/  10 

320.8/  18 

384.0/30 

PCG 

1088.7/427 

977.8/  372 

1231.1/485 

>500 

>500 

direct 

864.8 

TABLE  12.  CompansoQ  of  solution  methods  for  ANS  element  (Pinched  cylinder  with  end 
diaphragms  problem) 


Mesh 

coarse/fine 

Slover 

Type 

thick/span 

1/50 

thick/span 

1/100 

thick/span 

1/200 

thick/span 

1/500 

thick/span 

1/1000 

mesh  2/  4 

two-grid 

664.9/  8 

672.7/  12 

773.0/20 

1024.0/50 

1581.4/111 

PCG 

1580.7/314 

2170.8/474 

>500 

>500 

>500 

direct 

1490.3 

TABLE  13.  Comparison  of  solvers  for  graded  meshes  (Pinched  cylinder  with  end  diaphragms 
problem  with  thick/span  1/100.  Two-parameter  acceleration) 


Solver  Type 

FST 

.4NS 

two  grid  (2grd/  3grd) 

326.9/  8 

1701.7/53 

direct 

484.4 

2278.7 

three  grid  (lgrd/2grd/  3grd) 

326.8/20 

2846.4/ 163 

direct 

484.4 

2278.7 
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(b),  Ajuembly  of  three  cylinders  with  end  diaphragms 


FIGURE  1.  Geometry,  boundary  conditions,  material  properties 
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FIGURE  2.  Graded  mesh  information  (Flat  shell  trangular) 
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FIGURE  3.  Graded  mesh  informadoa  (Quadrilateral  shell  element) 
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ABSTRACT 

The  paper  presents  a  Generalized  Aggregation  Multilevel  (GAM)  solver,  which 
automatically  constructs  nearly  optimal  auxiliary  coarse  models  based  on  the  information 
available  in  the  source  grid  only.  GAM  solver  is  a  hybrid  solution  scheme  where 
approximation  space  of  each  aggregate  (group  of  neighboring  elements)  is  adaptively  and 
automatically  selected  depending  on  the  spectral  characteristics  of  individual  aggregates. 
Adaptive  features  include  automated  construction  of  auxiliary  aggregated  model  by 
tracing  “stiff’  and  “soft”  elements,  adaptive  selection  of  intergrid  transfer  operators,  and 
adaptive  smoothing. 

An  obstacle  test  consisting  of  nine  industry  problems,  such  as  ring-strut-ring  structure, 
casting  setup  in  airfoil,  nozzle  for  turbines,  turbine  blade  and  diffuser  casing  as  well  as  on 
poor  conditioned  shell  problems,  such  as  High  Speed  Civil  Transport,  automobile  body 
and  canoe,  was  designed  to  test  the  performance  of  GAM  solver.  Comparison  to  the  state 
of  the  art  direct  and  iterative  (PCG  with  Incomplete  Cholesky  preconditioner)  is  carried 
out.  Numerical  experiments  indicate  that  GAM  solver  possesses  an  optimal  rate  of 
convergence  by  which  the  CPU  time  grows  linearly  with  the  problem  size,  and  at  the  same 
time,  robustness  is  not  compromised,  as  its  performance  is  almost  insensitive  to  problem 
conditioning. 


1.0  Introduction 

The  performance  of  linear  solvers  in  terms  of  CPU  time  for  symmetric  positive  definite 

systems  can  be  approximated  as  CN^ ,  where  N  is  the  number  of  degrees-of- freedom,  and 
C,  P  are  solution  method  dependent  parameters.  The  major  advantage  of  direct  solvers  is 
their  robusmess,  which  is  manifested  by  the  fact  that  parameters  C  and  P  are  independent 
of  problem  conditioning  (except  for  close  to  singular  systems).-  Direct  solvers  are  ideal  for 
solving  small  up  to  medium  size  problems  since  the  constant  C  for  direct  methods  is  sig- 
nificandy  smaller  than  for  iterative  solvers,  but  becomes  prohibitively  expensive  for  large 
scale  problems  since  the  value  of  exponent  for  direct  solvers  is  higher  than  for  iterative 
methods.  To  make  direct  solvers  more  efficient  various  modifications  of  Gaussian  ehmina- 


tion,  which  store  and  compute  only  the  logical  nonzeros  of  the  factor  matrix  [1],  have  beer 
developed.  Nevertheless,  fill-inri  cannot  be  avoided  but  only  minimized  and  serious  con¬ 
sideration  of  iterative  methods  for  large  problems  is  a  virtual  reality. 

Recent  years  saw  a  re-emergence  of  iterative  solvers  in  finite  element  structural  analy¬ 
sis  due  to  increasing  demand  to  analyze  very  large  finite  element  systems.  Conjugate  Gra 
dient  method  with  a  single  level  preconditioner,  such  as  SSOR,  Modified  Incomplete 
Cholesky  (MIC),  Element-by-element  (EBE),  is  considered  by  many  commercial  finite 
element  code  developers  (ANSYS,  COSMOS,  ALGOR)  as  most  suitable  for  commercia 
applications.  The  value  of  exponent  P  for  CG  type  methods  with  a  single  level  precondi 
tioner  typically  ranges  between  1.17  to  1.33  [2]  depending  on  the  preconditioner,  whih 
the  value  of  constant  C  increases  with  degradation  in  problem  conditioning. 

Since  the  pioneering  work  of  Fedorenko  [3],  multigrid  literature  has  grown  at  an  aston 
ishing  rate.  This  is  not  surprising  since  the  muitigrid-like  methods  possess  an  optimal  rati 
of  convergence  among  the  iterative  techniques  P=l,  i.e.  computational  work  required  t( 
obtain  fixed  accuracy  is  proportional  to  the  number  of  discrete  unknowns.  The  principa 
idea  of  multigrid  consists  of  capturing  the  oscillatory  response  of  the  system  by  means  o 
smoothing,  whereas  remaining  lower  frequency  response  is  resolved  on  the  auxiliar; 
coarse  grid.  Nevertheless,  multigrid  methods  (or  multigrid  preconditioners  within  the  CC 
method)  thus  far  had  only  very  little  impact  in  computational  structural  analysis.  Ther 
seem  to  be  two  basic  reasons: 

(i)  Commercial  software  packages  must  be  able  to  automatically  produce  a  fui 
sequence  of  auxiliary  discretizations  (finite  element  or  boundary  element  meshes)  that  ar 
gradual  coarsenings  of  the  source  discretization. 

(ii)  For  optimal  multigrid  convergence  smooth  solution  components  relative  to  a  give 
discretization  must  be  well  approximated  by  subsequent  coarser  grids.  Conventional  c 
geometric  multigrid  method  caimot  guarantee  that  a  sequence  of  auxiliary  discretization 
will  possess  this  approximation  property  for  general  structural  mechanics  application; 
For  example,  what  is  a  good  coarse  discretization  for  frame  structure  or  a  wing  structure 
where  each  panel  in  the  source  mesh  consists  of  a  single  or  very  few  shell  element. 

These  difficulties  motivated  the  development  of  Algebraic  Multigrid  (AMG)  [4]  wit 
the  intent  of  providing  a  black  box  algebraic  solver  based  on  multigrid  principles  an 
exhibiting  multigrid  efficiency.  While  geometric  multigrid  approach  constructs  discretizt 
tion  sequence  using  auxiliary  courser  grids,  AMG  accomplish  the  same  goal  on  the  bas 
of  the  information  available  in  the  source  matrix  of  equations  only.  By  this  technique  th 
coarse  level  variables  selected  so  as  to  satisfy  certain  criteria  based  on  the  source  gri 
matrix.  The  most  basic  criterion  is  typically  that  each  fine  level  degree-of-freedom  shoui 
be  strongly  connected  to  some  course  level  variable.  However,  the  fact  that  algebraic  mu 
tigrid  uses  information  available  in  the  source  matrix  only  in  constructing  auxiliary  di 
cretizations,  results  in  suboptimal  rate  of  convergence. 

The  aggregation  based  multilevel  solver  is  a  hybrid  scheme  where  some  minor  exti 
information  (depending  on  the  type  of  aggregation  scheme)  might  be  used  to  construct 
hierarchy  of  coarser  problems,  but  no  sequence  of  coarser  discretization  is  required.  T1 
concept  of  aggregation  has  been  introduced  by  Leontief  in  195 1  [5]  in  the  context  inpt 
output  economics,  where  commodities  in  large  scale  systems  where  aggregated  to  produ< 
smaller  systems. 


The  concept  of  aggregation  has  been  utilized  within  the  context  of  the  multigrid 
method  by  Bulgakov  [6],  [7]  and  Vanek  [8],  In  [6]  aggregates  consisting  of  non- intersect¬ 
ing  groups  of  neighboring  nodes  were  chosen  to  have  translational  degrees  of  freedom 
only,  and  consequently,  the  auxiliary  coarse  model  could  be  constructed  without  knowl¬ 
edge  of  nodal  coordinates  or  eigenvalue  analysis.  On  the  negative  side,  convergence  was 
only  guaranteed  for  scalar  problems  such  as  heat  conduction.  This  algorithm  has  been 
improved  in  [7]  by  enriching  the  kinematics  of  the  aggregate  with  rotational  degrees  of 
freedom  (three  in  3D,  one  in  2D)  and  constructing  the  prolongation  operator  on  the  basis 
of  nodal  coordinates.  In  general  this  approach  does  not  guarantee  that  the  coarse  model 
captures  the  entire  nuU  space  of  the  aggregate,  such  as  in  the  case  of  pinned  connections  in 
frames  or  continuum  problems  where,  for  example,  elements  within  an  aggregate  are  con¬ 
nected  at  a  single  node.  Furthermore,  the  convergence  characteristics  of  this  approach 
have  been  found  to  be  not  satisfactory  for  poor  conditioned  problems.  These  drawbacks 
motivated  development  of  smoothed  aggregation  concept  [8].  By  this  technique  a  tentative 
piecewise  interpolation  field  consisting  of  a  null  space  of  individual  aggregates  is  first 
defined  and  then  corrected  using  Jacobi  smoother  in  attempt  to  reduce  the  energy  of  coarse 
space  basis  functions.  Our  numerical  experiments  indicate  that  although  smoothed  aggre¬ 
gation  markedly  improves  the  rate  of  convergence  in  well  conditioned  continuum  prob¬ 
lems,  computational  efficiency  in  poor  conditioned  problems  such  as  thin  shell  is  not 
improved  and  in  some  cases  degrades. 

In  the  earlier  aggregation  schemes  [7],  [8]  a  typical  coarsening  ratio  was  about  3^'^^ 
for  Laplace  operator,  where  nsd  is  a  number  of  space  dimensions.  For  well  conditioned 
problems  this  is  a  nearly  optimal  ratio  resulting  in  methods  with  remarkably  low  computa¬ 
tional  complexity.  Unfortunately,  for  poor  conditioned  systems  such  as  thin  shells,  the 
coarse  problem  fails  to  adequately  capture  the  lower  frequency  response  of  the  source 
problem.  In  attempt  to  develop  a  solution  procedure  possessing  an  optimal  rate  of  conver¬ 
gence  where  CPU  grows  linearly  with  the  problem  size  without  compromising  on  robust¬ 
ness  in  the  sense  that  the  number  of  iterations  is  insensitive  to  problem  conditioning,  the 
present  paper  presents  a  generalization  of  the  basic  aggregation  method  by  which  approx¬ 
imation  space  of  each  aggregate  is  adaptively  and  automatically  selected  depending  on  the 
spectral  characteristics  of  the  aggregate. 

Tne  paper  is  organized  as  follows.  Section  2  reviews  the  basic  multigrid  concepts. 
Mathematical  foundation  of  the  Generalized  Aggregation  Multilevel  (GAM)  method  is 
given  in  Section  3.  Adaptive  features  including  automated  construction  of  aggregated 
model  by  tracing  “stifF’  and  “soft”  elements,  adaptive  selection  of  intergrid  transfer  opera¬ 
tors,  and  the  Incomplete  Cholesky  based  smoothing  procedure  with  adaptive  fiU-in  are 
described  in  Section  4.  In  Section  5  we  conduct  numerical  studies  on  3D  industry  prob¬ 
lems,  such  as  ring-strut-ring  structure,  casting  setup  in  airfoil,  nozzle  for  turbines,  turbine 
blade  and  diffuser  casing  as  weU  as  on  poor  conditioned  shell  problems,  such  as  High 
Speed  Civil  Transport  (HSCT),  canoe  and  automobile  body.  Comparisons  to  the  state  of 
the  art  direct  [1]  and  iterative  (PCG  with  Incomplete  Cholesky  preconditioner.  Power 
Solver  of  ANSYS)  are  also  included  in  Section  5. 
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2.0  Multigrid  Principles 

rda“L'  ^  Newton-Raphson  or 

Ku  =  f  ue  r""  fe 

where  K  is  nxn  symmetric  positive  definite  and  sparse  matrix 

The  foUcwing  notation  is  adopted.  Anxiliary  grid  fnnctions  are  denoted  with  subscript 
.  or  exampie.  Up  denotes  the  nodal  values  of  the  solution  in  the  auxUiary  grid,  where 

m  <  n  .  We  also  denote  the  prolongation  operator  from  the  coarse  grid  to  the 
fine  grid  by  Q : 

ga  Jon' “e”  P-o- 

T 

Q  :R^-^Rm 

^  "  (3) 

In  this  section  superscripts  are  reserved  to  indicate  the  iteration  count.  Ut  r  be  the 
residual  vector  in  the  / -th  iteration  defined  by 

r  ^  f-Ku 

U  i  ■ 

whwe  u  -  IS  the  current  approximation  of  the  solution  in  the  /  -th  iteration 
The  problem  of  the  coarse  grid  coirection  for  positive  definite  systems  consists  of  the 
minimization  of  the  energy  functional  on  the  subspace  R'^,  i.e.: 

where  denotes  the  bilinear  form  defined  by 

n 

~  ^  U,v^  R^  (6) 

j=  1 

A  dnect  solution  of  the  minimization  problem  (5)  yields  a  classical  two-grid  procedure 

Alternatively,  one  may  introduce  an  additional  auxiliary  grid  for  «  and  so  forth,  leading 

w  a  nawal  multi-grid  sequence.  To  fix  ideas  we  will  consider  a  two-grid  process  resultinn 
from  the  direct  minimization  of  (5)  which  yields  ^ 

*^o“o  =  if- Ku‘) 

T 

where  Xg  =  Q  X’fi -ia  the  restriction  of  the  matrix  AT .  The  resulting  classical  two-grid 

algorithm  can  be  viewed  as  a  two-step  procedure: 
a)  Coarse  grid  correction 
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(8) 


=  f-Ku^ 

T 

“o  =  ^0  e 


ii^  =  u^  +  Quq 

where  is  a  partial  solution  obtained  after  the  coarse  grid  correcdon. 
b)  Smoothing 

^  +  D  ^  (/-  Ku^)  (9) 

where  D  is  a  preconditioner  for  smoothing.  Any  precondidoned  iteradve  procedure 
which  has  good  smoothing  properties  and  requires  little  computadonal  work  per  iteration 
step,  can  in  principle,  be  used  as  a  smoother  in  the  multigrid  process.  In  particular,  various 
incomplete  factorizations,  have  been  found  to  possess  good  smoothing  characteristics. 

Let  U  be  the  exact  solution  of  the  source  problem,  then  the  error  resulting  from  the 
coarse  grid  correction  (8)  can  be  cast  into  the  following  form 

ei  =  (lO) 

—  1  T 

where  /  is  the  identity  n'X.n  matrix  and  C  =  QK^^Q  is  a  course  grid  precondi¬ 
tioner.  Likewise  the  influence  of  smoothing  on  error  reduction  is  given  by: 

=  li-u'  +  l  =  [^I-D'^kYb^  (11) 

and  from  the  equations  (9),  (10)  the  error  vector  of  the  two-grid  process  with  one  post¬ 
smoothing  iteration  can  be  expressed  as: 

e'  +  l  =  (12) 


Further  denoting 

M  =  1-D~^K 
T  =  I-QK-^Q^K 


(13) 


equation  (12)  with  post-smoothing  and  one  V2  pre-smoothing  iteration  can  be  cast  into 
in  the  following  concise  form 


+  1  — 


=  M 


Based  on  equation  (13)  it  can  be  easily  shown  that  T"  is  a  projection  operator,  i.e. 
2 

T  —  T  ,  and  hence  II  =1. 

Equation  (14)  represents  the  sufficiency  condition  for  the  convergence  of  multigrid 
method  provided  that  the  iterative  procedure  employed  for  smoothing  is  convergent,  i.e. 
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IlMlI^  <  1  .  For  recent  advances  on  convergence  analysis  for  multigrid  like  methods  we 
refer  to  [9], 


In  practice,  however,  solution  increment  u*^-u  =  P'V*"  obtained  from  the  multi¬ 
grid  method  is  used  in  the  determination  of  the  search  direction  within  the  conjugate  gra¬ 
dient  method.  The  inverse  of  the  two-grid  preconditioner  with  =  1  V2  =  0  can  be 
obtained  from  equation  (12) 


p-1  =  Z)  H  I-KC  M  +C 


-1 


,-l 


for  which  the  closed  form  direct  expression  is  given  as 


P  = 


I+{K-D)Q\QDQ]  q 


-1 


D 


(15) 


(16) 


3.0  Generalized  Aggregation  Multilevel  (GAM)  Solver 

In  aggregation  scheme  the  coarse  model  is  directly  constructed  from  the  source  grid  by 
decomposing  the  whole  set  of  nodes  into  non-intersecting  groups  to  be  referred  to  as 
aggregates,  and  then  for  each  aggregate  assigning  a  reduced  number  of  degrees  of  free¬ 
dom.  By  doing  so  one  reduces  dimensionality  of  the  source  problem,  while  maintaining 
compatibility  of  the  solution.  The  key  issue  is  how  to  approximate  the  solution  on  each 
aggregate  so  that  the  coarse  model,  to  be  referred  to  as  an  aggregated  model,  will  effec¬ 
tively  capture  the  lower  frequency  response  of  the  source  system. 

We  start  by  relating  (Assertion  1)  the  optimal  characteristics  of  the  aggregated  mesh 
to  the  inter^rd  transfer  operator  properties  of  individual  aggregates  and  interface  regions 
between  the  aggregates. 


Assertion  I: 

The  prolongation  operator  Q'.R'^  R'^  is  considered  optimal  for  fixed  m  ^  n  if 


KQ\\2  is  minimal  for  all  Q  satisfying  ||g||. 


1  and  rank  Q—m.  Further¬ 


more,  among  all  the  block  diagonal  prolongation  operators,  where  each  block  corresponds 
to  the  prolongation  operator  of  individual  aggregate,  the  optimal  prolongation  operator  is 
such  that 


max  { 
e,  a 


1  -I  I 

Aq  2/  =^min\^Q  J 


Subjected  to 


rank  Q  = 


m 


a 


\/aeG 


where  superscripts  a  and  e  denote  the  aggregates  and  interface  elements  between  the 
aggregates,  respectively.  ^  and  M ^  is  the  total  number  of  aggregates  and  interface  ele- 
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merits,  respectively;  ->  and  :R'^^  — >  i?”"*  are  the  prolongation  opera- 


for  aggregate  ci  and  interface  element  e:  Kq  —  1  ^2  j  ^  Q  * 


.e\^..e  „e 


K^-{Q}  kq  are  the  corresponding  restricted  stiffness  matrices. 

Note  that  minimization  is  carried  out  with  respect  to  the  prolongation  operator  for  the 

aggregates  only,  that  the  prolongation  operator  Q  for  each  element  in  the  interface 


a  /V 

region  is  uniquely  determined  from  {  2  / 


Proof: 


Let  O  and  A  be  a  Ai-tn  matrix  of  unitary  eigenvectors  and  a  diagonal  nxn  matrix  of 
eigenvalues  of  the  stiffness  matrix  K,  respectively,  partitioned  as  |<I>q  and 


Aq  0 
0  A 


SO  that  IIAq  <  y  and  2  =  Ogtt  where  Oq  consists  of  m  unitary  eigen¬ 


vectors  and  0  0  =  /. 

The  spectral  norm  of  stiffness  matrix  of  the  auxiliary  model  I-^qI  2  bounded 

utilizing  consistency  condition  [11] 

IX0II2  =  =  |«\4  ^  ““"2 1M2 


Furthermore,  since  Uglj  =  \q  2I2  =  ||a  ‘^o'®’o4 


|a|l2  =  1 


we  obtain 


which  completes  the  first  part  of  theorem.  For  the  second  part  we  bound  the  maximum 
eigenvalue  of  the  system  [10]  by  the  maximum  eigenvalue  of  the  subdomain  (aggregate  or 
interface  element) 

Assertion  1  states  that  the  quality  of  aggregated  model  is  governed  by  the  maximum  spec¬ 
tral  radius  of  individual  subdomains.  The  next  assertion  formulates  certain  minimum 

requirements  for  the  construction  of  aimed  at  ensuring  the  lower  bound  of  the  minimal 

eigenvalue  of  the  two-grid  preconditioned  system  P  K  At  assumes  the  worse  case  sce¬ 
nario  where  smoothing  does  not  affect  lower  frequency  response  errors. 


A.ssertion  2: 

Consider  the  two-level  method  with  V  ^  =  1  V2  =  0  and  smoothing  affecting  only 
high  frequency  modes  of  error.  Then  the  lower  frequency  response  of  the  two-level  system 

characterized  by  the  lower  bound  of  Rayleigh  quotient  p  (x)  =  (x  Kx)  /  {x  Px) 
is  governed  by  the  lowest  eigenvalue  among  all  the  aggregates  provided  that  the  prolonga¬ 
tion  operator  of  each  aggregate  is  spanned  by  the  space,  which  at  a  minimum  contains  the 
null  space  of  that  aggregate. 


Proof: 


Let  (j)*^  and  X  be  eigenvectors  and  eigenvalues  of  the  aggregate  a .  Nodal  soiu- 
a 

tion  Li  on  each  aggregate  can  be  expressed  as  a  linear  combination  of  its  eigenvectors 

a  ,a^a 

U  =  <j)  U  (21) 

whereas  global  solution  vector,  denoted  as  M  =  (j)U  can  be  assembled  from  its  aggre¬ 


gates.  Let 


[>^0  '^1] 


^0  ^ 

and  be  the  partitions  of  (|)  and  X ,  respectively,  such  that 

0  X. 


ll^o|l2  ^  ^  Th®^  system  of  equations  can  be  transformed  into  hierarchical  form; 

^00  ^01  “0  _  fo  (22) 

5io  ^iij  L“iJ  N 

where 

a,.  =  fi  =  (|>f/;  k(j  =  ij  =  0, 1  (23) 

Similarly,  any  smoothing  preconditioner  D  can  be  transformed  into  hierarchical  form 

A 

D  as  follows 

=  (|)fz)(j)^.  (24) 

Let  Q  —  then  the  prolongation  operator  Q  defined  in  hierarchical  basis  is  given 
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Substituting  equations  (22)-(25)  into  (16)  yields  the  two  grid  preconditioner  P 

—  1  «•  _  r\\  4.1 _ i_: _ u: _ i  i _ • 


(v,  =  1 


V2  =  0 )  defined  in  the  hierarchical  basis 


P  = 


^00  0 
■^10  -^11 


0 


K 


00 


0  ^io-r>io 


^00  ^01 


(26) 


If  we  further  assume  that  smoothing  affects  higher  frequency  response  only  in  the 
sense  that 


^00  “0  ~  ® 


Vu 


0 


(27) 


then  the  resulting  two-level  preconditioner  can  be  cast  into  the  block  Gauss-Seidel  form; 


P  = 


Kqq  0 

^10^11 


(28) 


To  estimate  the  lower  bound  of  Rayleigh  quotient  of  the  two-level  preconditioned  sys¬ 
tem  we  utilize  again  the  theorem  that  bounds  the  lower  eigenvalue  of  the  system  (aggre¬ 
gated  model)  by  minimum  eigenvalue  of  any  subdomain  i  consisting  of  either  aggregates 
a  or  interface  elements  e ; 

min{p(x^}^min{p{x)}  (29) 

i,x  X 

It  remains  to  examine  under  which  condition  Rayleigh  quotient  on  each  aggregate  or 
interface  element  is  bounded  from  below.  For  the  two-grid  preconditioner  given  in  (28) 
the  Rayleigh  quotient  for  each  aggregate  or  interface  element  is  given  as 

.....  _  _  J.J  j  fjV.J 

Xr 


I  .1 

P  X  = 


^0 


^(X)  ^0 j 


Let 


^  ^  ^  A  /  ^  /  f  ^  i  (  /  ^  ^  ^  i 

■^oj  ^(Xl'^O'^V  oj  "^01 ^11 

i 


(30) 


QQj  be  the  null  space  of  defined  as 
1  (  i\T  i 

rjr  A 


^ooj  =  {  ( ^00^0  =  0  ^^0  e  M  } 


(31) 


I  A 


Then  the  Rayleigh  quotient  is  bounded  from  below  p  J  >  0  if  Kqq  contains  all  the 

rigid  body  modes  of  K  ,  i.e.  5v(  ^qo]  ~  ^  condition  can  be  easily  satis¬ 

fied  if  the  prolongation  operator  for  each  aggregate  is  spaimed  by  the  space  containing  the 


rigid  body  modes  of  that  aggregate.  In  addition,  for  ail  interface  elements  5Vl  A'  I  =  0 , 


^  e 
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^  e 

where  is  the  interface  element  stiffness  matrix  constrained  along  the  boundary 

between  interface  elements  and  aggregates.  Loosely  speaking,  each  interface  element 
should  be  connected  to  aggregates  at  a  number  of  degrees  of  freedom  greater  or  equal  then 


So  far  we  have  proposed  how  to  assess  the  quality  of  intergrid  transfer  operators 
{Assertion  1)  and  what  are  the  properties  that  it  should  maintain  {Assertion  2).  In  the  sub¬ 
sequent  proposition  we  describe  a  heuristic  approach,  which  on  the  bases  of  the  two  asser¬ 
tions,  attempts  to  construct  a  nearly  optimal  aggregated  model. 


Proposition  I: 


For  given  {  ^  ^  a  nearly  optimal  aggregation  model  can  be  constructed  if  (i) 

prolongation  operator  on  aggregate  a  is  spanned  by  ni^  ^  eigen¬ 
vectors  corresponding  to  lowest  eigenvalues  on  aggregate  a ,  where 


dim  { J  }  ,  and  (ii)  in  forming  the  aggregated  model  soft  elements  deter¬ 


mined  by  the  Gerschgorin  upper  bound  of  their  maximal  eigenvalue  max\^  m7  j 
placed  at  the  interface,  where  K  =  • 


We  first  show  that  for  fixed  the  prolongation  operators  Q  that  minimizes 


Foil  2  is  obtained  as  a  linear  combination  of  m^  lowest  eigenvectors  of  K  .  This  fact 
directly  follows  from  equation  (19)  in  the  context  of  individual  aggregates 


Ve=  {lie  Ij  =  1  rankQ  =  } 


where  y  is  the  maximum  eigenvalue  of  eigenvectors  spaniung  the  space  of  Q  .  Further¬ 
more,  if  we  select  Va ,  then  the  spectral  norm  of  individual  aggregates  does  not 

exceed  user  prescribed  tolerance  y . 

■  ■  ■ 

The  spectral  radius  of  the  restricted  interface  element  stiffness  matrix  Aq  is  given  as 
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2 


(33) 


II  «lP 

e 

^0 

2 

(e  J  x  c] 

2^  lie  II2 

K 

e  e 

Since  Q  is  a  diagonal  block  of  O  it  can  be  easily  shown  that  Q  ^  "  —  "2 

and  thus  using  Gerschgorin  theorem  for  the  maximal  eigenvalue  of  K  follows  that 


k: 


^  max 


KI 


i. 

u 


(34) 


where  K 


= 


4.0  Adaptive  features 

This  section  describes  three  features  of  adaptivity  built  into  the  Generalized  Multilevel 
Aggregation  procedure.  Some  of  the  notation  in  this  section  differs  from  that  introduced  in 
the  previous  sections. 

First  we  present  the  algorithm  for  automated  construction  of  aggregates  on  the  ele- 
ment-by-element  basis  as  opposed  to  node-by-node  procedure  employed  in  [7,8].  In 
accordance  with  this  approach  it  is  necessary  to  determine  the  rigid-body  modes  and  other 
low-frequency  modes  based  on  the  aggregate  stiffness  matrices.  We  present  two  versions 
of  the  aggregate  formation  algorithm;  the  basic  version  which  utilizes  a  topological  infor¬ 
mation  only,  and  the  adaptive  version  which  in  addition  to  the  topological  information  uti¬ 
lizes  elemental  stiffness  matrices  in  the  process  of  the  aggregated  model  construction. 

The  second  adaptive  feature  is  related  to  the  selection  of  parameter  y,  which  plays  a 
central  role  in  constructing  the  prolongation  operator.  This  parameter  has  a  direct  effect  on 
the  restriction  of  the  stiffness  matrix,  the  sparsity  pattern  of- resulting  auxiliary  stiffness 
matrix  as  well  as  on  effectiveness  of  the  auxiliary  model  to  capture  the  lower  frequency 
response. 

Finally,  we  employ  Modified  Incomplete  Cholesky  Factorization  for  pre-  and  post¬ 
smoothing.  The  number  of  fill-ins  as  well  as  diagonal-scaling  needed  to  preserve  the  posi¬ 
tive  definiteness  of  the  system  and  to  provide  the  fastest  rate  of  convergence  of  the  itera¬ 
tive  process  are  also  determined  adaptively. 

4.1  Aggregation  algorithm 

Prior  to  describing  the  techiucal  details  of  the  aggregation  algorithm  we  introduce  the 
concept  of  “stiff”  and  “soft”  elements  which  is  utilized  in  the  process  of  aggregate  forma¬ 
tion. 
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The  element  is  considered  “stiff”  if  the  spectral  radius  of  its  stiffness  matrix  is  rela¬ 
tively  large  compared  to  other  elements  and  vice  versa.  Following  Proposition  1,  we  will 
attempt  wherever  possible  to  place  “soft”  elements  at  the  interface  between  the  aggre¬ 
gates,  and  “stiff’  elements  within  the  aggregates.  This  approach  is  a  counterpart  of  the 
idea  of  “weak”  and  “strong”  nodal  connectivity  employed  in  [8]  in  the  context  of  node-by¬ 
node  aggregation. 

The  approximation  for  the  maximum  eigenvalue  can  be  easily  estimated  using  Ger- 
schgorin  theorem  in  the  context  of  the  element  stiffness  matrices; 


In  the  remaining  of  this  subsection  we  focus  on  the  aggregation  algorithm. 

Consider  the  finite  element  mesh  containing  elements  and  Ny  nodes.  Let  C  (/) 

i 

be  the  set  of  nodes  belonging  to  the  element  E  ; 

C(0  =  (36) 

The  goal  of  the  aggregation  algorithm  described  below  is  to  construct  a  set  of  aggre¬ 
gates  denoted  as 


A  =  {A\i€ 


(37) 


satisfying  the  following  conditions: 

(i).  Element-by-element  aggregation: 

a‘  =  {£^,;e  M^} 


[l.iVg] 


set  the  of  element  numbers  corresponding 
to  the  aggregate  i 


(38) 


(ii).  Disjoint  covering:  elements  belonging  to  different  aggregates  can  not  be  neighbors. 
Two  elements  E  and  E^  are  considered  to  be  neighbors  if 


C(0  nCO)  *0 


(39) 


(iii) .  Full  nodal  covering:  each  node  belongs  to  some  aggregate; 

U  C(0  =  {//ye  [i./Vy]}  (40) 

{i:E‘e  A} 

(iv) .  Marking  the  ‘slave’  nodes  and  nodes  with  essential  boundary  conditions  as  separate 

aggregates:  each  node  containing  either  essential  boundary  condition  and/or  ‘slave’ 
degree(s)-of- freedom,  which  depends  on  so  called  ‘master’  degree(s)-of-freedom,  is  con¬ 
sidered  as  an  aggregate.  Denote  the  set  of  such  nodes  as  /V.  . 

[y/  O 

Step  1.  Setup. 

1.1.  For  each  node  y  =  select  the  elements  containing  this  node: 

B(J)  =  {E':N^eE'}  (41) 

1.2.  For  each  element  E  ,  i  =  [1,  N^]  select  the  set  of  neighboring  elements  NE  (/)  , 
that  are  the  elements  containing  common  nodes; 


NE{i)  =  {E^:E^e  Cii)}\E' 


(42) 


Step  2.  Start-up  aggregation. 

2.1.  Define  the  set  of  elements  NA  available  for  aggregation.  These  are  all  the  elements 
which  do  NOT  contain  nodes  with  essential  boundary  conditions  or  the  ‘slave’  nodes: 


NA  =  11. NJ\{B(J). id  €  N^g}  (43) 

s 

2.2.  Find  the  “peripheral”  element  E  ,  that  is  the  element  with  minimal  number  of  neigh¬ 
bors: 


s  =  aigmin\NE(i)\ 

i  e  NA  ^ 

S 

where  |Xl  is  a  number  of  elements  in  the  set  X .  Element  E  is  a  starting  element  for  the 
aggregation  algorithm. 

2.3.  Setup: 

-the  current  aggregate  counter  /  =  1 ; 
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the  set  of  interface  elements  NI  =  [  1 ,  A' \NA ,  i.e.  the  elements  between 
different  aggregates. 


Step  3.  Formation  of  the  current  asQreQaTe. 

Basic  aggregation  version; 

aggregate  A  contains  the  element  and  all  it’s  available  neighbors: 

A  =  u  (NE(s)  r\NA)  (45) 

Adaptive  aggregadon  version: 

/  5 

aggregate  A  contains  the  element  E  and  those  of  it’s  available  neighbors  which  satisfy 
the  relative  stiffness  condition; 

a'  =  e'  u  {Ef  e  NE  (s)  n  NA,  >  |ip"}  (46) 

where  is  a  Gerschgorin  upper  bound  on  the  stiffness  matrix  maximal  eigenvalue  of  the 
element  e/  ,  and  jl  is  a  coarsening  parameter. 


race  anc 


4.1.  Update  the  set  of  the  interface  elements: 


NI  =  Af/u  {[Ef€NE(j).E'e.A‘]n[E''€A‘]} 


4.2.  Update  the  set  of  the  available  elements: 


NA  =  AA\{I  £  e  NEiJ),E^  ^  AA  ua'} 


?rgp  5.  Find  the  new  starting  element. 


5.1.  Form  the  set  of  “frontal”  elements  FR ,  that  are  available  elements  neighboring  to  the 
interface  elements; 


FR  =  {[E  e  NE(j),E^e  NljnNA} 
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5.2.  Basic  version:  select  arbitrary  new  starting  element  belonging  to  FR : 


e  FR 


Adaptive  version:  select  the  stiffest  new  starting  element  from  FR  : 


(50) 


s  =  aigmaxl  (51) 

j:E^  e  FR 

Step  6.  StODoinQ  criteria. 

If  FR  =  0  then  stop;  else  i  =  /  +  1  and  repeat  steps  3-6. 

Remark  1.  For  simplicity  we  only  presented  the  aggregation  algorithm  for  lower  order 
elements.  In  the  case  of  higher  order  elements  the  “full  nodal  covering’’  requirement  may 
not  be  satisfied  at  the  completion  of  the  algorithm  described  above.  There  wUl  be  a  signif¬ 
icant  number  of  nodes  belonging  to  the  elements  in  the  interface  region  giving  rise  to 
very  large  auxiliary  coarse  model.  To  further  reduce  the  size  of  the  auxiliary  model  the 
same  aggregation  algorithm  is  recursively  applied  for  the  interface  elements  only  until  all 
the  nodes  would  be  covered  by  some  aggregate.  This  procedure  also  provides  a  “cleaning” 
phase  to  ensure  that  all  nodes  in  the  source  grid  are  included  within  one  of  the  aggregates. 

Remark  2.  A  similar  scheme  can  be  applied  for  the  p-type  discretization  with  only  excep¬ 
tion  that  the  aggregates  may  contain  only  a  single  element  in  order  to  reduce  the  aggregate 
size.  Higher  order  modes  in  the  interface  region  are  treated  as  indicated  in  the  Remark  1. 

Remark  3.  The  aggregation  algorithm  described  in  this  section  deals  with  multi-point 
constrains  in  the  conventional  way  since  the  elements  containing  the  “slave”  nodes  form  a 
separate  aggregate.  Each  multi-point  constrain  can  be  represented  as  follows: 

X  =  Tx  (52) 

s  m 

where  X^,  x^  are  the  ‘slave’  and  ‘master’  degrees-of-freedom,  respectively;  T  is  a  trans¬ 
formation  matrix  representing  the  multi-point  constrain  (MFC)  data.  In  accordance  with 
(52)  the  vector  x  =  (x^,  x^)  can  be  expressed  as: 


X  (53) 

m 

Given  the  decomposition  of  the  element  stiffness  matrix  for  elements  containing  the 
‘slave’  degrees-of-freedom 
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(54 


K  = 

e 


yf'""  K' 


m 

e 

mm 

e 


the  modified  element  stiffness  matrix  corresponding  to  master  degrees-of-freedom 
only  is  given  by: 


K. 


sm 

e  + 


e 


m 


(55 


4.2  Adaptive  construction  of  prolongation  operator 

One  of  the  key  issue  in  the  proposed  aggregation  procedure  is  a  selection  of  paramete; 

y.  All  the  eigenvectors  of  the  eigenvalue  problem  on  each  aggregate  corresponding  to  the 
-  a 

eigenvalues  A  ^  y  are  included  within  the  diagonal  block  of  the  global  prolongador 
operator.  In  order  to  make  this  parameter  dimensionless  the  eigenvalue  problem  on  eacl 
aggregate  is  formulated  in  the  following  manner: 


„a  ,a  -  a  ,  a 

iT  (j)  =  A  £)  (j)  (56 

where  D  is  a  diagonal  of  K  .  Typically  6-50  modes  are  needed  to  satisfy  A  ^  y 
requirement.  Lanczos  algorithm  with  partial  orthogonalization  [13]  was  adopted. 

The  value  of  the  parameter  y  determines  effectiveness  of  coarse  grid  correction.  In  th« 
limit  as  y  — >  ^  auxiliary  problem  captures  the  response  of  the  source  system  fo: 

aU  frequencies  and  therefore  the  two-level  procedure  converges  in  a  single  iteration  ever 
without  smoothing.  On  the  negative  side,  for  large  values  of  y,  eigenvalue  analysis  or 
each  aggregate  becomes  prohibitively  expensive  and  the  auxiliary  matrix  becomes  botl 
large  and  dense.  At  the  other  extreme  in  the  limit  as  y  — >  0  the  prolongation  operate 
contains  the  rigid  body  modes  of  aU  the  aggregates  only,  and  thus  auxiliary  problen 
becomes  inefficient  for  ill-posed  problems. 


4.3  Adaptive  smoothing 

Selection  of  smoothing  procedure  is  another  important  issue  as  the  cost  of  smoothin; 
is  a  major  expense  in  multi-level  procedures.  Comprehensive  studies  conducted  in  [12 
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revealed  that  one  of  the  most  efficient  smoothing  schemes  is  based  on  Modified  Incom¬ 
plete  Cholesky  factorization  (MIC).  We  employed  two  versions  of  MIC,  with  and  without 
additional  fill-ins  using  "by  value”  as  the  fill-in  strategy.  By  this  technique  one  compares 
the  values  of  the  terms  in  the  incomplete  factor  and  chooses  the  largest  ones  to  be  included 
[14].  One  of  the  most  important  parameters  in  both  versions  is  the  diagonal-scaling 
parameter  a  which  insures  positive  definiteness  of  the  incomplete  factor.  The  value  of  a 
is  determined  adaptively.  Its  optimal  value  depends  on  the  number  of  fill-ins.  For  larger 
number  of  fill-ins  the  optimal  value  of  the  diagonal-scaling  decreases.  The  optimal  num¬ 
ber  of  fill-ins  is  determined  experimentally,  whereas  the  value  of  the  diagonal-scaling 
parameter  is  determined  adaptively  by  incrementally  increasing  it  until  all  positive  pivots 
are  obtained. 

5.0  Numerical  examples 

An  obstacle  test  as  shown  in  Figures  1  and  2  comprised  of  the  following  industry  and 
model  problems  was  designed  to  (i)  determine  the  optimal  values  of  computational  param¬ 
eters  and  to  (ii)  compare  GAM  solver  with  existing  state-of-the-art  solvers: 

Diffuser  Casing  with  Gates  for  Casting:  10  node  tetrahedral  elements;  131,529  d.o.f.s. 

Turbine  Blade  with  Platform:  10  node  tetrahedral  elements;  207,840  d.o.f.s. 

Nozzle  for  Turbines:  10  node  tetrahedral  elements;  131,565  d.o.f.s. 

Casting  Setup  for  Casting  in  Airfoil;  10  node  tetrahedral  elements;  158,166  d.o.f.s. 

Concentric  Ring-Strut- Ring  Structure;  4  node  tetrahedral  elements;  102,642  d.o.f.s. 

High  Speed  Civil  Transport  (HSCT);  MIN3  [15]  shell  elements;  88,422  d.o.f.s. 

Automobile  Body;  3  node  DKT+DMT  shell  [16],  2  node  beam  elements;  265,128  d.o.f.s. 

Automobile  Body:  MINS  [15]  shell  and  2  node  beam  elements;  265,128  d.o.f.s. 

Concrete  canoe:  8  node  ANS  [17]  shell  elements;  132,486  d.o.f.s. 

5.1  Parametric  study 

In  this  section  we  present  the  results  of  numerical  investigation  of  the  following  com¬ 
putation  parameters;  limiting  eigenvalue  parameter  y  for  selection  of  the  modes  to  be 
included  in  the  prolongation  operator;  number  of  fiU-ins  and  diagonal  scaling  parameter 
a  for  Modified  Incomplete  Cholesky  factorization;  and  coarsening  computation  parame¬ 
ter  |J, . 


5.1.1  Prolongation  parameters 

In  order  to  determine  optimal  value  of  y  in  terms  of  the  CPU  time  we  have  carried  out 
extensive  computational  experiments  for  wide  range  of  industrial  problems,  including 
well-posed  and  ill-posed  cases.  Surprisingly,  it  has  been  found  that  the  optimal  value  of  y 
is  independent  of  the  problem  condition  and  slightly  differs  for  different  problems.  For 
example,  it  can  be  seen  that  for  poorly  conditioned  HSCT  problem  (Figure  3)  significant 
reduction  of  the  number  of  iterations  was  observed  as  y  increased  from  0.0020  to 
0.0040 .  Optimal  value  of  y,  which  miitimizes  the  CPU  time  for  this  problem  was  equal 
to  0.0035  independently  of  quality  of  MIC  smoother  (number  of  fiU-ins  and  diagonal 
scaling  parameter).  On  the  other  hand,  for  the  Diffuser  Casing  (Figure  4),  Automobile 
Body  (Figure  6),  Concentric  Ring-Strut-Ring  Structure  and  Joint  of  Two  Cylinders  prob¬ 
lems  the  CPU  time  was  practically  independent  of  y .  However,  for  the  Nozzle  for  Turbine 
problem  (Figure  5)  significant  reduction  of  the  number  of  iterations  was  observed  for  rela¬ 
tively  large  values  of  y  ranging  from  0.0075  to  0.0100  and  the  optimal  value  of  y, 
which  miitimizes  the  CPU  time  for  this  problem,  was  equal  to  0.0100 .  Based  on  these 
results  we  have  built  in  y  =  0.0050  for  further  numerical  studies  and  comparisons, 
which  provides  a  reasonably  good  performance  for  all  problems  considered. 

5.1.2  Smoothing  parameters 

The  efficiency  of  MIC  based  smoothing  procedure  highly  depends  on  the  two  compu¬ 
tational  parameters:  the  number  of  fill-ins  and  the  diagonal-scaling.  Typically,  increasing 
the  number  of  fill-ins  allows  to  decrease  the  value  of  the  diagonal-scaling  parameter.  It, can 
be  seen  (Figure  3  and  Figure  7)  that  for  the  HSCT,  Diffuser  Casing,  Concentric  Ring- 
Strut- Ring  Structure  problems  the  optimal  value  of  fiU-ins  is  equal  to  5  -  6 ,  with  minimal 
value  of  diagonal- scaling  parameter  a  which  ensures  positive  pivots.  For  the  HSCT  prob¬ 
lem  the  effect  of  number  of  fill-ins  and  the  value  a  presented  in  Figure  3  indicated  that 
the  optimal  computational  performance  is  obtained  with  4-6  fiU-ins.  For  the  Nozzle  for 
Turbines  (Figure  5)  and  Joint  of  Two  Cylinders  problems  it  was  observed  that  the  number 
of  fiU-ins  has  no  effect  on  the  effectiveness  of  the  iterative  process.  We  did  not  consider 
number  of  fiU-ins  greater  then  8  due  to  increased  in-core  memory  requirements. 

Based  on  the  computational  experiment  the  following  strategy  has  been  developed 
for  determination  of  nearly  optimal  values  of  Ct  and  number  of  fill-ins: 

•  MIC  with  number  of  fiU-ins  is  equal  to  6 

•  Initial  diagonal-scaling  parameter  a  =  0.01 

•  Increasing  a  by  the  increment  of  Aa  =  0.0025  if  non-positive  pivot  is  encoun¬ 
tered  in  the  process  of  incomplete  factorization,  or  if  the  two-level  iteration  procedure 

diverges. 
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5.1.3  Aggregation  parameters 

Numerical  experiments  in  obstacle  test  Indicated  that  the  value  of  the  coarsening 
parameter  Lt  had  very  little  effect  on  the  convergence  of  the  iteration  procedures.  The  only 
problem  where  considerable  improvement  was  observed  was  a  2-D  problem  for  randomly 
distributed  short  fibers  in  matrix  material,  where  fiber/matrix  stiffness  ratio  was  equal  to 
100.  The  problem  was  modeled  using  quadrilateral  finite  elements.  For  this  problem  con¬ 
verge  solution  was  achieved  in  23  iterations  using  basic  aggregation  algorithm,  while 
using  adaptive  version  of  aggregation  procedure  with  optimal  value  U,  =  1.68  the  con¬ 
vergence  was  achieved  in  18  iterations.  In  subsequent  studies  we  employed  the  basic  ver¬ 
sion  of  aggregation  procedure. 

5.2  Comparison  with  other  solvers  and  discussion 

First  we  present  the  comparison  of  GAM  solver  with  traditional  Skyline  Direct  solver. 
Figure  9  shows  ±e  rate  of  convergence  in  term  of  CPU  time  versus  problem  size  for  the 
Diffuser  Casing  with  Gates  for  Casting  problem.  It  can  be  seen  that  in  contrast  to  other 
solvers  considered  the  CPU  time  grows  linearly  with  problem  size  for  GAM  solver.  Even 
for  relatively  small  problem  with  35,000  d.o.f.s.  GAM  outperforms  traditional  Skyline 
solver  by  factor  of  27.  For  the  problem  with  70,000  d.o.f.s.  GAM  solver  outperforms 
Sparse  Direct  solver  by  factor  of  9  and  PCG  with  Modified  Incomplete  Cholesky  precon¬ 
ditioner  by  factor  of  12. 

In  the  second  set  of  problems  GAM  is  compared  with  “smoothed  aggregation’*  technic 
introduced  in  [8].  We  have  observed  that  for  a  2-D  model  elasticity  problem  on  a  square 
domain  this  approach  gives  an  improvement  in  terms  of  number  of  iterations  (16  instead 
of  23).  However  for  ill-posed  shell  problem  (HSCT)  the  number  of  iteration  becomes 
almost  twice  larger  (154)  in  comparison  with  the  basic  GAM  version.  Furthermore, 
smoothing  of  the  approximation  field  on  each  aggregate  creates  denser  prolongation  oper¬ 
ator,  which  in  turn  increases  CPU  time  of  restriction  and  yields  denser  auxiliary  matrix. 

Table  1  contains  split  up  CPU  times  including  aggregation,  restriction  of  stiffness 
matrix,  factorization  of  auxiliary  matrix,  incomplete  factorization  of  source  matrix,  and 
iterative  procedure  of  GAM  solver  for  all  obstacle  test  problems.  Finally,  Table  2  and 
Table  3  compare  GAM  Solver  in  terms  of  the  CPU  and  memory  requirements  with  the 
Sparse  Direct  Solver  [1]  and  PCG  Solver  with  Modified  Incomplete  Cholesky  precondi¬ 
tioner.  Computations  were  carried  out  on  SUN  SPARC  10/51  Workstation. 

So  far  only  in-core  solution  methods  have  been  considered.  Clearly  an  ultimate  solu¬ 
tion  engine  should  have  an  out-of-core  capabilities,  since  it  is  not  usually  possible  to  keep 
the  entire  stiffness  matrix  in  RAM.  An  out-of-core  version  of  GAM  is  currently  being 
investigated. 
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Figures  and  Tables  Captions 


Figure  1;  Obstacle  test  3D  problems. 

Figure  2:  Obstacle  test  shell  problems. 

Figure  3:  GAM  solver  performance  in  terms  of  (a)  iteration  count,  and  (b)  CPU  seconds  as 
a  function  of  limiting  eigenvalue  parameter  y  and  number  of  fill-ins  for  HSCT  problem 
with  MINS  elements. 

Figure  4:  GAM  solver  performance  in  terms  of  (a)  iteration  count,  and  (b)  CPU  seconds  as 
a  function  of  limiting  eigenvalue  parameter  y  and  number  of  fill-ins  for  Diffuser  Casing 
problem  with  10-node  Tets. 

Figure  5;  GAM  solver  performance  in  terms  of  (a)  iteration  count,  and  (b)  CPU  seconds  as 
a  function  of  limiting  eigenvalue  parameter  y  and  number  of  fill-ins  for  Nozzle  for  Tur¬ 
bines  problem. 

Figure  6:  GAM  solver  performance  in  terms  of  (a)  iteration  count,  and  (b)  CPU  seconds  as 
a  function  of  limiting  eigenvalue  parameter  y  and  number  of  fill-ins  for  Automobile  Body 
problem  with  DKT-t-DMT  elements. 

Figure  7:  GAM  solver  performance  in  terms  of  iteration  count  and  CPU  seconds  as  a  func¬ 
tion  of  number  of  fill-ins  (limiting  eigenvalue  parameter  y  =  0.00625 )  for  (a)  Diffuser 
Casing  problem  with  10-node  Tets,  and  (b)  Ring-Strut-Ring  problem  with  4-node  Tets. 


Table  1:  GAM  solver  breakdown  times  in  seconds. 

Table  2:  Comparisons  of  GAM,  PCG(MIC)  and  Sparse  [1]  solvers  in  terms  of  CPU  sec¬ 
onds  and  iteration  count. 

Table  3:  Comparisons  of  GAM,  PCG(MIC)  and  Sparse  [1]  solvers  in  terms  of  memory 
(MB). 
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Abstract 

We  develop  computational  models  and  adaptive  modeling  strategies  for  obtaining  an 
approximate  solution  to  a  boundary  value  problem  describing  the  finite  deformation  plas¬ 
ticity  of  heterogeneous  structures.  A  nearly  optimal  mathematical  model  consists  of  an 
averaging  scheme  based  on  approximating  eigenstrains  and  elastic  concentration  factors  in 
each  micro  phase  by  a  constant  in  the  macro  problem  subdomains  where  modeling  errors 
are  small,  whereas  elsewhere,  a  more  detailed  mathematical  model  based  on  piecewise 
constant  approximation  of  eigenstrains  and  elastic  concentration  factors  is  utilized.  The 
methodology  is  developed  within  the  framework  of  “statistically  homogeneous”  compos¬ 
ite  material  and  local  periodicity  assumptions. 


1.0  Introduction 

In  this  manuscript,  we  develop  a  theory  and  methodology  for  obtaining  an  approximate 
solution  to  a  boundary  value  problem  describing  the  finite  deformation  plasticity  of  heter¬ 
ogeneous  structures.  The  theory  is  developed  within  the  framework  of  “statistically  homo¬ 
geneous”  composite  material  and  local  periodicity  assumptions.  For  readers  interested  in 
theoretical  and  computational  issues  dealing  with  various  aspects  of  nonperiodic  heteroge¬ 
neous  media  we  refer  to  [7][9][28][37]. 

The  challenge  of  solving  structural  problems  with  accurate  resolution  of  microstructural 
fields  undergoing  inelastic  deformation  is  enormous.  This  subject  has  been  an  active  area 
of  research  in  the  computational  mechanics  community  for  more  than  two  decades. 
Numerous  studies  have  dealt  with  the  utilization  of  the  finite  element  method  [12] [13] 
[18] [21] [22] [24] [30] [34],  the  boundary  element  method  [11],  the  Voronoi  cell  method 
[10],  the  spectral  method  [1],  the  transformation  field  analysis  [5],  and  the  Fourier  series 
expansion  technique  [26]  for  solving  PDFs  arising  from  the  homogenization  of  nonlinear 
composites.  The  primary  goals  of  these  studies  were  twofold:  (i)  develop  macroscopic 
constitutive  equations  that  would  enable  solution  of  an  auxiliary  problem  with  nonlinear 
homogenized  (smooth)  coefficients,  and  (ii)  establish  bounds  for  overall  nonlinear  proper¬ 
ties  [2][29][32][33][34][35]. 
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Attempts  at  solving  large  scale  nonlinear  structural  systems  with  accurate  resolution  of 
microstructural  fields  are  very  rare  [10]  [12]  [26]  and  successes  were  reported  for  small 
problems  and/or  special  cases.  This  is  because  for  linear  problems  a  unit  cell  or  a  repre¬ 
sentative  volume  problem  has  to  be  solved  only  once,  whereas  for  nonlinear  history 
dependent  systems,  it  has  to  be  solved  at  every  increment  and  for  each  macroscopic 
(Gauss)  point.  Furthermore,  history  data  has  to  be  updated  at  a  number  of  integration 
points  equal  to  the  product  of  the  number  of  Gauss  points  in  the  macro  and  micro  (unit 
cell)  domains. 

To  illustrate  the  computational  complexity  involved  we  consider  an  elasto-plastic  analysis 
of  the  composite  flap  problem  [8]  with  fibrous  microstructure  as  shown  in  Figures  1  and  2. 
The  structural  problem  is  discretized  with  788  tetrahedral  elements  (993  degrees  of  free¬ 
dom),  whereas  fibrous  microstructure  is  discretized  with  98  elements  in  the  fiber  domain 
and  253  elements  in  the  matrix  domain,  totaling  330  degrees  of  freedom.  The  CPU  time 
on  SPARC  10/51  workstation  for  this  problem  was  over  7  hours,  as  opposed  to  10  seconds 
if  von  Mises  metal  plasticity  was  used  instead,  which  means  that  99.9%  of  CPU  time  is 
spent  on  stress  updates. 

With  the  exception  of  [6]  [12]  [19]  most  of  the  research  activities  focused  on  small  defor¬ 
mation  inelastic  response  of  microconstituents  and  their  interfaces.  This  is  partially  justi¬ 
fied  due  to  high  stiffness  and  relatively  low  ductility  of  fibrous  composite  materials. 
However,  when  hardening  is  low  and  the  stress  measures  are  comparable  to  the  inelastic 
tangent  modulus,  or  in  the  case  of  thin  structures  undergoing  large  rotations,  large  defor¬ 
mation  formulation  is  required. 

One  of  the  objectives  of  the  present  manuscript  is  to  extend  the  recent  formulation  of  the 
mathematical  homogenization  theory  with  eigenstrains  developed  by  the  authors  in  [8]  to 
account  for  finite  deformation  and  thermal  effects.  In  addition,  adaptive  strategies  are 
devised  to  ensure  reliability  and  efficiency  of  computations.  In  Section  2  we  derive  a 
closed  form  expression  relating  arbitrary  transformation  fields  to  mechanical  fields  in  the 
phases.  In  Sections  3  and  4  we  employ  an  additive  decomposition  of  rate  of  deformation 
into  elastic  rate  of  deformation  governed  by  hypoelasticty  and  inelastic  rate  of  deforma¬ 
tion.  Section  3  focuses  on  the  2-point  approximation  scheme  (for  two  phase  materials), 
where  each  point  represents  an  average  response  within  a  phase.  The  local  response  within 
each  phase  is  then  recovered  by  means  of  post-processing.  In  Section  4  we  describe  the  n- 
point  scheme  model,  where  n  denotes  the  number  of  elements  in  the  microstructure.  Sec¬ 
tion  5  is  devoted  to  modeling  error  estimation  and  adaptive  strategy.  We  devise  an  adaptive 
2//i-point  model,  where  the  2-point  scheme  is  used  in  regions  where  modeling  errors  are 
small,  whereas  elsewhere  the  n-point  scheme  is  employed.  Numerical  experiments  con¬ 
ducted  in  Section  6  investigate  the  2-point,  the  «-point,  and  the  adaptive  2/«-point  schemes 
in  the  context  of  finite  deformation  plasticity. 


2.0  Mathematical  Homogenization  with  Eigenstrain  for  Small 
Deformations 

In  this  section  we  generalize  the  classical  mathematical  homogenization  theory  [3][4]  for 
heterogeneous  media  to  account  for  eigenstrains.  We  regard  all  inelastic  strains,  phase 
transformation  and  temperature  effects  as  eigenstrains  in  an  otherwise  elastic  body.  We 
will  derive  closed  form  expressions  relating  arbitrary  eigenstrains  to  mechanical  fields  in  a 
multi-phase  composite  medium.  In  this  section  attention  is  restricted  to  small  deforma¬ 
tions. 

The  microstructure  of  a  composite  material  is  assumed  to  be  locally  periodic  (Y-periodic) 
with  a  period  represented  by  a  unit  cell  domain  or  a  Representative  Volume  Element 
(RVE),  denoted  by  0 ,  as  shown  in  Figure  3.  Y-periodicity  implies  that  all  response  func¬ 
tions,  such  as  displacements,  stresses  and  strains,  are  periodic  with  periods  proportional  to 
the  ratio  of  the  representative  micro  and  macro  strucmres,  denoted  by  q .  Let  x  be  a  mac¬ 
roscopic  coordinate  vector  in  macro  domain  Q  and  y  =  x/c,  be  a  microscopic  position 
vector  in  0 .  For  any  periodic  function  /,  we  have  fix,y)  =  f{x,y  +  ky)  in  which  vec¬ 
tor  y  is  the  basic  period  of  the  microstructure  and  k  is  a  3  by  3  diagonal  matrix  with  inte¬ 
ger  components.  Adopting  the  classical  nomenclature,  any  Y-periodic  function  /  can  be 
represented  as 

f^{x)  =  f{x,y{x)).  (1) 

where  superscript  <;  denotes  a  Y-periodic  function  /.  The  indirect  macroscopic  spatial 
derivatives  of  can  be  calculated  by  the  chain  rule  as 

=  +  (2) 

f,y{x,  y)  =  f  y{x,  y)  +  c,  f^ix,  y)  =  qf,:,{x,  y)  (3) 

where  the  comma  followed  by  a  subscript  variable  or  y,-  denotes  a  partial  derivative 
with  respect  to  the  subscript  variable  (i.e.  /  ^  =  df/dx^  and  /  ^  =  df  /3y,  ).  A  semi-colon 
followed  by  a  subscript  variable  denotes  a  partial  derivative  with  respect  to  the  remain¬ 
ing  X  components  (2),  but  a  full  derivative  with  respect  to  y,- ,  and  vice  versa  when  a  semi¬ 
colon  is  followed  by  subscript  variable  y-  (3).  Summation  convention  for  repeated  right 
hand  side  subscripts  is  employed,  except  for  subscripts  x  and  y. 

We  assume  that  micro-constituents  possess  homogeneous  properties  and  satisfy  equilib¬ 
rium,  constitutive,  kinematics  and  compatibility  equations  as  well  as  jump  conditions  at 
the  interface  between  the  micro-phases.  The  corresponding  boundary  value  problem  is 
governed  by  the  following  equations; 
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0  in  Q 

(4) 

'  -  ^ijkl(^h' 

in  Q. 

(5) 

)  in 

Q. 

(6) 

=  “8;^ 

Q 

(7) 

uf  =  u- 

on 

(8) 

af^nj  =  i, 

on 

r, 

(9) 

where  ,  efj  and  (O,^  are  components  of  stress,  strain  and  rotation  tensors;  L  and  |x5. 
are  components  of  elastic  stiffness  and  eigenstrain  tensors,  respectively;  is  a  body  force 

assumed  to  be  independent  of  y ;  uf  denotes  the  components  of  the  displacement  vector; 

the  subscript  pairs  with  regular  and  square  parenthesizes  denote  the  symmetric  and  anti¬ 
symmetric  gradients  defined  as 


(10) 


Q  denotes  the  macroscopic  domain  of  interest  with  boundary  T ;  and  F,  are  boundary 
portions  where  displacements  and  tractions  are  prescribed,  respectively,  such  that 
^  denotes  the  normal  vector  on  F .  We  assume  that  the 

interface  between  the  phases  is  perfectly  bonded,  i.e.  [ofjhj]  =  0  and  [m5]  =  0  at  the 
interface,  F^^^,  where  h-  is  the  normal  vector  to  F^-^,  and  [•]  is  a  jump  operator. 


In  the  following,  displacements  uf{x)  =  u^(x,y)  and  eigenstrains  |X,^(x)  =  y) 

are  approximated  in  terms  of  double  scale  asymptotic  expansions  on  Q  x  0 : 

M,(x,y)  =  MP(x,y)  +  (;M/(x,y)-i- ...  (11) 

y") "  y^ + >)  +  •••  (12) 

Strain  and  rotation  expansions  on  Q  x  0  can  be  obtained  by  substituting  (11)  into  (6)  and 
(7)  with  consideration  of  the  indirect  differentiation  rule  (2) 

y)  =  ix^y)  +  y)  +  qelj(x,y)  +  ...  (13) 
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(14) 


y)  =  y)  +  >')  +  j)  +  ••• 

S 

where  strain  and  rotation  components  for  various  orders  of  q  are  given  as 


£-•>  =  ey^j(u% 

e^.  = 

Z^ij{u^)  +  Zyij{u^^^),  s  =  0,  1, ... 

(15) 

co-.i  =  (Oyijiu^), 

(nfj  = 

+  ^  =  0,  1, ... 

(16) 

Ex, >■(“') 

- 

)’  =  “('.yp 

(17) 

(18) 

Stresses  and  strains  for  different  orders  of  q  are  related  by  the  constitutive  equation  (5) 

^fj  =  s  =  0,1,  ...  ( 


The  resulting  asymptotic  expansion  of  stress  is  given  as 

Oijix,  y)  =  y)  +  afjix,  y)  +  qojjix,  y)  +  ...  (20) 

Inserting  the  stress  expansion  (20)  into  equilibrium  equation  (4)  and  making  the  use  of  (2) 
yields  the  following  equilibrium  equations  for  various  orders: 

0(q-2):  =  0  (2i) 

®  (22) 

Oi^^y-  aP.^,  +  c^  +  ^7,.  =  0  (23) 

0{q^):  +  =  0,  s=\,2,...  (24) 

Consider  the  Oiq-^)  equilibrium  equation  (21)  first.  Pre-multiplying  it  by  uf  and  inte¬ 
grating  over  a  unit  cell  domain  ©  yields 

f  u9a-:\  de  =  0  (25) 

j0  ‘J-yj 


and  subsequently  integrating  by  parts  gives 


(26) 
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where  Tq  denotes  the  boundary  of  0 .  The  boundary  integral  term  in  (26)  vanishes  due  to 
the  periodicity  of  boundary  conditions  on  Tq  .  Furthermore,  since  the  elastic  stiffness 
L^ji^i  is  positive  definite,  we  have 

=  0  =>  M?  =  «?(-»:)  (27) 

and 

=  (iij)Hx,y)  =  0  (28) 

We  proceed  to  the  0{c,-^)  equilibrium  equation  (22)  next.  From  equations  (15)  and  (19) 
follows 

^  on  0  (29) 

To  solve  for  (29)  up  to  a  constant  we  introduce  the  following  separation  of  variables 

u}ix,y)  =  H.,^iiy){e^f^i(u<^)  +  dj^i{x)}  (30) 

where  is  a  Y-periodic  function,  d^i  is  a  macroscopic  portion  of  the  solution  resulting 
from  eigenstrains,  i.e.  if  ^;^,(x,  y)  =  0  then  d}^i(x)  =  0 .  It  should  be  noted  that  both 

and  d^i  are  symmetric  with  respect  to  indices  k  and  /  .Based  on  (30)  O(q-i)  equilibrium 
equation  takes  the  following  form: 

^^ijkl^^^klmn'^  ^klmn^mn^^^  ~^kl^\y.  ~  ^  0  (31) 

where 

^klmn  ~  2^^mk^nl'^  ^nk^ml^’  ^klmn^y^  ~  ^ {k,y,)mn^y^  (^2) 

nnd  ^tnk  Kronecker  delta.  Since  equation  (31)  should  be  valid  for  arbitrary  combina¬ 
tion  of  macroscopic  strain  field  £^^„(«°)  and  eigenstrain  field  we  first  consider 

=  nnd  then  =  Q which  yields  the  following  two 

governing  equations  on  0 : 


klmn'^  ^  (k,y,)mn^^  y.  ~  ® 

(33) 

^^ijkl^^(,k,y,)mn^mn~^kl)^ ^y.  -  ^ 

(34) 
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Equation  (33)  together  with  the  periodic  boundary  conditions  comprise  a  standard  linear 
boundary  value  problem  on  0 .  For  complex  microstructures  finite  element  method  is 
often  used  to  solve  for  which  yields  a  set  of  linear  algebraic  system  with  six  right 

hand  side  vectors  [7].  In  absence  of  eigenstrains,  the  asymptotic  fields  can  be  written  in 
terms  of  the  macroscopic  strain  e,y  =  and  the  macroscopic  rotation 


where 


+  0{c,),  (xiij  =  (Hij  +  Gijki£u  +  ^iq) 


Gijkliy)  —  ^[i,yj]kl^y^ 


The  terms  G-jj^i  and  Giju  are  known  as  polarization  functions.  It  can  be  shown  that  the 
integrals  of  the  polarization  functions  on  0  vanish  due  to  periodicity  conditions. 

The  elastic  homogenized  stiffness  Liju  follows  from  0{q^)  equilibrium  equation  [7]; 


where 


^klmn  ^klmn  ^klmn 


A,,  is  often  referred  to  as  an  elastic  strain  concentration  function  and  [01  is  the  volume 

klmn 

of  a  unit  cell. 

After  solving  (33)  for  H ,  we  proceed  to  (34)  for  finding  d^i  subjected  to  periodic 
boundary  conditions.  Pre-multiplying  (34)  by  and  then  integrating  the  resulting  equa¬ 
tion  by  parts  with  consideration  of  the  periodic  boundary  conditions  yields 


Rewriting  this  equation  in  terms  of  strain  concentration  function  and  manipulating  it 
with  (37)  yields 


where 


(41) 


The  superscript  -1  denotes  the  reciprocal  tensor.  The  0(<^^)  approximation  to  the  asymp¬ 
totic  strain  (13)  and  rotation  fields  (14)  reduces  to: 

Eij  =  +  dfi)  +  0{q)  (42) 

^ij  ~  ®// 4"  ^^;^/)  +  0((^)  (43) 

Let  be  a  set  of  C“*  continuous  functions,  then  the  separation  of  variables 

for  the  0{q^)  eigenstrains  is  assumed  to  have  the  following  decomposition: 

n 

(44) 

4  =  1 

The  resulting  asymptotic  expansion  of  the  strain  and  rotation  fields  (13),  (14)  can  be 
expressed  as  follows: 


-y)  =  +  Giikiiy)hii^)  +  X  +  o{q)  (45) 

n  =  1 

n 

(Hijix,  y)  =  ^j{x)  +  Giju(y)eki(x)  +  X  D$](y)  +  Oiq)  (46) 

4  =  1 

where  Dijl]iy)  and  bljl]iy)  are  the  eigenstrain  influence  functions,  which  can  be 
expressed  in  terms  of  polarization  functions  G^ji^i(y)  and  Gijkiiy)  as  follows 


^ijl](y^  ^Q^^ijmn^^mnpq  ^mnpq)  \ rspq^rskl^^^^ 

In  particular,  if  is  a  set  of  piecewise  constant  functions  such  that 


(47) 


(48) 


0 


otherwise 


(49) 


s 


and  0^^^  is  the  subdomain  r]  within  a  unit  cell,  the  subdomain  volume  fraction  given 
by  Vl0l  and  satisfying  ^  i  ^ 


<’  =  |©(P)lJe,p,“«‘'®  ■  %  +  G®eH+  i  ^S^Vff’  +  OC?) 

(50) 

where 

(51) 

=  c(’1)gS„(L„„p,-L^„p^)-1G(?;^L(^, 

(52) 

and 

iGiju,Gijki)  - 

(53) 

We  will  refer  to  the  piecewise  constant  model  defined  by  (50)  as  the  n-point  scheme 
model.  Equation  (50)a  has  been  originally  derived  by  Dvorak  [5]  on  the  basis  of  transfor¬ 
mation  field  analysis.  Finally,  we  integrate  the  G(qO)  equilibrium  equation  (23)  over  0. 

The  f  a  i  dQ  term  vanishes  due  to  periodicity  and  we  obtain: 

J© 

(54) 

Substituting  the  constitutive  relation  (19)  and  the  asymptotic  expansion  of 
(42)  into  the  above  equation  yields  the  macroscopic  equilibrium  equation 

Strain  tensor 

{^]^\Q^iikl^^klmn^mn  Gf-lmn^mn  ~  M-®/)  +b^  -  0 

(55) 

Finally,  if  we  define  the  macroscopic  stress  a^j  as 

(56) 

then  the  equilibrium  equations  (54)  and  (55)  can  be  further  simplified  as  follows: 

^  =  0>  ihkiihi  -  +  bi  =  0 
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where  \L^j  is  the  overall  eigenstrain  given  by 


Replacing  by  and  manipulating  (58)  with  (37)  and  (40),  the  overall 

eigenstrain  field  can  be  expressed  as 


Equation  (59)  represents  the  well-known  Levin’s  formula  [23]  relating  the  local  and  over¬ 
all  eigenstrains,  and  is  often  referred  to  as  the  elastic  stress  concentration  function. 

RgJfiark  1:  As  a  special  case  we  consider  a  composite  medium  consisting  of  two  phases, 
matrix  and  reinforcement,  with  respective  volume  fractions  c('”)  and  c(/>  such  that 
ci"!)  +  c^f)  =  1 .  Superscripts  m  and  /  represent  matrix  and  reinforcement  phases,  respec¬ 
tively.  ©(""i  and  0(7^1  denote  the  matrix  and  reinforcement  domains  such  that 

0  =  ^  0(/).  We  assume  that  eigenstrains  and  elastic  strain  concentration  factors  are 

constant  within  each  phase.  This  yields  the  simplest  variant  of  (50)  where  n=2.  The  corre¬ 
sponding  approximation  scheme  is  termed  as  the  2-point  model.  The  overall  elastic  prop¬ 
erties  are  given  by  [5] 


'ijkl 


=  s 


ijmn 


(60) 


and  the  overall  stress  reduces  to: 

a-j  =  -I- 


(61) 


3.0  2-Point  Scheme  for  Finite  Deformation  Plasticity 


For  finite  deformation  analysis  the  left  superscript  denotes  the  configuration:  ^  is  the 

current  configuration  at  time  t  +  At ,  whereas  is  the  configuration  at  time  t .  For  sim¬ 
plicity,  we  will  often  omit  the  left  superscript  for  the  current  configuration,  i.e., 

d  =  □  .  To  extend  the  small  deformation  formulation  to  account  for  finite  deforma¬ 

tion  effects  the  following  assumptions  are  made: 

Al:  Phase  stress  objectivity 

We  will  assume  that  the  principle  of  objectivity  is  satisfied  for  each  phase.  Then  the 
Cauchy  stress  rate  for  phase  r  is  given  as: 


10 


p 


aW  =  61/)  +  a![’  where  =  Alpcip  -  alpAl;>  (62) 

where  the  superposed  dot  represents  the  material  time  derivative.  The  rate  of  deformation 
and  spin  tensor  components,  denoted  as  and  ,  respectively,  are  defined  as 

‘■"‘f  (63) 

where  is  the  phase  velocity  gradient.  The  asymptotic  expansion  of  the  phase  velocity 

l,Xj 

is  given  as 

vf  (jc)  =  y)  =  vf ’(j:,  y)  +  qvj^^Xx,  y)  +  ...  (64) 

ajp  is  the  objective  rate  of  the  Cauchy  stress  in  phase  r,  which  represents  the  material 

response  due  to  deformation,  whereas  Ajp  =  represents  the  rate  of  rota¬ 

tion. 

Remark  2:  The  choice  of  rotation  depends  on  the  microstructure.  For  fibrous  com¬ 
posites  it  is  natural  to  assume  that  "Rjp ,  represents  the  fiber  rotation  from  the  configura¬ 
tion  aligned  along  the  unit  vector  ‘m-  to  the  current  configuration  aligned  along  the  vector 
.  Thus 

m,  =  Siip  mj  and  m,-  =  (65) 

Following  Lee  [20]  it  can  be  shown  that  A^p  is  related  to  the  spin  and  rate  of  deformation 
tensors  by: 

a\P  =  Oilp  +  e^pm^mj-Epk'>m^m-  (66) 

The  choice  of  rotations  in  textile  and  particle  composites  is  less  obvious.  We  refer  to  [16] 
for  the  discussion  on  various  choices. 

A2;  Additive  decomposition  of  hypoelastic  and  inelastic  rate  of  deformation 

The  theoretical  and  practical  reasons  favoring  additive  decomposition  over  multiplicative 
decomposition  for  fibrous  composites  were  discussed  in  [27].  In  the  present  work  we 

adopt  the  additive  decomposition  of  rate  of  deformation  into  elastic  jkjp  and  inelastic  rate 
of  deformation  [L^p ,  which  gives 
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(67) 


£(r)  =  £{r)  +  ix(r) 
y  e'^ij  ^ 

Furthermore,  we  will  assume  the  hypoelastic  constitutive  equation  relating  the  objective 
Cauchy  stress  rate  with  rate  of  elastic  deformation: 

(68) 


A3:  Midpoint  integration  scheme  for  micro-  and  macro-coordinates 

In  a  typical  time  step  t  +  At ,  the  configuration  of  the  macro-  and  micro-structure  may  be 

expressed  as  a  sum  of  the  configuration  at  the  previous  step  t  and  the  displacement  incre¬ 
ment: 

‘  +  ‘  Art 

X-  =  x-  +  Au^  (69) 

f  +  Af  t 

y,-  =  y,.  +  Am  .  (70) 


The  macroscopic  displacement  increment  Auf  is  found  from  the  incremental  solution  of 
the  macro-problem,  whereas  displacement  increment  in  the  RVE  is  given  by: 

Au^{x,y)  =  {/^ijix)  +  A(dij(x)}yj  +  Au}(x,y)  (71) 

The  first  term  in  (71)  represents  the  contribution  of  macroscopic  solution,  whereas  the  sec¬ 
ond  term  Auj(x,  y)  accounts  for  oscillatory  Y-periodic  field.  Figure  4  schematically  illus¬ 
trates  the  decomposition  of  the  deformation  field  in  the  RVE. 

Strain  and  rotation  increments  are  integrated  using  the  midpoint  rule  to  obtain  a  second 
order  accuracy: 


Ae  =  - 
•J  2 


( 


aAMp 


aAu?  ^ 


t  +  Ar/2  -.r  +  Ar/2 
\o  Xj  d 


X;  d  x-J 

where  the  midpoint  coordinates  are  defined  as 


^ 


9AMf 


dAu]  ^ 


-\t  +  A^/2  +  Af/2 

\d  Xj  d  x-j 


(72) 


t  +  At/2  I  t  r  +  Ar  ^ 
Xi  =  xiXi+  X.), 


f  +  Ar/2  1a/  /  +  A/  V 

y,-) 


(73) 


Similarly,  the  periodic  portion  of  the  solution  increment  Auj  is  obtained  by  integrating 
(30)  using  the  midpoint  rule: 

(74) 
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where  the  increment  of  inelastic  strain  is  defined  in  Section  4. 


A4:  Additive  decomposition  of  material  and  rotational  response 

There  are  several  formulations  aimed  at  extending  the  small  deformation  formulation  to 
account  for  large  deformation  effects.  One  of  the  most  popular  approaches  is  known  as  the 
co-rotational  method  where  all  the  fields  of  interest  are  transformed  into  the  rotated  9?  - 
system  [16].  In  the  91 -system,  the  form  of  constitutive  equations  is  analogous  to  small 
deformation  theory.  A  simpler  approach,  proposed  by  Hallquist  [14]  and  improved  by 
Hughes  and  Winget  [17]  to  preserve  incremental  objectivity,  is  based  on  the  additive  incre¬ 
mental  decomposition  of  material  and  rotational  response.  The  latter  procedure  is  adopted 
in  the  present  manuscript. 

For  two  phase  material,  the  integration  scheme  [17]  decomposes  stresses  and  back  stresses 
as  follows: 


'*\r>  =  'dW  +  AaW, 

'^iP 

(75) 

=  '&</>  + AalfK 

'&jf>  =  SJ;)  'ai;>  ■xif> 

(76) 

where  ajp  is  the  back  stress.  The  midpoint  rule  is  utilized  to  compute  the  phase  rotations 
[17] 


9*r  =  5i,-  +  (8,i-iA<)j'A(0lj)  (77) 

Remark  3:  For  homogeneous  materials  the  integration  scheme  [17]  uncouples  the  material 
and  rotational  responses.  In  the  present  formulation  phase  rotations  in  each  phase,  91^') , 

depend  on  phase  eigenstrains,  which  are  unknown  prior  to  stress  integration,  and  thus 
material  and  rotational  responses  are  fully  coupled  and  have  to  be  updated  simultaneously. 


A5:  Constant  phase  volume  fractions 

For  the  2-point  scheme  derived  in  Section  3  we  will  assume  that  phase  volume  fractions 
remain  constant  throughout  the  analysis.  This  is  apparently  true  in  the  case  of  elastic  fibers 
undergoing  small  strains  and  incompressible  matrix  material.  In  addition,  we  assume  that 
the  elastic  properties  of  the  phases  are  independent  of  temperature.  Based  on  the  first- 
order  approximation  methods,  such  as  the  Mori-Tanaka  method  [25]  and  Self  Consistent 
method  [15],  the  strain  concentration  factors  and  eigenstrain  influence  functions  can  be 
assumed  to  be  constants  throughout  the  entire  analysis.  These  assumptions  will  allow  us  to 
carry  out  the  entire  analysis  without  updating  the  configuration  of  the  unit  cells.  For  the  n- 
point  scheme  model,  described  in  Section  4,  these  restrictions  will  be  removed. 
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3.1  Implicit  Integration  of  Constitutive  Equation 

For  the  elastically  deforming  reinforcement  the  only  source  of  eigenstrain  rate  is  due  to 
temperature  effects,  i.e.,  where  is  the  thermal  rate  of  deformation  in 

reinforcement  domain.  The  eigenstrain  rate  in  the  matrix  phase  is  comprised  of  both  the 
thermal,  and  the  plastic,  rate  of  deformation  effects,  such  that 

■  The  phase  thermal  rate  of  deformation  can  be  expressed  as 


(78) 

where  0  denotes  the  temperature  and  are  components  of  the  phase  thermal  expansion 
tensor. 


Combining  the  rate  form  of  (50),  (68),  (69),  (75)  and  Assumptions  3  and  4  it  can  be  shown 
that  the  following  relations  for  the  phase  stresses  hold: 


f  +  Ar 


/ 


<jir) 

u 


-  -  2  r  =  m,f 


(79) 


where  is  the  overall  phase  eigenstrain  increment  to  be  defined  later  in  this  section 

and 


I 

Qillf  =  )  J  ^ 

Consider  the  yield  function  of  the  following  form: 


(80) 


F("'))  =  ^(a(,?")-aW)P..^/(c;^f)-a^f))-i{y("»}2  ^si) 

where  y('”l  is  the  yield  stress  of  the  matrix  phase  in  a  uniaxial  test,  which  evolves  accord¬ 
ing  to  the  hardening  laws  assumed;  corresponds  to  the  center  of  the  yield  surface  in 
the  deviatoric  stress  space,  or  simply  the  back  stress.  Evolution  of  the  back  stress  is 
assumed  to  follow  the  kinematic  hardening  rule.  For  von  Mises  plasticity,  is  a  projec¬ 
tion  operator  which  transforms  an  arbitrary  second  order  tensor  to  the  deviatoric  space; 


^ijki  -  ^ijki-^^iPki 


(82) 


For  simplicity  we  assume  that  the  plastic  rate  of  deformation  in  the  matrix  phase  follows 
the  associative  flow  rule: 
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P  da[p^  ^ 

We  adopt  a  modified  version  of  the  hardening  evolution  law  [16]  in  the  context  of  isotro¬ 
pic,  homogeneous,  elasto-plastic  matrix  phase.  A  scalar  material  dependent  parameter  (3 
(0  <  P  <  1)  is  used  as  a  measure  of  the  proportion  of  isotropic  and  kinematic  hardening 
and  is  a  plastic  parameter  to  be  determined  by  the  consistency  condition  (81). 

Accordingly,  the  evolution  of  the  yield  stress  and  the  back  stress  (jJ^j  ^  can  be 

expressed  as  follows; 

y(m)  _ 


&!r>  = 


(85) 


where  p  =  0  corresponds  to  a  pure  isotropic  hardening;  p  =  1  is  the  widely  used  Zie- 
gler-Prager  kinematic  hardening  rule  [36]  for  metals;  is  a  hardening  parameter  defined 
as  the  ratio  between  effective  stress  rate  and  the  effective  plastic  strain  rate. 


Integration  of  (83),  (84)  and  (85)  is  carried  out  using  the  backward  Euler  scheme; 


-  'y(m)  4.  2^ 


(86) 

(87) 


At 


ijkl 


(88) 


where  ^  ^  ,  and  afj"^  is  the  rotated  back  stress  defined  in  (76).  The 

phase  rotation  increment  follows  from  (50),  (78)  and  (83); 

/ 

Acof,r)  =  AS,^  +  G<tJlAlu  *  -  a +  I 

s  =  m 

In  the  following  we  omit  the  left  superscript  for  the  current  step  t  +  At.  Using  the  back¬ 
ward  Euler  scheme  for  the  rate  form  of  in  (79)  and  (86)  yields  the  following  relation 
for  the  Cauchy  stress  in  the  matrix  domain; 

where  is  a  trial  Cauchy  stress  in  the  matrix  phase  defined  as 
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(91) 


=  +  ;£  QfjS>Uj>Ae 

s  =  m 

The  process  is  termed  elastic  if: 


<0 


AX*”)  =  0 


Otherwise  the  process  is  plastic,  which  is  the  focus  of  our  subsequent  derivation. 
Subtracting  (88)  from  (90)  we  arrive  at  the  following  result: 


(92) 


<y!f>-a(f>  =  +  oif))  (93) 

where 


=  e!:T>f’s,i, + |(i  -  mp^iu  (94) 

The  value  of  is  obtained  by  satisfying  the  consistency  condition  which  assures  that 

the  stress  state  in  the  plastic  process  lies  on  the  yield  surface  at  the  end  of  the  current  load 
step.  To  this  end,  equations  (87)  and  (93)  are  substituted  into  the  yield  condition  (81), 

y('"))  =  0,  which  produces  a  nonlinear  equation  for  AX,('").  A  stan¬ 
dard  Newton’s  method  is  applied  to  solve  for  AX,("') : 


AA,|"»  - 


f 


AXi") 


(95) 


where  k  is  the  iteration  count.  It  can  be  shown  that  the  derivative  3<I>('”)/9A)l,('”)  required 
in  (95)  has  the  following  form: 


9<I)('”) 

dAX('") 


4p/t{y('")}2 
9  -  6p;2AA,("’) 


(96) 


The  expression  for  is  derived  in  Appendix  A.  The  converged  value  of  AX('”^  is  then 
used  to  compute  the  phase  stresses.  The  overall  stress  is  computed  from  (61). 


3.2  Consistent  Linearization 

While  integration  of  the  constitutive  equations  affects  the  accuracy  of  the  solution,  the  for¬ 
mation  of  a  tangent  stiffness  matrix  consistent  with  the  integration  procedure  is  essential 
to  maintain  the  quadratic  rate  of  convergence  if  one  is  to  adopt  the  Newton  method  for  the 
solution  of  nonlinear  system  of  equations  on  the  macro  level  [31]. 
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The  starting  point  is  the  incremental  form  of  the  constitutive  equations  (79): 


Taking  material  time  derivative  of  (88),  (89)  and  (97)  yields: 

Ad)M  =  A47  +  6!,^,A54,  +  6<,??>{slr>i<"''  +  P„p,(d<”'-a<^')A>.<”')} 

+  S 


-  E 

s  —  m 

Subtracting  (98)  from  (100)  for  r  =  myields: 

cw-of!")  =  E 

s  =  m 

-p,7*/{(oir>  -  + oir'  -  at?")A>.('")} 


where 


ay  -  tty  - 


Combining  (99),  (101),  (102),  (210),  (211)  with  the  consistent  linearizations  of  Ae^/  and 
Acojt/  (given  in  Appendix  B)  yields: 

d(f>-a(p>  =  (V  +  A),(")lV(,g)-'(AtoV?,,,  +  eS«e  +  lV'"’)  <'03 


where 


v^Ust  ~  aP^Tmn^^^lmn]st'^  ^'nnuv^(uv)st^ '^.^klmn^(mn)st 
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xSu  = 


(106) 


and  Wjj^j ,  and  defined  in  (215),  (210)  and  (211),  respectively.  It 

remains  to  eliminate  from  (103),  by  utilizing  the  linearized  form  of  the  consistency 
condition  (81)  and  equation  (87)  which  gives 

^  ^  ^  9  -  6p/iAA.("')  ’ 

Substituting  (103)  into  (107)  results  in 

=  nf\Aiu'’i.+Afi)  (108) 


where 


n?'  = 


(9  -  6piiAX(”))  S  (f  +  AXl"!  Wl,);;)- 


4PA{  K(">  }2  -  (9  -  6PA  AV”))  K 
and  thus  (103)  can  be  simplified  as 


+  AX(^)WiZl)-\S 


(109) 


X'^st 


aif. 


=  s 


,0 


+  aS-'Q 


v~ijkl  k,  X/  ^  Q~ij 


(110) 


where 


v~ijkl  ^^ijmn'^  \^mn^p^\^pqkl^  (^^0 

Q-ij  ~  X^mn^pq^Q^pq^  (112) 

Finally,  by  substituting  (108),  (110),  (210)  and  (226)  into  (100),  we  get  a  closed  form 
expression  relating  the  phase  Cauchy  stress  rate  ajp  with  the  macroscopic  velocity  gra¬ 
dient  v£  and  the  temperature  rate  0 


(113) 


where 


^tjlcl  ^\jmn^(mn)kl  ^  (J^^jpq^^ [pq\kl 


(114) 


and 
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<>=  i  -  efeWa* 

s  —  m 

+  (o^ijpq^pqmn  “  Qijmn'^i  ^  l^n^pq\^pq  ^^^'"^^mnpq  Q§pq)  jg 

The  overall  consistent  instantaneous  stiffness  is  obtained  from  the  rate  form  of  (61) 
and  Assumption  A5; 


Cij 


=  Dijkivl:,,  +  d.Q 


(116) 


where 


Diju  =  +  c(f)Dlj{],  d.j  =  c^’-U\p)  +  c(/)  J(/)  (1 17) 

The  overall  consistent  tangent  operator  is  derived  from  the  consistent  linearization  of  the 
weak  form  of  the  macroscopic  equilibrium  equation  (57).  Consider  the  internal  force  vec¬ 
tor  expressed  in  terms  of  the  quantities  defined  in  the  deformed  configuration 

Pa  =  <"*> 

where  A, ^  is  a  set  of  shape  functions  in  the  macroscale. 


Prior  to  linearization,  the  internal  force  vector  is  defined  in  the  reference  configuration  ‘Q. 
as 


fint 
J  A 


d‘n 


(119) 


where  is  the  Jacobian  between  the  macro-configurations  at  times  t  and  t  +  At;  F  is 
the  macroscopic  deformation  gradient  defined  as 


F  = 

jm 


t  +  At 


and 


j, 


F-y= 

mj 


m,  X 


=  X 


m. 


(120) 


Linearization  of  (1 19)  yields 


d  pint 


{P mi^i id X  ^ 


(121) 


Substituting  (116)  into  (121)  and  exploiting  the  kinematical  relations  =  dx^k,x,' 
Fmj  =  -Fml^^x  and  the  finite  element  discretization  v°  ^  yields: 
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(122) 


int 


=  1. 


^ iA,  Xj^ijkl^ 


kB,  X 


,  +  J, 


N ii  d-j  dO.  0 

Q  t/l,  Xj  IJ 


^ijki  =  Diji^i  +  (123) 

where  and  d-j  are  defined  in  (1 17);  denotes  the  velocity  degree  of  freedoms  asso¬ 
ciated  with  the  finite  element  mesh.  The  first  integral  in  (122)  represents  the  consistent 
tangent  stiffness  matrix  for  the  macro-problem. 

Remark  4:  For  the  purpose  of  linearization  it  is  convenient  to  approximate  phase  rotations 

within  a  unit  cell  by  a  constant  field  such  that  6)^p  ~  co^ .  The  resulting  rotated  stress  and 
back  stress  rates  are  given  as 

-aipAaicj,  =  A^ikajp')  -  a^p')  A^kj  (124) 

Therefore,  (104)  to  (106)  can  be  simplified  as 

v^ijkl  ~  ^ijmn^{mn)kr{^in^^^^  ~  ^^rnj^)  +  ~  [mn]kl 

f 

e^o-  =  -  Z  e'Tf'yf.  -  ajf )) 

s  —  m 

and  W\fp  =  in  (103),  (109),  (11 1)  and  (112).  D\pi  and  d\p  in  (114)  and  (115)  are 
written  as 

and 

/ 

J(r)  = -OCr'nlr  K  +AA.("’)P  v  )_  V 

tj  mn  ^  pq  Q^pq^  ^mnpqQ^pq)  2^  ^ijkl^kl 


(127) 


(128) 


(125) 

(126) 


4.0  w -Point  Scheme  for  Finite  Deformation  Plasticity 

In  this  section  we  consider  a  unit  cell  model  discretized  with  n  elements.  The  /i-point 
scheme  model  assumes  that  eigenstrains  are  piecewise  constant,  i.e.,  they  are  constant 
within  each  element,  but  may  vary  from  element  to  element.  Our  starting  point  (Section 
4.1)  is  a  rate  form  of  the  governing  equations  representing  the  finite  deformation  plasticity 
of  periodic  heterogeneous  media.  Implicit  integration  of  constitutive  equations  followed 
by  consistent  linearization  are  presented  in  Sections  4.2  and  4.3. 
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SUMMARY 

The  s-version  of  the  finite  element  method  is  developed  for  laminated  plates  and  shells.  By  this  technique  the 
global  domain  is  idealized  using  2-D  Equivalent  Single  Layer  model.  The  regions  where  ESL  model  errs 
badly  in  capturing  localized  phenomena  are  superimposed  by  a  stack  of  3-D  elements.  Assumed  strain 
formulation  and  selective  polynomial  order  escalation  in  the  two  models,  as  well  as  fast  iterative  procedures, 
are  employed  to  maintain  a  high  level  of  computational  efficiency. 

KEY  WORDS:  mesh  superposition;  laminated  composites;  shell  finite  elements 


1.  INTRODUCTION 

Laminated  composites  present  to  the  analyst  a  hard  nut  to  crack  due  to  inadequacy  of  Equivalent 
Single  Layer  (ESL)  theories  in  resolving  3-D  phenomena  on  one  hand  and  computational 
complexity  of  layer-wise  or  3-D  models  on  the  other  hand.  A  natural  remedy  is  a  global-local 
approach  in  which  different  regions  of  the  problem  domain  are  described  with  different  types  of 
models.  We  refer  to  Reference  1  for  a  comprehensive  review  of  global-local  techniques  for 
composite  laminates  and  to  References  2  and  3  for  various  aspects  of  reliability,  convergence  and 
accuracy  of  global-local  techniques. 

Here  we  focus  only  on  the  class  of  global-local  techniques  that  advocates  hierarchical  solution 
strategy  in  the  sense  that  information  from  the  analysis  of  an  ESL  model  is  exploited  in  resolution 
of  local  effects  using  Discrete  Layer  (DL)  mesh.  Among  the  most  popular  hierarchical  global-local 
strategies  are  various  forms  of  multigrid  and  composite  grid  methods, as  well  as  methods 
based  on  hierarchical  decomposition  of  approximation  space.'  -  Recently  the  composite  grid 

method  originated  for  displacement-based  linear  systems  has  been  extended  to  hybrid  systems.'”' 
Engineering  global-local  approaches  which  approximate  a  detailed  response  by  means  of  post 
processing  techniques,  such  as  subjecting  a  refined  discrete  layer  model  to  the  boundary  condi¬ 
tions  extracted  from  the  global  ESL  model,  can  be  viewed  as  a  single  iteration  within  the 
composite  grid  procedure.  For  various  improvements  of  this  simple  ‘zoom’  technique  we  refer  to 
References  18-20. 

The  present  paper  is  an  extension  of  our  previous  work  on  the  s-version  of  the  finite  element 
method  in  2-0'°“'^  to  laminated  plates  and  shells.  In  this  paper  we  emphasize  the  utility  of  the 
mesh  superposition  technique  to: 

(a)  Identify  the  location  of  the  critical  regions  where  DL  model  is  needed  using  Dimensional 
Reduction  Error  (DRE)  indicators. 
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(b)  Accuiately  and  efficiently  predict  both  local  and  global  efTects  using  assumed  strain  formula¬ 
tion,  selective  polynomial  order  escalation  and  dedicated  iterative  solution  procedures  for 
hierarchical  systems. 

The  outline  of  the  paper  is  as  follows:  In  Section  2  the  s-method  is  introduced  in  the  context  of 
laminated  plates  and  shells.  Assumed  strain  formulation  and  a  novel  quadrature  scheme  are 
briefly  discussed  in  Section  3.  Dimensional  Reduction  Error  indicators  and  quality  control 
techniques  are  described  in  Section  4.  A  brief  discussion  on  the  feasibility  of  iterative  and  direct 
solvers  for  the  s-method  is  presented  in  Section  5.  Numerical  examples  conclude  the  manuscript. 


2.  MESH  SUPERPOSITION  FOR  LAMINATED  COMPOSITES 

Consider  a  heterogeneous  medium  on  domain  Q  with  boundary  T  as  shown  in  Figure  1.  The 
boundary  F  is  decomposed  as  F  —  F^uFf,  where  F^,  is  the  boundary  with  prescribed  displace¬ 
ments  and  F,  with  prescribed  traction.  The  critical  region  to  be  superimposed  by  a  local  mesh  is 
denoted  by  Q^,  c  Q.  Domains  Q  and  are  subdivided  independently  into  element  domains 
such  that  IjDp  =  Q  and  (JQ^  =  Let  F^'^  be  the  boundary  between  the  two  meshes  such  that 
Let  be  the  global  displacement  field  defined  on  Q  and  u*"  be  the  local  displace¬ 
ment  field  defined  on  the  local  region  The  total  displacement  field  is  constructed  by 
superposition: 


u  =  -h 


(1) 


In  the  case  of  laminated  plates  and  shells,  the  global  displacement  field  is  represented  by  the 
Equivalent  Single  Layer  (ESL)  model.  The  ESL  model  on  is  discretized  using  a  hierarchic 
degenerated  plate/shell  finite  elements.^"^ 

In  the  notation  employed  in  this  manuscript,  indices  (1,2)  correspond  to  inplane  co-ordinates 
and  index  3  corresponds  to  the  transverse  direction  as  shown  in  Figure  1.  The  Greek  subscripts 
represent  the  inplane  spatial  components  (1,  2)  only.  The  lower  case  Latin  subscripts  indicate 
spatial  components  (1,2,3)  except  for  subscripts  a,b  and  e  which  are  reserved  for  element 
numbers.  Uppercase  subscripts  indicate  degrees  of  freedom.  Summation  convention  is  employed 
for  repeated  indices  unless  otherwise  specified. 

The  displacement  field  is  expressed  in  terms  of  mid-point  translations  m/((^i,  (^2)  and 
mid-point  rotations  (^2)  which  are  defined  with  respect  to  the  fiber  co-ordinate  system  as: 


NMDS 

I  ^^(^1,^2) 


A=l 


wL  I 

j 


NMDS 

+  E 

A={ 


«4[ 


OiA 

^2A 


Where  {N^}  are  the  hierarchic  basis  of  the  interpolation  space  S°(Q°  g)  (defined  as  in 
Reference  14),  is  the  maximum  inplane  polynomial  order,  q  the  polynomial  order  in  transverse 
direction  and  =  Q.  NMDS  are  the  number  of  hierarchic  modes  in  the  superimposed  mesh. 
Note  that  there  is  a  fundamental  difference  between  equation  (2)  and  its  iso-parametric  counter¬ 
part.  In  the  classical  iso-parametric  formulation  the  variable  vector  functions  e/'{(^,,(^2)  in 
equation  (2)  are  replaced  by  a  set  of  constant  vectors  e{  {^f,  representing  the  fibre  co-ordinate 
system  at  the  node  A.  The  present  formulation  gives  rise  to  an  additional  term  in  the  displacement 
gradient  evaluation,  resulting  from  the  derivatives  ofe{.  For  a  detailed  formulation  of  hierarchic 
degenerated  plate/shell  element  see  Reference  14. 
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To  resolve  the  localized  phenomena  a  Discrete  Layer  model  is  superimposed  in  the  critical 
region  fi*'.  The  DL  model  is  discretized  in  terms  of  3-D  hierarchical  C°  continuous  shape 
functions  {N}-},  spanning  the  interpolation  space  p^)  (defined  in  Reference  21),  where  p  is 

the  maximum  polynomial  order.  Thus  the  local  displacement  field  is  expressed  as. 


NMDS 

=  I 


A  =  l 


(3) 


where  a  is  the  displacement  vector  representing  the  amplitudes  of  the  hierarchic  modes  in  the 
superimposed  mesh. 

To  satisfy  the  C°  displacement  compatibility  between  the  global  (ESL)  and  local  (DL)  meshes, 
the  following  homogeneous  boundary  conditions  are  imposed  on  the  local  mesh  at  the  boundary 
between  the  two  meshes  (T^^): 


=  0  on  6  [1,  2] 


(4) 
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Where  a  corresponds  to  the  inplane  co-ordinates  of  the  shell.  Note  that  the  local  displacement 
field  IS  not  constrained  m  the  transverse  (X.,)  direction  on  r°'-  as  the  underlying  shell  model  has 

no  extension  mode  m  this  direction.  These  constraints  arc  equivalent  to  the  so  called  telescopic 
constraints  in  finite  element  jargon. 

The  inhomogeneous  displacement  boundary  conditions  u'’  on  T,  can  be  approximated  with  the 

global  mesh  although  better  resolution  of  prescribed  fields  can  be  obtained  by  prolonmno  the 
remainder  of  the  field  °  ° 


2,10-14 


=  onr„  (5) 

to  die  local  mesh.-  In  (5)  /‘-  is  the  prolongation  operator  from  the  local  to  global  mesh  and 
u  =  u^’  on  r„. 

To  demonstrate  the  basic  structure  of  the  discrete  equations,  a  linear  elastostatics  problem  is 
considered.  The  discrete  equations  are  obtained  using  Galerkin  approximation  of  the  weak  form 
Which  states:  Given  the  spaces, 

on  r„} 

H/G  ^  ^  pG  /G).  ^G  ^  ^G  =  Q  On  r„  } 

U"  =  (“■'I"'-  e  p\  n  U*-  e  C°(Q‘  );  u'-  =  /'  (u'’  -  u-’G)  on  r„;  =  0  on  TG'-} 

ITL  ^  w^eC^fQ'-);  w'- =  0  on  r„;  w,*- =  0  on  TGL} 

where  see  [1,  2]  and  le  [1,  3]. 

Find 

jjG  g  [/G^  u^e[/^,  11  =  11*^-1-11^  (7) 

such  that  for  all  wG  e  JF  °  w*-  e  VF  S  w  =  -f  w*- 

a(wG  -g  wS  uG  +  u‘')o  =  (wG  +  wS  6,)n  +  (wG  -g  wS  f,.)r  (8) 

where  SG  is  the  aforementioned  interpolation  space  for  the  global  domain  0°  ^nd  /g  is  the  list  of 
active  degrees  of  freedom  to  be  determined  in  the  adaptive  process  on  the  basis  of  the  contribu¬ 
tion  of  the  corresponding  basis  functions  towards  reduction  of  discretization  errors  (Section  4) 
S^ilarly  S  is  the  interpolation  space  for  the  local  domain  Q*-  and  /•-  is  the  corresponding  list  of 
active  degrees  of  freedom  determined  adaptively,  h,-  and  f,-  are  prescribed  body  and  traction  forces 
respectively.  a(-,  •)  and  (•,  •)  are  bilinear  symmetric  forms  defined  by 


r* 

a(P,Q)=  P(.-,,)Av*/e(U)dQ 

Jn 

(9) 

/• 

(P.Q)r=  P,e,dr 

Jr 

(10) 

(P,Q)n=  PiQidQ 

JQ 

(11) 

Dij„  IS  the  constitutive  tensor.  The  parenthesis  about  lower  case  subscripts  designate  the 
symmetric  part  of  a  second-order  tensor. 

Discrete  equations  are  obtained  by  substituting  interpolants  (2,  3)  for  both  the  trial  and  test 
functions  into  the  weak  form  (8)  and  requiring  arbitrariness  of  the  local  and  global  variations.  The 
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Structure  of  the  resulting  equation  is  given  as; 

Kd  =  f 


where 


and. 


1! 

11 

f/:“  1 

^BE  _ 

i  j 

[''■."I 

r 

'(N",N 

Jn 


(12) 


(13) 


(14) 


=  «(N?,  N[-)  = 
/7>=(N°,b)a  +  (NV,t)r,  = 
=  (lVB,b)n'  +(iV^,t)r,= 


fl|7B  ^iikl  ^klE  dfl 


BfjA  Dijki  ^kii: 


N-\  6,  dQ  + 


A/,g6,dQ  + 


/vSqdr 


N\-bUAV 


(15) 

(16) 

(17) 

(18) 


and  are  the  strain-displacement  matrices  corresponding  to  the  ESL  and  DL  models, 
respectively.  The  B-matrix  is  modified  using  the  assumed  strain  method^ ^  to  enhance  the  element 
performance  as  described  in  the  next  section.  Effective  (or  smeared)  laminate  material  properties 
Diju  are  used  for  calculation  of  global  stiffness  matrix  and  plane  stress  assumption  is  incorporated 
in  QVQ*-.  3-D  material  properties  are  used  for  the  matrices  in  the  local  region. 

To  maintain  rank  sufficiency  of  the  stiffness  matrix  K  the  global  and  local  interpolation  spaces 
must  be  mutually  exclusive.  For  structured  mesh  superposition  (Sj-version  of  FEM*°)  exclusively 
considered  here,  this  can  be  accomplished  explicitly  as  demonstrated  below: 

From  the  definition  of  spaces  S°(nS  q)  and  p^)  it  is  evident  that 

S‘'(DSp^)nS°(nSp°  q)  ^0  .  (19) 

Hence  redundant  modes  are  encountered  in  the  system  (12),  since  a  linear  combination  of 
underlying  mesh  basis  functions  can  replicate  a  superimposed  mesh  basis  function  or  vice  versa. 
Define  an  auxiliary  space 

S(Q^)  =  S‘'(n^p‘')nS°(Q^p°,9)  (20) 

so  that  the  rank  sufficiency  of  the  stiffness  matrix  K  can  be  maintained  using  the  following 
interpolation  space: 

S{Q)  =  S^(Q°,p^,q)yjiSH^\p'^)\Sm)  (21) 


or 

S(fi)  =  S‘'(QS  p'')u(S°(fi°,  q)\S{Q^))  (22) 

The  two  decompositions  of  the  space  S(Q)  (21)  and  (22)  in  the  local  region  denoted  by,  S(D^), 
represent  a  complete  space  of  polynomial  order  p^.  The  decomposition  given  in  (21)  is  more 
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convenient  from  the  computational  efficiency  stand  point  because  it  allows  to  exploit  previous 
computations  in  certain  cases  discussed  in  Section  5. 

In  order  to  construct  the  space  S(Q^)  we  decompose  it  as  a  tensor  product  of  two  spaces; 

=  S2d(A^-,  p],)®  Sid{T,  t,  p^)  (23) 

where  S^d  is  spanned  by  2-D  hierarchical  basis  of  order  p^^'define  over  the  mid-surface  of  the 
shell  over  the  local  region  and  S\d  is  spanned  by  1-D  hierarchical  basis  functions  of  order 
p,  defined  within  each  layer  t,-  c:  T,  such  that  IJ  i,  =  T. 

Each  of  the  two  spaces  is  constructed  from  a  set  of  basis  functions  in  the  global  and  local 
meshes: 

S2d{A^,Pa)  =  S2d{A\  p^:)yj[S'io{A\  p],)\S^2d{A^)]  (24) 

SioiTj,  p'n  =  5,1(1  =  T,q)vj[S];oiT,t,  Pu)\S^{T,  f)]  (25) 

For  the  lower  order  plate/shell  theories  based  on  either  Kirchhoff  or  Reissner  hypothesis  the 
through  the  thickness  variation  of  inplane  displacements  u,  are  linear,  that  is,  q  =  \  and 
dim[5iD(r  =  T ,  q)}  =  2,  while  the  transverse  displacement  U3  variation  is  constant  that  is  u  =  0 
and  dim[Sp„(r  =  r,g)]  =  1. 

To  define  the  subspace  m  the  local  mesh  which  is  to  be  constrained,  we  limit  ourselves  to  the 
case  where  the  global  space  defined  on  the  local  region  is  a  subspace  of  the  local  superimposed 
space,  that  is,  S  (Q  ,  q)  c  p^).  In  this  scenario  it  is  sufficient  to  constrain  dofs  of  the 

local  mesh  corresponding  to  the  following  subspace: 

—  ■^Po  ®  SpD  (26) 

This  implies  that  it  is  necessary  to  constrain  a  number  of  shell  surfaces  or  layer  interfaces  in  the 
superimposed  (DL)  mesh  equal  to  dim  [Spp].  In  numerical  examples  we  have  constrained  the  top 
and  bottom  surfaces  for  inplane  displacement  and  a  bottom  (or  top)  surface  for  the  transverse 
displacement. 

The  second  case  of  practical  interest  is  that  of  partial  superposition  in  the  transverse  direction 
as  shown  in  Figure  1.  This  is  especially  important  for  multilayer  composite  with  hundreds  of 
layers,  where  it  is  desirable  to  superimpose  only  in  ffie  vicinity  of  most  critical  layers.  In  this 
scenario  it  is  necessary  to  enlarge  the  constraint  set  to  maintain  displacement  compatibility 
between  global  and  local  meshes  by  constraining  the  dofs  in  the  superimposed  mesh  at  the 
global-local  interface  r°^. 

For  the  case  of  unstructured  superposition  (Sy-version)  the  redundant  modes  are  eliminated 
during  the  solution  phase  as  elucidated  in  Reference  11.  In  the  current  work  only  the  structured 
mesh  superposition  methodology  has  been  considered. 

Remark.  The  s-method  can  be  utilized  to  hierarchically  model  discontinuous  fields.*^  By  this 
technique  a  mathematical  model  free  of  discontinuities  is  superimposed  by  an  additional  field 
able  to  represent  the  discontinuity.  The  mathematical  validation  of  this  technique  was  given  in 
Reference  12.  In  the  present  study  the  global  ESL  mesh  free  of  delamination  is  superimposed  by 
a  local  3-D  mesh  with  delamination  (discontinuity)  modelled  by  double  nodes  along  the  de¬ 
lamination  surface.  Numerical  investigation  is  presented  in  Section  5. 

3.  ASSUMED  STRAIN  FORMULATION 

To  enhance  the  performance  of  the  degenerated  plate/shell  elements  primarily  at  lower  spectral 
orders  (p  ^  4)  an  assumed  strain  formulation  is  employed.  The  formulation  of  the  enhanced 
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strain-displacement  matrix  B  can  be  obtained  by  interpolating  B.-.m  between  a  set  of  reduced 
quadrature  points^^  or  by  selectively  projecting  out  higher-order  modes  in  the  quadrature 

process  as  described  in  this  section.  ...  i  .■  in. 

The  formulation  of  assumed  strain  displacement  matrix  based  on  interpolating 
formation  between  a  set  of  reduced  quadrature  points  is  computationally  taxing  for  hig  er-or  er 
elements  (p  >  4),  making  the  stiffness  calculations  cumbersome.  To  speed  up  this  process 
Symmetric  Dot  Product  (SDP)  quadrature  scheme  (presented  in  Reference  14)  which  exploits  the 
hierarchical  structure  of  the  stiffness  matrix  and  eliminates  the  need  for  explicit  strain  interpola¬ 
tion  between  reduced  and  regular  quadrature  points  has  been  developed  in  the  context  of  the 
s-method  We  briefly  outline  the  SDP  quadrature  scheme  in  the  context  of  laminated  composites. 

Consider  the  integral  of  the  form  ^2,  C,)  /ifc. ,  C%- C,)  dQ  in  the  natural  co-ordinate 

system  such  that  dQ  =  dCi  d<;,  dC3  and  - 1  ^  C  ^  1.  The  integral  under  consideration  may 
represent  a  typical  stiffness  matrix  component,  where  g  is  a  strain^isplacement  matrix  compon¬ 
ent  and  h  IS  a  strain-displacement  matrix  term  multiplied  by  a  jacobian  and  a  corresponding 
component  of  the  constitutive  tensor.  In  the  classical  Gauss  quadrature  the  integrand  (^/i)  is 
implicitly  curve  fit  with  a  polynomial  and  then  integrated  in  a  closed  form.  It  has  been  shown  in 
Reference  24  that  for  hierarchical  systems  it  is  more  efficient  to  curve  fit  separately  each  term  of 
the  integrand  (g  and  h)  with  orthonormal  polynomials  (0)  which  allows  one  to  decompose  the 
integral  into  a  dot  product  of  two  vectors 


ghdQ.=  X 
n  7=1 


9  <^/dQ 


h(l),  dQ. 


(27) 


where  the  following  concise  notation  is  being  used  C2>  C3)  —  ^i(?i)^i(‘=2)^)£(C3)  ^bere 

Pi  are  normalized  Legendre  polynomials.  L  =  {h  +  1)  ((2  +  1)  ((3  +  ‘  ^ 

polynomial  orders  of  <^2  in  ^2,  ^3  directions,  defined  as  in  Reference  14.  The  P^oof  is  based  on 
the  orthogonality  of  Legendre  polynomials  and  is  given  in  References  14  and  24.  Now  consider 
a  typical  stiffness  term 


fc/lB  = 


BlDBflJdQ 


(28) 


Ja  ^ 


^aK 


Let 


(29) 


yielding 


kAB=  Z 


/=  1 


b;j 


SI 


D<pi  BgJ^^^dQ 


(30) 


and  further  dot  product  integral  decomposition  of  the  second  term  in  (30)  yields  the  following 
symmetric  form: 

L  L 


kAB=  Y.  Z 

/  =  I J=  I  J 


(BlJ^'^)(j),dQ- 


(D)(/. 


,(t>jdQ-  (Bj 
Jn 


J^>^)  (pj dQ 


(31) 
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where  the  strain-displacement  matrix  B  and  the  constitutive  tensor  are  expressed  in  th.  ,i 
mater, al  co-ordmate  system.  For  the  exact  integration  of  the  errs^T''  he 

select, vely  projecting  out  the  B  Itr  e  ms  1  ‘  '’h 

polynomials  resulting  in  “  ‘-=8™*= 


where 


J  (j),dQ  = 


1  Pi(C| 

|)^2(C2)A(C3)‘ 

b.-Mi  F,(;i 

)hc2)h{Q,) 

(^••133  Ft(c  1 

^  Pjiil)  Pki-ii) 

(’.(2  3  P |■(C  1 

)PAc2)hi^,) 

J''-dQ 

(32) 

(’••112  P ,  (Cl 

)^i^2)Pk(Q2) 

(’.•113  Pi{Q\ 

)PjiQ2)P ^(Cs)  _ 

m  <  1, 

[0, 

m  =  1, 

(33) 

m  =  l,  (33) 

^  Note°'!haf  if  interpolation  between  reduced  quadrature  points 

Note  that  if  the  constitutive  tensor  is  constant  D  =  f  xA  wn_rwi  i 
Laminated  Plates  and  Shells,  is  pre-integrated  ’  ''  -  DS^.  In  case  of 


4.  ADAPTIVE  STRATEGY 

urelT tfa"htTth^?o[Zin7oTe'^^^^^ 

(a)  Demarcation  of  critical  regions  where  DL  model  should  be  superimposed 

a^urcn  S"' —  °f 

Th^esrimaLdl^oHn  “f'”"  '’y  ‘he  authors.'" 

me  estimated  error  in  the  ESL  model,  referred  as  Dimensional  Reduction  Error  fDRF^  F  ic 

approximated  by  a  linear  combination  of  some  basis  functions  <t>.  ’ 

E  =  4>PeE{Q*)  (34) 

where  p  are  determined  by  solving  the  minimization  auxiliary  problem; 

^  a  +  E,  +  E)n  -  +  E,  b)^  -  (u'^"  +  E,  t)r  j  =  0  (35) 

and  the  functional  space  E  is  defined  to  maintain  C°  continuity  of  the  augmented  field  +  F 
and  to  satisfy  essential  boundary  conditions,  that  is  augmented  held  u  +  E 

E  =  {E\E  =  <f>pe  C°(Q*);  E  e  S"(Q*,  p^)-  E  =  0  on  Q\Q*^  (3g) 

Tu  subspace  S^.  For  the  process  of  identification  of  critical  regions  in  the  ESL 

Platc/shell  model  the  u-  corresponds  to  a  given  ESL  finite  element  solution  fnd “  reprLLtt 
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layer-wise  3-D  finite  element  interpolants.  To  estimate  the  dimensional  reduction  error  indi¬ 
cators,  the  space  S'-  is  chosen  as  a  3-D  discrete  layer  interpolation  space  defined  on  the  entire 
domain  Q*  =  D,  with  maximum  polynomial  order  =■  1-  It  is  desirable  that  the  computational 
effort  of  the  error  estimation  process  be  only  a  fraction  of  the  finite  element  solution,  hence  in 
practice  only  an  approximation  for  P  is  calculated.  We  will  be  seeking  for  an  approximation  of 
P  by  replacint!  the  Hessian  matrix  a{<j),  (p)  resulting  from  (35)  by  its  diagonal.  The  resulting  energy 
norm  of  the  estimated  error  for  each  element  is  obtained  by 


'le 


NDOFS 

z 

A 


(37) 


where  NDOFS  are  the  total  number  of  degrees  of  freedom  in  the  element  ‘e'.  The  critical  elements 
which  need  to  be  superimposed  are  selected  such  that 


}-l^  ^  max  (17  J 

e 


(38) 


where  parameter  y,.e  [0,  1]  controls  the  number  of  elements  to  be  superimposed  with  7  -  0 
corresponding  to  unitorm  superposition  over  the  entire  domain. 

We  now  consider  adaptive  strategy  based  on  selective  polynomial  escalation  in  the  two  meshes. 
Consider  a  given  finite  element  space  consisting  of  underlying  and  superimposed  meshes 

=  S°((Q^\Q^),  pZ  q,  /°)u  [S'-fQS  pS  /‘-)\S‘-(Q'-)]  (39) 

and  let  us  define  a  higher  order  space  obtained  by  increasing  the  polynomial  order  of  both 
global  and  local  interpolants. 

S"  =  [S°((Q°\fi‘'),p°  +  lq)^S^(Q\p^  +  l)\^(n")]\S'^^  =  SPAN{<^^}  (40) 

As  before,  the  approximations  for  ^  are  found  by  replacing  the  Hessian  matrix  by  its 

diagonal.  Error  indicators  corresponding  to  each  higher-order  degree  of  freedom  are  calculated  as. 

riA  =  no  sum  on  A  (41) 

in  both  meshes.  The  degree-wise  indicators  tja  is  used  in  selection  of  critical  basis  functions  which 
reduce  the  error  similar  to  the  element-wise  error  indicators  (38).  The  list  of  active  degrees  of 
freedom  and  /*'  is  appended  with  those  degrees  of  freedom  which  correspond  to  the  error 
indicators  17^  (41)  such  that 

max  (17^)  (42) 

A 

where  parameter  y  e  [0, 1]  controls  the  speed  of  convergence  with  y  =  0  corresponding  to 
uniform  polynomial  escalation. 


5.  MULTIGRID  METHOD  FOR  HIERARCHICAL  SYSTEMS 

The  structure  of  the  stiffness  matrix  resulting  from  the  s-method  is  quite  dense  unlike  the  banded 
structure  of  the  lower-order  elements.  This  is  due  to  use  of  higher-order  elements  and  explicit 
coupling  between  global  and  local  meshes.  The  deterioration  of  the  sparsity  significantly  affects 
the  total  solution  time  in  the  case  of  conventional  sky-line  or  sparse  matrix  equation  solvers.  On 
the  other  hand,  the  hierarchical  structure  of  s-method  has  a  positive  effect  on  the  system 
conditioning  This  suggests  that  iterative  equation  solvers  are  ideal  to  expedite  the  solution 
process.  In  our  previous  work‘d  we  have  developed  efficient  Multigrid-like  iterative  solvers  for 
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p-method.  These  solvers  are  generalized  to  deal  with  positive-definite  systems  arising  from  the 
superposition  of  ESL  and  DL  meshes.  We  consider  a  hierarchical  system; 


local  levels 


global  levels 


where 


''  m  —  1  ir  m 


Kul  ^  fd-- 

Kr.J  1  dr 


,  f'’'  = 


and  m  is  the  level  number;  K°  the  stiffness  matrix  on  the  initial  level;  K”  is  of  order  n  >  «  _ , 

where  IS  the  order  of  the  block  K"" ';  dr  e  ??*""'""-'’ and  d™' ^  e 

feature  of  equation  (44)  for  superposition  analysis  is  that  lower  order  block  K'"^  ' 
might  be  different  from  the  stiffness  matrix  corresponding  to  level  {m  -  1),  K"'  because  of  either 

1.  change  in  constitutive  model  from  plane  stress  (q  =  1)  to  3-D  {q  ^  2), 

2.  progressive  improvement  in  geometry  or 

3.  changing  quadrature  scheme. 

The  global  plate/shell  model  may  exhibit  somewhat  stiffer  behaviour  at  lower  polynomial 
orders  which  may  not  well  represent  a  lower  frequency  response  of  the  total  superimposed  system. 
This  is  related  to  the  well  known  problem  of ‘locking’  which  is  characteristic  of  lower  order  plates 

We  now  present  a  variant  of  the  multigrid  method  for  solving  positive-definite  systems  defined 
y  equation  (44).  Let  Q™  and  Q"-i  be  the  restriction  and  prolongation  operators,  which 
ransfer  the  data  from  level  (m)  to  level  (m  -  I)  and  vice  versa.  Due  to  the  hierarchiality  of  the 
s-method  it  has  a  very  simple  form: 

q:“  =  [i  (45, 

where  I  is  the  order  n. . ,  identity  matrix,  and  0  is  order  (ti.  -  n._ , )  zero  matrix.  A  single  V^tyde 
nas  a  compact  recursive  definition  given  by 

z'":=  MG'"  (r^.K™)  (46) 

where  r'"  is  the  residual  vector.  The  V-cycle  multigrid  algorithm  is  summarized  below; 

1.  Loop  i  =  0,  1,  2, .  .  .  until  convergence 
if  1  =  0  ♦-  d*"  =  0 

2.  perform  yi  pre-smoothing  operations 

smooth (yi.o'd*",  K-",  f") 

where  the  left  superscript  and  subscript  denote  the  cycle  number  of  smoothing  count 
respectively. 

3.  Restrict  residual  from  level  m  to  m  —  I 


j.m-1  =  QH;- I  ({rn  _  i  ^ 
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r"''\ 


_m  —  1 


4.  Coarse  grid  correction 

jf  —  1)  =  lowest  level,  solve  directly  z" 

Else 

5.  Prolongate  from  level  m  -  1  to  m 

y.  +  t'd"'  =  y,'d'"  +  'wQ;:-iz'' 
where  V.  is  a  coarse  grid  relaxation  parameter,  which  minimizes  energy  functional  along  the 
prescribed  direction  v-  =  and  is  given  as 

W  —  ^mT 

Note  that  for  two  grid  methods  ‘co  =  1  if  K'"  ‘  =  K 

6.  Perform  yz  post-smoothing  operations 

‘■^od'"  ;=  smooth  (yz.-,-,  + 1 'd'".  K”,  f”) 

Another  variant  of  the  standard  V-cycle  multigrid  method^  has  been  proposed  by  Bank  et  al.~- 
The  mtho"  as  hLrarch^a.  basis  maUigrid  iechni.ue  (HBM),  ,s  s.mdar  .0  .he  s.aadard 


Thickness  of  each  lamina  =  0.125 

Ei=  20.0x10®psl, 

EisEss  2.10x10rpsi 

Gil  =  G»  =  Gil  =  0.85  X  1(f  psi. 


Vm 


v« 


0.21. 


D.R.E.  INDICATOR  CONTOURS  AT  45/-45  INTERFACE 

1.20e-08 


Figure  2.  Axial  tension  (45/  -  45),  problem 
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mu  tigri  -cycle,  except  that  a  smaller  than  the  normal  subset  of  unknowns  is  updated  during 
t  e  smoothing  phase  at  a  given  level.  HBM  takes  advantage  of  the  fact  that  smoothing  mainly 
affects  Inghest  oscillatory  modes  of  error,  and  thus  relaxation  sweeps  are  performed  on  the  block 
by  block  level  keeping  the  rest  of  the  degrees  of  freedom  fixed.  It  has  been  shown  bv  Bank  et  al 
that  the  rate  of  convergence  of  HBM  method  has  a  logarithmic  dependence  on  the  problem  size 

as  oppose  to  multigrid  method  which  has  an  optimal  rate  of  convergence  independent  of  the 
mesh  size  and  spectral  order. 


For  ill-conditioned  problems,  such  as  thin  laminated  plates  and  shells,  it  is  desirable  to 
accelerate  the  rate  of  convergence  of  the  multigrid  like  methods.  The  acceleration  schemes  (two 
parameter  and  conjugate  gradients)  require  a  small  fraction  of  computational  effort,  but  at  the 

same  tme  have  been  found  to  be  very  efficient  in  expediting  the  converaence  of  the  multiarid  like 
methods.'  ""  ^ 


6.  NUMERICAL  EXPERIMENTS 

Numerical  experiments  are  conducted  to  investigate  the  performance  of  s-method  for  modelina 

animated  composites  m  terms  of  accuracy  and  computational  efficiency.  The  following  classical 
test  problems  are  considered: 


(a)  (45/  -  45)j  laminate  in  axial  tension, 

(b)  (45/0/  -  45/90)j  laminate  in  axial  tension,^*’ 


Thickness  of  each  lamina  =  0.125 
E«=  19.5xd0®psi, 

E*  =  El  =  t.48  X  IGr  psi 
Gil  =  Ga  =  Gti  =  0.8  X  icf  psI, 

Vit  =  Vb  -  vi.  =  0.30. 


Figure  3.  Axial  tension  problem  (90/  -  45/0/45),  composite  laminate 
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(c)  edge  delamination  test  for  (0/35/  —  35/90)s  laminate, 

(d)  composite  laminate  Scordelis-lo  roof. 

Geometry,  boundary  conditions  and  material  properties  for  the  axial  tension  problems  are 
illustrated  in  Figures  2  and  3. 

Our  numerical  experimentation  agenda  involves  investigation  of  the  following  aspects: 

(a)  ability  of  Dimensional  Reduction  Errors  to  capture  critical  regions. 

(b)  the  influence  of  mesh  gradation,  selective  polynomial  escalation  and  assumed  strain 
formulation  on  the  rate  of  convergence, 

(c)  comparative  study  of  iterative  and  direct  solution  techniques  for  laminated  composites. 

Contour  lines  of  the  estimated  error  (45/  -  45),  and  (45/0/  -  45/90),  laminates  subjected  to 
axial  tension  are  given  in  Figures  2  and  3,  respectively.  The  contour  lines  were  obtained  by 
interpolating  estimated  elemental  errors.  The  estimated  error  distribution  substantiates  the  well 
known  fact  that  edge  effects  are  prominent  near  the  free  edges  of  the  laminates.  A  layer-wise  finite 
element  mesh  is  superimposed  over  the  critical  elements. 

In  our  current  study  identical  inplane  mesh  subdivision  for  underlying  and  overlying  meshes 
has  been  employed.  Numerical  comparison  of  meshes  with  different  gradation  in  resolving  3-D 
stress  fields  in  (45/  -  45),  laminate  is  illustrated  in  Figure  5.  The  uniform  superimposed  mesh 
shown  in  Figure  4  is  obtained  by  layer-wise  subdivision  in  the  transverse  direction.  The  two 


Figure  4,  Different  meshes  used  for  free  edge  stress  estimation 
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Figure  5,  Comparison  of  meshes  for  (45/  —  45),  laminate 


geometric  meshes  in  Figure  4  have  layers  of  elements  graded  towards  the  free  edge  and  the  ply 
interface  with  a  common  factor  of  0-15.  Normalized  stress  distribution  (o',3  =  cr,3/£o  where 
£o  =  axial  strain)  near  the  free  edges  for  each  type  of  mesh  is  shown  in  Figure  5.  The  reference 
stress  distributions  at  the  free  edges  are  depicted  fromT®~^®  It  is  evident  from  the  plots  in 
Figure  5  that  geometric  meshes  are  vital  to  accurately  estimate  the  stress  field  near  free  edges  and 
polynomial  order  escalation  alone  in  uniform  meshes  is  not  sufficient. 
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Assumed  strain  and  displacement  based  elements  (for  both  underlying  the  superimposed 
models)  as  well  as  the  quadrature  schemes  are  compared  in  Figure  6.  The  CPU  times  required  for 
the  calculation  of  total  (global  and  local)  stiffness  employing  SDP  and  uniform  quadrature 
schemes  are  compared  for  the  (45/  -  45),  problem  modelled  with  two  level  geometric  mesh 
(Figure  4).  Plots  of  absolute  maximum  stress  and  error  in  energy  norm  versus  the  total  CPU  time 
for  stiffness  calculation  are  shown  in  Figure  6.  Both  formulations  are  quite  competent  in 
estimating  maximum  stresses,  although  the  assumed  strain  formulation  has  faster  convergence. 


TWO  LEVEL  GEOMETRIC  MESH  (45/-45)S  LAMINATE 


0.70 


* 

ASSUMED  STRAIN  UNIFORM  QUADRATURE 

X 

ASSUMED  STRAIN  SDP  QUADRATURE 

□ 

CONTINUUM  UNIFORM  QUADRATURE 

0 

CONTINUUM^DP  QUADRATURE 

Q4Q  I - 1 - - - > - - - * 

0.0  100.0  200.0  300.0 

CPU  time  In  seconds 


Figure  6.  Comparison  of  quadrature  schemes 
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Moreover  it  is  evident  that  SDP  quadrature  is  computationally  more  efficient  than  the  uniform 
quadrature  scheme  for  both  assumed  strain  and  displacement  based  elements. 

To  study  the  effect  of  ^elective  polynomial  order  escalation  on  the  resolution  of  free  edge 
stresses,  the  (45/  —  45),  aii,.  (4.''  0  —  45/90),  laminates  modelled  with  meshes  as  shown  in  Fiaures 
7  and  8  respectively,  are  considered.  In  Figures  7  and  8  plots  of  maximum  stresses  with'' and 
without  selective  polynomial  order  escalation  for  the  local  mesh  are  presented  for  (45/  -  45)^  and 
(45/0/  —  45/90)^  laminates.  It  is  evident  that  selective  polynomial  order  escalation  speeds  up  the 
rate  of  convergence.  In  the  problems  considered  the  parameter  y  (42)  was  set  equal  to  0-01  and 
selective  polynomial  order  escalation  was  performed  only  on  the  local  mesh. 

In  Figure  9  the  composite  laminate  Scordelis-lo  roof  problem  is  investigated.  The  elemental 
error  densities  in  a  4  x  4  unilorm  mesh  are  illustrated.  The  two  elements  with  maximum  errors  are 
superimposed  with  discrete  layer  mesh.  The  parameter  y,  was  chosen  as  0-75.  The  convergence  in 
energy  norm  and  in  the  maximum  normal  stress  with  uniform  and  selective  polynomial  escalation 
are  depicted  in  the  plots.  Selective  polynomial  escalation  is  carried  out  in  both  local  and  global 
meshes.  It  is  evident  from  the  plots  that  selective  polynomial  escalation  in  the  local  mesh  alone  is 
not  sufficient  unless  the  global  mesh  is  sufficiently  refined. 


Figure  7.  Effect  of  selective  refinement  (45/  -  45)^  laminate 


THE  s-VERSION  OF  FINITE  ELEMENT  METHOD  FOR  LAMINATED  COMPOSITES 


3657 


Figure  8.  Effect  of  selective  refinement  (45/0/  —  45/90)i  laminate 


Partial  through-the-thickness  mesh  superposition  where  only  two  (0,  —45)  lamina  are  super¬ 
imposed  in  the  (45/0/  —  45/90)s  laminate,  is  presented  in  Figure  10.  It  can  be  seen  that  the 
accuracy  of  stresses  at  the  (0/  —  45)  interface  is  not  significantly  compromised  due  to  the  partial 
superposition. 

The  edge  delamination  (EDT)  problem  is  used  to  test  the  ability  of  the  model  to  predict  energy 
release  rates.  The  particular  laminate  chosen  for  this  experiment  is  (0/35/  —  35/90)*,  since  this 
problem  has  been  analysed  using  layer-wise  theory  in  Reference  28  and  using  quasi-3-D  finite 
element  model  in  Reference  29.  The  geometry,  boundary  conditions,  symmetry  and  material 
properties  are  illustrated  in  Figure  11.  The  specimen  has  four  delaminations  two  along  each  free 
edge  at  the  —  35/90  and  90/  —  35  interfaces.  The  delamination  surface  interpenetration  has  been 
ignored  in  the  current  study.  Three-dimensional  Virtual  crack  closure  method^®  is  used  to 
calculate  the  total  energy  release  rate  and  its  components.  In  Figure  1 1  normalized  energy  release 
rates  are  plotted  versus  the  specimen  length.  The  energy  release  rates  are  normalized  as  follows: 


(G,  G„Gn) 


(G,  G,,  Gii) 
e^O-StL 


(48) 
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(45/-45)  LAMINATE 

El  =  19.5  X  lO^psi, 

E2  =  E3=  1.48x1(fpsi 
Gi2  =  Gi3  =  0.80  X  10®psi, 
G23  =  0.49x10^si 
v«  =  Vu  =  0.30. 

Vn  =  0.49. 

THICKNESS  =  0.25 
RADIUS  =  25.0 
DEAD  WEIGHT  =  0.333 


291.2  398.1  631.0  1000.0  1S84.9  2911.9 

DOFS 

P  s  POLYNOMIAL  ORDER  OF  GLOBAL  MESH 
S  =  POLYNOMIAL  ORDER  OF  LOCAL  MESH 


251.2  398.1  831.0  _ 1000.0  1SB4.9  2S11.8 
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Figure  9.  Scordelis-lo  roof  problem 


where  L  is  the  length  of  the  specimen,  t  the  total  thickness  and  go  the  uniform  axial  strain.  It  was 
observed  that  the  contribution  of  mode  III  towards  the  total  energy  release  rate  was  negligible 
and  mode  II  was  the  prominent  contributor.  The  energy  release  rates  are  fairly  constant  along  the 
central  portion  of  the  specimen  and  show  a  decrease  near  the  ends,  where  the  delamination 
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0 

UNIFORM  RERNEMENT 

1553  DOFS 

□ 

SELECTIVE  RERNEMENT 

1110  DOFS 

REFERENCE  SOLUTION 

GLOBAL  POLYNOMIAL  ORDER  «  2  1 

LOCAL  POLYNOMIAL  ORDER  =  4  1 

Figure  10.  Interlaminar  stresses  at  free  edge  partial  superposition  on  (  -  45/0)  plys 


surfaces  are  constrained  against  relative  motion  to  simulate  friction  grips.  The  results 
presented  match  closely  with  the  results  presented  in  Reference  28  in  the  central  portion  of  the 
specimen. 

Finally  we  study  the  performance  of  various  solution  techniques  for  solving  a  positive  definite 
linear  system  of  equations  resulting  from  s-version  of  finite  element  formulation.  The 
(45/0/ -  45/90)s  laminate  problem  (Figure  8)  and  the  Scordelis-lo  roof  problem  have  been 
considered.  The  solution  procedures  considered  are: 

(a)  MG-ICC-ACC:  Multigrid  method  with  In-Complete  Cholesky  smoothing  and  two  para¬ 
meter  acceleration, 

(b)  HBM-ICC-ACC:  Hierarchical  Basis  Multigrid  method  with  In-Complete  Cholesky 
smoothing  and  two  parameter  acceleration, 

(c)  PCG-ICC:  Pre-conditioned  Congujate  Gradient  Method  with  In-Complete  Cholesky 
Preconditioner, 

(d)  Direct:  LDU  skyline  solver, 

(e)  Sparse  Direct:  The  space  direct  solver  developed  by  NASA.^‘ 
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Figure  11.  Edge  delamination  tension  test 


It  is  evident  from  the  plot  of  number  of  degrees  of  freedom  versus  CPU  time  required  for 
solution  in  Figure  12  that  the  Multigrid-like  solvers  have  better  performance  for  larger  well 
conditioned  systems  (number  of  dofs  >  2000)  than  the  sparse  direct  solver.  Amongst  the  MG-like 
solvers  HBM  is  computationally  more  efficient  because  Incomplete  Cholesky  factorization  of  the 
block  diagonal  matrix  (used  for  HBM-ICC  smoothing)  is  relatively  inexpensive  compared  to  that 
of  the  entire  dense  matrix  used  for  MG-ICC  smoothing.  For  the  Scordelis-lo  roof  problem  the 
breakeven  problem  size  between  iterative  and  direct  solvers  moves  upwards,  because  of  poor 
conditioning  of  the  stiffness  matrix.  The  Incomplete  Cholesky  smoothing  has  been  found  to  be 
superior  that  the  Gauss  Seidel  smoothing  in  particular  for  poor  conditioned  thin  domain 
problems.  All  the  experiments  were  conducted  on  a  Sun  Sparc  10  workstation. 
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Figure  12.  Comparison  of  solution  methods  for  s-method 
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Abstract 

The  paper  generalizes  the  classical  mathematical  homogenization  theory  for  hetero¬ 
geneous  medium  to  account  for  eigenstrains.  Starting  from  the  double  scale  asymptotic 
expansion  for  the  displacement  and  eigenstrain  fields  we  derive  a  close  form  e.xpression 
relating  arbitrary  eigenstrains  to  the  mechanical  fields  in  the  phases.  The  overall  struc¬ 
tural  response  is  computed  using  an  averaging  scheme  by  which  phase  concentration 
factors  are  computed  in  the  average  sense  for  each  micro-constituent,  and  history  data 
is  updated  at  two  points  (reinforcement  and  matrix)  in  the  microstructure,  one  for 
each  phase.  Macroscopic  history  data  is  stored  in  the  database  and  then  subjected  in 
the  post-processing  stage  onto  the  unit  cell  in  the  critical  locations. 

For  numerical  e.xamples  considered,  the  CPU  time  obtained  by  means  of  the  two- 
point  averaging  scheme  with  variational  micro-history  recovery  was  30  seconds  on 
SP.A.RC  10/51  as  opposed  to  7  hours  using  classical  mathematical  homogenization 
theory.  At  the  same  time  the  maximum  error  in  the  microstress  field  in  the  critical 
unit  cell  was  only  3.5%  in  comparison  with  the  classical  mathematical  homogenization 
theory. 


1  Introduction 


Metal  matrix  composites  reinforced  by  aligned  continuous  fibers  may  exhibit  a  significant 
amount  of  elastic-plastic  deformation  caused  by  plastic  flow  of  the  matrix.  .Although  the 
fibers  strengthen  the  matrix  substantially,  the  local  stress  concentration  caused  by  the  pres¬ 
ence  of  fibers  may  trigger  plastic  flow  of  the  matrix  at  a  lower  overall  stress  level  than  the 
yield  stress  of  the  unreinforced  matrix.  The  total  strains  seen  in  fibrous  system  are  up  to 
0.01-0.02,  seldom  exceeding  the  failure  strain  of  the  fiber.  Consequently,  the  utilization  of 
high  strength  of  the  metal  matrix  composites  requires  a  consideration  of  the  elasto-plastic 
deformation  primarily  in  the  small  strain  regime  [14]. 


1 


]  INTRODUCTION 


•> 


In  modeling  heterogeneous  media  it  is  tempting  to  adopt  a  macroscopic  point  of  view,  which 
considers  the  composite  as  a  homogeneous  medium  with  anisotropic  properties  that  have  to 
be  determined.  Several  authors  [28]  applied  anisotropic  yield  criterion  developed  by  Hill  [22] 
for  elasto-plastic  analysis  of  fibrous  composites.  On  the  other  hand  Dvorak  and  Rao  [14] 
and  Lin  et  al.  [26]  have  shown  that  HilLs  anisotropic  yield  criterion  (originally  designed  for 
metals)  assuming  that  hydrostatic  stress  does  not  influence  yielding  and  that  there  is  no 
Bauschinger  effect  is  not  valid  for  fibrous  composites. 

Under  these  circumstances  micromechanical  analysis  of  composite  materials,  which  provides 
the  overall  composite  behavior  from  the  properties  of  individual  constituents  (reinforcement 
and  matrix)  and  their  interaction,  seems  to  be  the  only  viable  alternative.  Most  of  the 
current  micromechanical  methods  approximate  the  local  fields  within  each  phase  either  as 
uniform  [1.  11.  12].  or  as  piecewise  constant  [2.  3.  33].  Micromechanical  approaches  can 
be  also  classified  into  the  following  two  categories:  (i)  those  that  require  evaluation  of  in¬ 
stantaneous  concentration  function  by  solving  the  rate  form  of  an  inclusion  or  unit  cell 
problem  [1.  2,  3.  11.  12.  33],  and  (ii)  those  that  require  evaluation  of  elastic  concentration 
function  only.  The  latter  is  based  on  the  transformation  field  analysis  recently  developed 
by  Dvorak  [9.  10].  An  excellent  survey  of  these  micromechanical  approaches  for  plasticity 
of  fibrous  composites  is  given  in  [9,  11]  and  references  therein  provide  good  insight  into  this 
approach. 

Methods  based  on  a  multiple  scale  asymptotic  expansion,  which  are  parallel  to  micromechan¬ 
ical  approaches  for  linear  systems  appeared  in  the  mid  /O  s  by  the  name  of  mathematical 
homogenization.  The  mathematical  homogenization  method  is  advantageous  in  the  sense 
that  it  provides  convergence  characteristics  of  certain  norms  of  interest  in  addition  to  only 
bounds  of  equivalent  material  properties.  The  fundamentals  of  mathematical  homogeniza¬ 
tion  theory  can  be  found,  among  others,  in  [5,  21,  29].  Various  higher  order  mathematical 
homogenization  theories  and  their  finite  element  application  were  described  in  [17,  19].  A 
variant  of  the  classical  mathematical  homogenization  that  abandons  the  classical  hypothe¬ 
sis  of  uniformitv  of  the  macroscopic  fields  within  the  unit  cell  domain  has  been  developed 
in  [15,  16].  By  this  approach  the  solutions  obtained  from  the  mathematical  homogenization 
theorv  are  only  used  to  simulate  the  global  response  of  the  discrete  heterogeneous  medium, 
whereas  the  classical  relaxation  techniques  are  employed  to  capture  the  oscillatory  response. 

For  small  deformation  plasticity  a  mathematical  homogenization  theory  has  been  established 
by  Suquet  [31,  32].  Finite  element  application  issues  were  addressed  in  [20].  In  these  attempts 
the  uncoupling  of  scales  was  carried  out  for  a  linearized  system  in  a  similar  fashion  to  that  of 
the  linear  problem.  References  [2,  3,  33]  represent  the  micromechanical  approaches  parallel 
to  the  mathematical  homogenization  for  plasticity  [20,  31,  32]  in  terms  of  the  formulation 
and  computational  complexity  involved. 

One  of  the  objectives  of  the  present  work  is  to  develop  a  mathematical  homogenization 
theorv  with  eigenstrains  —  a  counterpart  to  the  micromechanical  approach  based  on  the 
transformation  field  analysis  recently  developed  by  Dvorak  [9,  10].  In  Section  2.1  we  derive 
a  closed  form  expression  relating  arbitrary  transformation  fields  to  mechanical  fields  in  the 
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phases,  which  for  the  case  of  piecewise  constant  transformation  fields  reduce  to  the  form 
derived  by  Dvorak  [8]  on  the  basis  of  the  uniform  fields  concept.  This  is  followed  by  the 
derivation  of  return  mapping  stress  update  procedures  in  Section  2.3  and  consistent  tangent 
operators  for  heterogeneous  systems  in  Section  2.4. 

From  the  practical  stand  point,  solution  of  large  scale  nonlinear  structural  svstems  with 
accurate  resolution  of  microstructural  fields  is  not  yet  feasible.  For  linear  problems  a  unit  cell 
or  a  representative  volume  problem  has  to  be  solved  only  once,  whereas  for  nonlinear  history 
dependent  systems  it  has  to  be  solved  at  every  increment  and  for  each  macroscopic  (Gauss) 
point.  Furthermore,  history  data  has  to  be  updated  at  a  number  of  integration  points  equal  to 
the  number  of  Gauss  points  in  the  macro  problem  multiplied  by  the  number  of  Gauss  points 
in  the  unit  cell.  To  illustrate  the  computational  comple.xity  involved  we  consider  elasto- 
plastic  analysis  of  the  composite  (titanium  matri.x)  flap  problem  shown  in  Figure  la.  The 
macrostructure  is  discretized  with  788  tetrahedral  elements  (993  degrees  of  freedom),  whereas 
microstructure,  as  shown  in  Figure  lb,  is  discretized  with  98  elements  in  the  reinforcement 
domain  and  253  in  the  matrix  domain,  totaling  330  degrees  of  freedom.  The  CPU  time  on 
SPARC  10/51  for  this  problem  was  7  hours,  as  opposed  to  10  seconds  if  metal  plasticity  was 
used  instead,  which  means  that  99.96%  of  CPU  time  is  spent  on  stress  updates.  Under  these 
circumstances  it  seems  that  the  statement  made  by  Hill  [23]  that  "...  for  non-linear  svstems, 
the  computations  needed  to  establish  any  constitutive  law  are  formidable  indeed  ...  "’is  still 
valid  almost  30  years  later. 

The  second  objective  of  the  present  work  is  to  device  an  efficient  computational  scheme  that 
will  enable  to  solve  large  scale  structural  systems  in  heterogeneous  media  at  a  cost  comparable 
to  problems  in  homogeneous  media  without  significantly  compromising  on  solution  accuracy. 
The  proposed  computational  procedure  consists  of  the  following  three  steps: 

•  Compute  the  overall  structural  response  using  two-point  mathematical  homogenization 
scheme  with  eigenstrains  (Section  2)  by  which  the  concentration  factors  are  computed 
in  the  average  sense  for  each  phase,  i.e.  history  data  is  updated  only  at  two  points  (re¬ 
inforcement  and  matri.x)  in  the  microstructure,  one  for  each  phase. 

•  Store  the  history  of  macroscopic  fields  in  the  database. 

•  Post-process  the  microscopic  solution  (Section  3)  by  subjecting  the  unit  cell  to  the 
macroscopic  solution  history  in  the  critical  locations. 

Numerical  experiments  conducted  in  Section  6  indicate  that  when  the  proposed  computa¬ 
tional  scheme  is  combined  with  the  state  of  the  art  solution  technique  for  large  scale  nonlinear 
system  [18]  one  can  solve  large  scale  nonlinear  structural  systems  in  range  of  60,000-90,000 
unknowns  in  less  than  3  hours  of  CPU  time  on  SUN  SPARC  station  10/51. 

Throughout  this  paper,  we  will  use  boldface  letters  to  represent  vectors  and  matrices  and 
lightface  letters  to  scalar  quantities  or  tensor  components.  Besides,  Einstein’s  summation 
convention  for  repeated  indexes  is  assumed  unless  indicated  explicitly.  In  the  contracted 
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notation  the  indexes  confirm  with  the  definition  11  =  1,  22  =  2.  33  =  3.  12  =  4.  13  =  o  and 
23  =  6.  Strain  and  eigenstrain  vectors  are  with  engineering  components:  stress  and  back 
stress  vectors  are  with  tensor  components.  and  denote  the  transpose  and  inverse  of 
matrix  A,  respectively. 

2  Mathematical  Homogenization  with  Eigenstrain 


In  this  section,  we  generalize  the  classical  mathematical  homogenization  theory  [4,  5]  for 
heterogeneous  medium  to  account  for  eigenstrains.  We  will  regard  all  inelastic  strains  as 
eigenstrains  in  an  otherwise  elastic  body.  Attention  will  be  limited  to  small  deformations. 

The  microstructure  of  a  composite  is  assumed  to  be  periodic  (^-periodic)  so  that  the  homog¬ 
enization  process  can  be  performed  in  a  unit  cell  domain,  denoted  by  0.  This  implies  that 
all  the  response  functions,  such  as  displacement  and  stress,  are  also  periodic  with  periods 
proportional  to  the  ratio  of  the  characteristic  lengths,  c,  between  the  micro  representative 
volume  element  and  the  macroscopic  structure.  Let  x  be  a  macroscopic  co-ordinate  vector 
and  y  =  x/c  be  a  microscopic  position  vector.  For  any  periodic  response  function  /.  we 
have  /(x,y)  =  /(x,y  +  kY)  in  which  vector  Y  is  the  basic  period  of  the  microstructure 
and  fc  is  a  3  by  3  diagonal  matrix  with  components  of  any  finite  integers.  Adopting  classical 
nomenclature  any  V'-periodic  function  /  can  be  represented  as 

f{x)  =  /(x,y(x)) 

where  superscript  s  denotes  that  the  corresponding  function  /  is  T  -periodic  and  is  a  function 
of  macroscopic  spatial  variables.  The  indirect  macroscopic  spatial  derivatives  of  /'  can  be 
calculated  by  the  chain  rule  as 

/,z.(®)  = +  7/.v.(®’V)  (1) 

where  subscripts  followed  by  a  comma  denote  partial  derivatives  with  respect  to  the  subscript 
variables  (i.e.  ==  df  Idxi). 

In  Section  2.1  we  will  derive  closed  form  expressions  relating  arbitrary  eigenstrains  to  me¬ 
chanical  fields  as  well  sis  to  the  overall  eigenstrain  in  a  multi-phase  composite  medium. 


2.1  Formulation  for  Multi-Phase  Composite  Medium 

In  modeling  a  heterogeneous  medium,  micro-constituents  are  assumed  to  possess  homoge¬ 
neous  properties  and  satisfy  equilibrium,  constitutive,  kinematics  and  compatibility  equa¬ 
tions  as  well  as  jump  conditions  on  the  interface  boundary  between  the  micro-phases.  The 
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corresponding  boundary  value  problem  is  governed  by  the  following  equations. 


=  0 
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Q 
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(kinematic  equations) 

(3) 

=  Uj 

on 

F. 

(displacement  boundary  conditions) 

(0) 

II 

b 

on 

Fi 

(traction  boundary  conditions) 

(6) 

in  which  are  stress  and  strain  tensors;  L,jki  and  are  elastic  stiffness  and  eigenstrain 

tensors,  respectively:  6;  is  a  body  force;  m  denotes  a  displacement  vector;  the  subscript  pair 
with  parenthesis  denotes  the  svmmetric  gradient  defined  as  uf,-  ^  =  (uf  „  4- u-  „  )/2:  0,  is  the 

\  JyXx/f 

macroscopic  domain  of  interest  with  boundary  F;  F^  and  Fj  are  prescribed  displacement  and 
traction  non-intersected  boundary  portions  such  that  F^  U  Ft  =  F;  u,-  and  ^  are  prescribed 
displacements  on  F^  and  traction  on  Fj;  n,  denotes  the  normal  vector  on  F.  Here  we  assume 
that  the  interface  between  the  phases  is  perfectly  bonded,  i.e.  |(t?  =  0  and  juj]  =  0  on  the 

interface  boundary  Fim  where  n_,  is  the  normal  vector  on  F^t  and  jsl  is  a  jump  operator. . 

The  displacement  u-^{x)  and  eigenstrain  are  then  replaced  by  and 

and  approximated  by  the  corresponding  double  scale  asymptotic  expansions: 

Ui{x.y)  Si  u°{x,y)  +  zu]{x,y)  +  •  ■■  (7) 

Hij{x,y)  Si  fi°^{x,y)  +cfi]^{x,y)  +  ■■■  (8) 

Expansion  for  strain  tensor  can  be  obtained  by  substituting  (7)  into  (4)  with  consideration 
of  the  indirect  differentiation  rule  (1) 

eij(x,  y)  Si  i  e-4(x,  y)  +  e°.(x,  y)  +  £eL{x,  y)  +  •  •  •  (9) 

in  which  the  strain  tensor  for  various  orders  of  c  is  given  as 

=  eqy{u°) 

S  =  0,  1,  •  •  •  (10) 

where 

The  stress  and  strain  tensors  for  different  0{£^)  are  related  by  the  constitutive  rules  (3) 

a-L  =  LqweF/ 

~  -3=0,  !,•••'  (11) 

and  thus  the  stress  tensor  can  be  written  a.s 

Si  i  cr-\x,  y)  +  cr°  (a;,  y)  +  icr°  (z,  y)  +  ■  •  • 


(12) 
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Inserting  the  stress  tensor  asymptotic  expansion  (12)  into  equilibrium  equations  (2)  and 
making  "the  use  of  (1)  yields  the  following  equilibrium  equations  for  various  orders 


O(r^)  :  <,,=0 

0(5°)  :  =  0 

0(£^)  :  =  0-  ^  = 


(13) 

(13) 

(15) 

(16) 


Consider  the  0{e~'^)  equilibrium  equations  (13)  first.  Pre-multiplying  it  by  u°  and  integrating 
over  a  unit  cell  domain  0  yields 

and  subsequent  integration  by  parts  results  in 

/  die  -  /  d0  =  0 

JVe 

in  which  T©  denotes  the  boundary  of  0.  The  boundary  integral  term  in  the  above  equation 
vanishes  due  to  the  periodicity  of  boundary  conditions  on  T©.  Since  the  elastic  stiffness 
tensor  L^yki  is  positive  definite,  we  have 

4.y;)  =  ° 

Next,  we  proceed  to  the  0(c-M  equilibrium  equations  (14).  From  equations  (11,10)  follows 

(L,jki[ekix{u°)  +  ekiy{u^)  -  ^  ^ 


To  solve  for  equation  (17)  up  to  a  constant  we  introduce  the  following  separation  of  variables 

u]{x,y)  =  H,>nn(!/)  (emnr(«’°)  +  <^mn(®)) 

in  which  H.„,n  is  a  V'-periodic  function  with  symmetry  on  indexes  m  and  n,  is  a 
macroscopic  portion  of  the  solution  resulting  from  eigenstrains,  i.e.  if  —  0  then 

(x)  =  0.  With  this  form  of  u]  we  rewrite  0(c"^)  equilibrium  equation  (17)  as 

(j^dkmdtn  +  'J’fc/mn)  emnx('“°)  +  klmnd^n  ~  f^kl)^  y  ~  ^ 

where 

’^klmniy)  —  H(fc.y,)mn(y) 

and  6km  is  the  Kronecker  delta.  Since  equation  (18)  is  satisfied  for  arbitory  macroscopic 
strain  field  Cmnr('“°)i  and  eigenstrain  field  /x°  ,  one  may  first  consider  =  0,  emnx('“  )  r 
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and  then  e.mnri'^  )  —  0.  ^  0  which  yields  the  following  two  governing  equations  in  a  unit 

cell  domain 

"h  ^.klmn)'j  —  0  (19) 

iLijkl'^kimn).yjd^n  ~  =  0  (20) 

Equation  (19)  is  the  standard  linear  unit  cell  equation  [5]  subjected  to  periodic  boundary 
conditions  that  can  be  solved  in  0.  Finite  element  method  can  be  used  for  solving  this 
problem  [19,  21],  In  absence  of  eigenstrains.  ekuiu^)  is  related  to  the  total  strain  by 

^kl  ^klmn^mnxi'^  )  "b  O(-) 

where 

^klmn  '^{^km^ln  “b  ^kn^lm')  "b  klmn 

Awmn  is  often  referred  to  as  elastic  strain  concentration  function.  It  should  be  noted  that 
Akimn  and  possess  minor  symmetry  such  that  Akimn  =  Aikmn  =  Akinm  and  'ikimn  = 

^  I  km  71  ~  ^kljimt  but  not  the  major  symmetry  in  general.  The  elastic  homogenized  stiffness 
tensor  Lijki  follows  from  0(c°)  equilibrium  equation  [IT] 

T  =  J- 

"  |0| 

in  which  |0|  is  the  volume  of  a  unit  cell. 

In  the  following  derivations,  we  will  adopt  matri.x  notation.  The  matrix  representation  of 
'^kimn  is  given  as 

(  ^1111  ^1122  ^1133  'I'lll2  '^1113  ^1123  ^ 

^22H  ^2222  'I'2233  ^2212  'I'2213  ^2223 

^  _  ^3311  'I'3322  '1^3333  'I'3312  ^3313  ^3323 

'-'I'l211  2'5i222  2'Fi233  2'Fi212  2^1213  2^x223 
2'I’i311  2'5i322  2^1333  2^1312,2^1313  2^1323 
\  2^2311  2'F2322  2'p2333  2'F2312  2^2313  2^2323  ) 

The  stiffness  matrix  L  is  arranged  similarly  although  it  does  not  have  the  multiplier  two  in 
the  last  three  rows.  The  strain  concentration  function  can  be  written  in  matrix  notation  as 
follows 

A  =  1  + 

where  I  is  a  6  by  6  identity  matrix. 

After  solving  equation  (19)  for  we  now  proceed  to  equation  (20)  for  finding  subjected 
to  periodic  boundary  conditions.  Pre-multiplying  (20)  by  H„t  and  then  integrating  the 
resulting  equation  by  parts  with  consideration  to  the  periodic  boundary  conditions  yields 

(f0  =  0 


^tjmnA-mnkl  d0  Amnijl^mnst  A ^ 
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Rewriting  this  equation  in  terms  of  strain  concentration  function  A  and  manipulating  it 
with  equation  (21)  yields 

d^  =  ^(L-L)-i  f  (22) 

I©!  Jq 

where 

and  thus  the  0(c°)  approximation  to  asymptotic  strain  field  (9)  reduces  to 

e  =  +  0{c)  (23) 


Let  Ip  =  {P-n{y)}i’'  he  a  set  of  C~^  continuous  functions,  then  the  separation  of  variables 
for  eisenstrains  is  assumed  to  have  the  following  decomposition. 

o 

77=1 


The  resulting  asymptotic  expansion  of  the  strain  field  (9)  can  be  expressed  as  follows 

e{x,y)  =  A(y)  S  D„(y)  +  0{c)  (24) 

77  =  1 


in  which  D„(y)  are  the  eigenstrain  influence  functions  given  in  terms  of  strain  concentration 
function  ^(y)  as  follows 


D,(y)  =  ^  (L  -  L)-'  L  Pr,  dQ 

In  particular,  if  is  a  set  of  piecewise  constant  functions  such  that 


^r,{yp) 


1  if  y^  6  0:, 

0  otherwise 


(25) 


(26) 


and  Qr,  is  the  domain  of  element  7  within  the  unit  cell,  c,  the  element  volume  fraction  given 
by  c„  =  ie,|/l©|  and  satisfying  =  1,  then  equation  (25)  reduces  to  the  expression 

given  in  [8] 


(27) 


in  which 


1 
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Finally  we  consider  0{s°)  equilibrium  equation  (lo)  and  integrate  it  over  0.  The  /q  a}  dQ 
term  vanishes  due  to  periodicity  and  we  obtain 


\W\  J’q  ^  ^ 

^  '  I  '  /  ,Xj 

Substituting  the  constitutive  relation  (11)  and  the  asymptotic  expansion  of  strain  tensor  (23) 
into  the  above  equation  yields 


(|0|  Id  (-■^^/mnfmnx(  U  )  +  ^ kimnd^ri  ~  dQ^  +  6,'  =  0  (28) 

/  ,Xj 

If  we  define  the  macroscopic  stress  tensor  and  corresponding  macroscopic  strain  tensor 
tij  as 


then  the  equilibrium  equation  (28)  can  be  simplified  as  follows 


(29) 


o'lj.x,  +  6,-  =  0  or  Lijki  {tki  -  +bi  =  Q 

where  p,  is  the  overall  eigenstrain  tensor  given  by 

Replacing  by  A  -  I  and  manipulating  the  above  equation  with  equations  (21)  and  (22), 
the  expression  for  overall  eigenstrain  field  can  be  simplified  as 

A  =  i||  _(bV<10,  B(y)  =  L(»)A(j,)t-'  (30) 

Equation  (30)  represents  the  well-known  Levin’s  formula  [25]  relating  the  local  and  overall 
eigenstrains  in  which  B(y)  is  often  referred  to  as  elastic  stress  concentration  function. 


2.2  Two-Point  Averaging  Scheme  for  Two-Phase  Composite  Medium 


Consider  a  composite  medium  consisting  of  two  phases,  matrix  and  reinforcement,  with 
respective  volume  fractions  Cm  and  Cf  such  that  Cm  A  Cf  =  1,  where  subscripts  m  and  / 
represent  matrix  and  reinforcement  phases,  respectively.  In  this  section,  we  develop  a  fast 
computational  scheme  by  which  only  the  overall  structural  response  is  sought,  whereas  local 
fields  are  computed  by  post-processing  which  will  be  presented  in  Section  4.  For  this  purpose, 
we  will  define  average  phase  concentration  factors  as 


(31) 
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where  0m  and  0/  denote  the  matrix  and  reinforcement  domains  such  that  0m  U  0/  =  0. 
Since  the  elastic  stiffness  of  each  phase  is  constant,  the  overall  elastic  material  properties  are 
given  by 


L  —  Cjji'Lm-A.m  "b 


Furthermore,  in  a  two-phase  composite  with  uniform  phase  eigenstrains,  i.e.  ip  =  [li-m- 
and  c’m.  ti’/  defined  as  in  (26),  under  assumption  of  s  ^  0  the  average  phase  strains  can  be 
written,  in  analogue  to  (24),  as 

ep  =  Are  4- DrmA^m  +  T  =  m,  /  (32) 

The  resulting  eigenstrain  influence  factors  reduce  to 

Drm  =  (I-Ap)(Lm-L/)-'Lm 

Dp/  =  (I- Ap)(L/-Lm)-'L/,  r  =  mj  (33) 

where  the  following  relations  have  been  used 

lim  (cm Am  +  c/ A/)  =  I,  L  =  L^,  L  = 

£—0 


These  results  are  identical  to  those  obtained  by  Dvorak  in  [8]  based  on  a  uniform  fields 
concept.  Finally,  for  the  two-phase  composite,  equation  (29a)  reduces  to 

=:^  CmfTm  +  CfCTf  (34) 

2.3  Implicit  Integration  of  the  Constitutive  Equations 

Since  the  plastic  strains  (or,  equivalently  the  relaxation  stresses)  are  nonlinear  function 
of  stresses  (or  strains),  it  is  necessary  to  integrate  the  constitutive  equations  along  the 
prescribed  loading  path  in  order  to  obtain  the  current  stress  state.  It  is  possible  to  advance 
the  solution  through  the  plastic  deformation  process  by  adopting  a  simple  explicit  integration 
scheme  that  uses  instantaneous  compliance/stifFness  of  the  phases  and  instantaneous  stress 
concentration  factors.  This  approach  has  been  used  in  [9]  for  certain  assumed  yield  function, 
flow  rule  and  hardening  laws  for  multi-phase  systems. 

Explicit  schemes  usually  require  small  time  or  load  steps.  In  this  section  we  present  sim¬ 
ple,  computationally  efficient  implicit  procedures  for  the  elasto-plastic  stress  updates  for 
two-phase  composite  media.  We  assume  general  anisotropic  reinforcement  material  which 
remains  elastic  throughout  the  loading  history,  and  elasto-plastic  matrix  phase  with  isotropic 
elastic  properties  and  following  von  Mises  yield  function  with  a  linear  combination  of  isotropic 
and  kinematic  hardening. 
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VVe  assume  an  elastic  reinforcement,  i.e.  pij  =  0.  and  a  single  source  of  eigenstrain  due  to 
matri.x  plasticity,  denoted  by  Combining  (3)  and  (32)  one  obtains  the  following  relations 
for  matrix  and  reinforcement  stresses: 

<Tr  —  Rt-C  ^  ~  rTl .  J  (35) 

where 

Rr  =  L^Ar.  =  Lr(^rml  -  Drm).  f  =  TU.  f  (36) 

Consider  the  yield  function  of  the  following  form: 

1  ^  1  , 

(^m )  i  ^m')  P  ( ~  (30. 

where  CTm  is  the  yield  stress  of  the  matrix  material  in  uniaxial  test,  w'hich  evolves  according 
to  the  hardening  laws  assumed,  corresponds  to  the  center  of  the  yield  surface  in  the 
deviatoric  stress  space,  also  called  "back  stress'’.  Evolution  of  cxm  is  assumed  to  follow  the 
kinematic  hardening  rule.  For  von  Mises  plasticity  P  is  defined  as  follows: 

2  -1  -1  0  0  0  \ 

-1  2  -10  0  0 

-1  -1  2  0  0  0 

0  0  0  3  0  0 

0  0  0  0  3  0 

0  0  0003/ 

in  which  T  is  a  6  by  6  diagonal  matrix  with  1  in  the  first  three  locations  and  2  in  the  remaining 
three  locations;  P  is  a  projection  operator  satisfying  P  =  PP  and  P  =  PP  =  PP,  which 
transforms  a  vector  from  non-deviatoric  space  to  deviatoric  space. 

For  simplicity  we  assume  that  matrix  plastic  strain  rate  follows  the  associative  flow  rule: 

•  (9$ 

=  =  P((T,„  -  a„)  (-38) 

VVe  adopt  a  modified  version  of  the  hardening  evolution  law  [24]  in  the  context  of  isotropic, 
homogeneous,  elasto-plastic  matrix  phase.  .4  scalar,  material  dependent  parameter  (0  < 
<  1)  is  used  as  a  measure  of  the  proportion  of  isotropic  and  kinematic  hardening  and  Am 
is  a  plastic  param'eter  determined  by  the  consistency  condition.  Accordingly,  the  evolution 
of  the  yield  stress  dm  and  the  back  stresses  am  can  be  expressed  in  the  following  rate  forms: 

dm  =  |Am/3/fdm,  cVm  =  |Am(l  -  "  «„,)  (39) 

While  /?  =  0  refers  to  pure  isotropic  hardening,  /?  =  1  is  merely  the  widely  used  Ziegler- 
Prager  kinematic  hardening  rule  [34]  for  metals  without  isotropic  hardening.  H  \s  a.  hardening 
parameter  defined  as  the  ratio  between  effective  stress  rate  to  effective  pla.stic  strain  rate. 
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Other  laws  for  kinematic  hardening  have  also  been  proposed  in  the  literature,  for  instance  [6. 
27], 

Integration  of  (38.39)  is  carried  out  by  the  backward  Euler  scheme: 

=  ‘-V^  +  ‘AA^PCcr^-=a„)  (40) 

‘<7^  =  +  (41) 

‘a^  =  ‘-'a^  +  ^AA^(l-/d)iyPC'<7^-‘a^)  (42) 

where  the  left  superscript  refers  to  the  load  step  count,  i  being  the  current  step.  The 
proposed  implicit  procedure  for  the  evaluation  of  ‘<Tm  and  ‘<r/  is  described  in  what  follows. 
Here  we  omit  the  left  superscript  for  the  current  step  i,  such  that  all  variables  without  left 
superscripts  refer  to  the  current  load  step. 

Using  the  backward  Euler  scheme  for  the  rate  form  of  <7^  in  (35),  and  (40)  one  obtains  the 
following  relation  for  matrix  stresses: 

(Tm  =  ^XmQmmP{0’m  -  OCm)  (43) 

where  is  a  trial  stress  defined  as 

<7^  =  +  RmAe 

Subtracting  (42)  from  (43)  we  arrive  at  the  following  result 

<r„-a„  =  (l+AA„(ci„„P  +  |l-;J)OT)}  (44) 

The  value  of  AA^  must  be  obtained  by  satisfying  the  consistency  condition  which  assures 
that  the  stress  state  lies  on  the  yield  surface  at  the  end  of  the  current  load  step.  To  this 
end,  (44)  and  (41)  are  substituted  into  the  yield  condition  (37)  so  that  =  0? 

which  produces  a  nonlinear  equation  for  AA,„.  A  standard  Newton’s  method  is  applied  to 
solve  for  AA„t: 

AA 


It  can  be  easily  shown  that  the  derivative  d^m/d{Z:^Xm.)  required  in  (45)  has  the  following 
form 

=  -{cr^-  arr^fP  I  +  ^(1  -  /?)^P)  ^  +  AA,„l|  -  OC^) 


=  AAr^  - 


d^m 

d{^Xm) 
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The  converged  value  of  AA„,  is  then  used  in  conabination  with  (44).  (42)  and  (43)  to  compute 
the  back  stresses  and  matrix  stresses,  whereas  (40)  and  (35)  provide  the  stresses  in  the 
reinforcement.  The  relation  (34)  is  used  to  obtain  the  overall  stresses.  In  addition,  the 
overall  plastic  strain  p,  can  be  calculated  from  the  Levin’s  formula  (30)  as 

H  ~  •!  —  Lm-AmL  (46) 


2.3.1  Initial  Estimate  of  AA^ 


The  iterative  scheme  (45)  for  the  solution  of  AA^  might  be  slow  or  even  diverge  if  the  initial 
value  chosen  is  far  from  the  actual  value.  For  this  reason  it  is  necessary  to  come  up  with 
a  better  starting  estimate  than  the  obvious  choice  of  zero  for  the  evaluation  of  AA,„.  We 
propose  an  initial  guess  computed  based  on  an  approximation  that  makes  the  integration 
procedure  equivalent  to  that  used  for  the  isotropic  homogeneous  case  where  AAm  may  be 
obtained  in  closed  form  for  linear  hardening.  The  procedure  is  explained  below: 

Pre-multiplication  of  the  equation  (44)  by  P  yields: 

P  (<  -  =  {p  +  AA^  (pQmmP  +  |(1  -  ;3)HPP'^  I  ((7^  -  am)  (47) 

Next,  we  introduce  the  approximation  that  PQ,n,nP  s;  PL^P  =  2GmP  (where  Gm  being  the 
shear  modulus  of  the  matrix  material),  which  is  analogous  to  the  exact  relation  in  isotropic 
homogeneous  case  where  Qmm  is  simply  the  linear  elastic  stiffness  tensor,  see  (-35).  With 
this  approximation,  and  the  identity  PP  =  P,  (47)  becomes: 

{l  +  (2G„  +  j(l  -  /3)ir)}  P(o-„  -  a„)  =  P«  -  ««„)  (4S) 


Let  ||v||a  =  (v^Av)^^^  be  the  A-norm  of  an  arbitrary  vector  v  in  R"*,  then  taking  the 
T-norm  on  both  sides  of  (48)  yields 


1  -1-  AAr 


where  (37)  has  been  used.  This  expression,  together  with  the  relation  (41)  gives  the  initial 
approximation  for  AA,^  as  • 


AA,„ 


1-1 


a. 


-  ‘ 


(2G.„  +  1(1  -  0)H)  +  /J/fyi  -  ‘-'a 


(49) 


2.4  Consistent  Tangent  Operator 

While  an  accurate  integration  of  the  constitutive  equations  is  necessary  to  update  the  stresses 
given  the  kinematics  and  the  initial  state,  and  thereby  to  compute  the  residual  or  gradient 
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vector  on  the  finite  element  mesh,  the  formation  of  a  tangent  stiffness  matrix  that  is  consistent 
with  the  integration  procedures  followed  is  essential  to  maintain  quadratic  rate  of  convergence 
if  one  is  to  adopt  a  standard  Newton's  method  for  the  solution  of  the  global  nonlinear 
system  [30]. 

VVe  start  by  expressing  the  incremental  form  of  the  relations  (35)  in  terms  of  total  quantities: 

=  Rr(e  - ‘"^e)  -  QrmP(«r^  -  o:m)(Am r  =  mj  (50) 

where  (40)  has  been  used.  Taking  the  material  time  derivative  of  (50)  for  the  matrix  phase 
and  keeping  in  mind  that  all  quantities  are  known  at  the  previous  load  step  i  -  1  one  obtains: 

=  Rm^  -  Qmm  +  P(o"m  “  Q!m)AA„)  (51) 

In  order  to  compute  A,  we  take  material  time  derivative  of  the  yield  surface  (37),  i.e.  =  0, 
and  make  use  of  the  relations  in  (39),  which  yields 

4:Hiri 

Consequently,  equation  (39b)  can  be  expressed  as  follows 


Once  again  substituting  (52)  and  (53)  into  (51)  we  get  the  following  expression  relating  e 
and  771 


^  m  — 


where 


'^rn  =  I  H"  ^^mQmmP 


+  ^  R... 


A  similar  result  can  be  obtained  which  relates  the  rate  of  the  reinforcement  stress  and  the 
overall  strain  rate,  starting  from  (50)  and  proceeding  in  an  analogous  manner.  The  final 
expression  can  be  shown  to  be 

(T/  =  iD/t  (56) 


where 


S;  =  R,  -  (’a.\„Q,„P  +  (57) 

Finally,  the  overall  consistent  tangent  stiffness  matrix  ^  is  obtained  from  the  rate  form  of 
(34),  (54)  and  (56): 

d-  =  Ttk,  2)  =  C/2)/  +  (58) 
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3  Incremental  Mathematical  Homogenization 


This  section  deals  with  the  incremental  form  of  the  mathematical  homogenization  theory. 
The  solution  found  by  this  approach  will  serve  as  a  reference  solution  to  the  two-point  av¬ 
eraging  approach  discussed  in  the  previous  section.  The  derivation  is  similar  to  that  in 
Section  2.  but  the  phase  constitutive  relation  is  now  in  rate  form  and  the  elastic  stiffness  as 
well  as  the  elastic  strain  concentration  function  become  instantaneous  quantities  represented 
by  script  letters  corresponding  to  the  Roman  letters  of  their  elastic  counterparts.  Moreover, 
the  incremental  approach  will  provide  a  systematic  way  to  post-process  the  solution  obtained 
from  two-point  averaging  scheme  to  a  general  unit  cell  domain  and  consequently  the  critical 
stress  level  in  the  unit  cell  can  be  assessed.  An  algorithm  combining  the  two-point  aver¬ 
aging  approach  presented  in  the  previous  section  and  the  micro-history  recovery  procedure 
developed  in  this  section  is  given  in  Section  4. 


3.1  Formulation  for  Multi-Phase  Medium 

The  rate  form  of  governing  equations  is  identical  to  that  given  in  Section  2.1  except  that  the 
constitutive  relation  relates  instantaneous  quantities  as 

where  H  denotes  the  instantaneous  stiffness  matrix. 

Following  the  procedure  outlined  in  Section  2.1  and  considering  the  rate  form  of  the  0(c~^) 
equilibrium  equation  (13),  pre-multiplying  it  by  u°  and  integrating  over  0  and  then  taking 
integration  by  parts  one  obtains 

dTe  -  dQ  =  0  (-59) 

where  the  first  term  vanishes  due  to  periodic  boundary  conditions.  Since  the  phcise  material 
may  exhibit  softening,  the  instantaneous  stiffness  tensor  Hijki  may  not  be  positive  definite 
and  thus 

may  not  be  the  only  possible  solution,  but  nevertheless  will  be  considered  here.  Introducing 
separation  of  variables 

uj(x,y)  =  Sjimniy)  ^mr,x  (u°) 

to  the  rate  form  of  the  0(£~^)  equilibrium  equation  (14),  we  obtain  an  equation  analogous 
to  (18) 

"b  'I’/c/mn)) 

^  '  tl/j 


=  0  on  0 


(60) 
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where 


Equation  (60)  resembles  its  linear  elastic  counterpart  (19).  with  the  only  exception  that 
is  history  dependent.  weak  form  of  (60)  can  be  obtained  by  pre-multiplying  (60)  by 
and  integrating  it  over  a  unit  cell  domain,  and  subsequently  integrating  it  by  parts  which 
yields 

i'j;”  rfFs  =  -  /^  de  (6i) 

for  arbitrary  G  The  corresponding  discrete  system  of  equations  is  given  by 

K.4J3  —  fmnA 


where 


Inn- 


V© 


-i 


^fiJ)A^^jmn  dQ 


^kmn  —  ^  mnkl 

and  N®  is  the  matrix  containing  appropriate  shape  functions  for  the  unit  cell  problem. 

The  instantaneous  strain  concentration  function  2l(y)  and  the  local  strain  rate  are  given  by 

^2^{y)  =  I  +  <6^^{y).  e{x,y)  ^  ^y)  i{x)  (63) 


3.2  Implicit  Stress  Update  Procedure  for  Incremental  Homoge¬ 
nization 

The  implicit  stress  update  procedure  derived  in  this  section  can  be  used  within  a  macroscopic 
iterative  scheme  to  obtain  a  reference  solution  for  comparison  to  the  two-point  averaging 
procedure.  Alternatively,  if  the  strain  increment  is  given  for  certain  Gaussian  points  in 
the  macroscopic  domain,  the  current  stress  update  scheme  can  be  used  as  a  stand-alone 
post-processing  module  to  recover  local  fields  in  a  unit  cell  domain. 

We  start  from  the  constitutive  relation  for  a  typical  Gaussian  point  G  0m 

<Tp  =  Lp(ep-Ap) 

Substituting  for  the  local  strain  rate  (63b)  and  local  plastic  strain  rate  (38)  yields 

=  Lp  (2^#  -  XpP{<Tp  -  a,)) 
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Applying  the  backward  Euler  integration  scheme  to  the  above  equation  gives 

~  ^ p  "b  Lp2^_\e  AApLpP(<T p  (64) 

and  together  with  (42)  yields 


o-p  -  ap  =  |l  -f  AAp  (LpP  +  1(1  -  ,d)//p)  }  '  (- Vp  +  Lp21pAe  -  ‘-'ap) 

(6o) 

Note  that  the  instantaneous  strain  concentration  factors  2(p  are  obtained  from  the  solution 
of  equation  (62)  which  depends  on  the  instantaneous  stiffness  at  each  microscopic  Gaussian 
point.  Therefore,  2^  is  a  function  of  AA  which  is  a  vector  containing  all  the  plastic  param¬ 
eters  in  AA  =  [AAi,AA2,---  ,AA„j^j^.  Substituting  (65)  into  yield  function  (37)  for 
each  Gaussian  point  in  yields  a  set  of  riy  nonlinear  equations  $  = 
with  Uy  unknown  plastic  parameters  which  can  be  solved  by  using  Newton’s  method 

(66) 

A  typical  term  in  the  Jacobian  matrix  is  given  as 

=  -  {0-.  -  |l  +  AA,  (l,P  +  }'' 

|i„  (l,P  +  |u  -  I3)HP)  (ct,  -  a,)  -  L, 

-iCgiSHS'l 

In  the  above  expression,  the  evaluation  of  92^/5(AA,,)  is  not  trivial,  and  hence  we  introduce 
the  following  approximation 

%  ^  ‘-'21p 

such  that  the  above  Jacobian  matrix  (67)  is  approximated  by  the  following  diagonal  matrix 


^pvi^p  ^p)  P 


LpP-f-(l-^)^Pj  -fAApI^  (<Tp-ap) 


At  each  modified  Newton  iteration  of  (66),  we  need  to  evaluate  the  residue  vector  $  which 
in  turn  requires  a  solution  of  (62).  The  iterative  process  continues  until  the  residual  norm 
II  $11 2  vanish  up  to  a  certain  tolerance.  The  updated  stress  at  each  Gaussian  point  in  0„ 
can  then  be  calculated  with  (64).  For  the  Gaussian  point  in  the  reinforcement  domain  0/, 
the  updated  stress  can  also  be  obtained  using  (64)  with  AAp  =  0.  The  macroscopic  stress 
then  follows  from  equation  (29). 
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4  Two-Point  Averaging  Scheme  with  Variational  Micro- 
History  Recovery 

As  discussed  in  the  previous  sections,  the  computation  of  nonlinear  composite  systems  us¬ 
ing  multi-phase  incremental  homogenization  scheme  is  computationally  expensive  since  the 
number  of  nonlinear  ec^uations  to  be  solved  at  each  macroscopic  Gaussian  point  is  ecpial  to 
the  number  of  plastic  Gaussian  points  in  a  unit  cell.  Furthermore,  for  every  microscopic 
iteration  (66)  a  solution  of  the  linear  unit  cell  problem  (62)  is  required.  Nevertheless,  multi¬ 
phase  incremental  homogenization  scheme  can  be  used  as  a  stand-alone  post-processing  tool 
to  recover  the  micro-historv  for  selected  number  of  points.  In  Section  6  we  will  show  that 
the  computational  complexity  of  the  two-point  averaging  approach  is  comparable  to  that  of 
homogeneous  case,  but  the  resulting  average  phase  strains  are  sufficiently  accurate  to  predict 
critical  microscopic  fields  of  interest. 

In  this  section,  we  merge  the  two  approaches  discussed  in  Sections  2  and  3.  In  the  combined 
scheme  the  overall  structural  response  is  computed  using  the  two-point  averaging  scheme 
and  the  micro-history  in  the  unit  cell  domain  corresponding  to  the  critical  regions  in  the 
macroscopic  domain  is  recovered  by  means  of  the  incremental  homogenization  method.  The 
critical  regions  mav  be  defined  as  those  where  the  macroscopic  effective  stress  (maximum 
stress  criterion)  or  the  effective  overall  plastic  strains  (maximum  plastic  strain  criterion) 
exceed  certain  criteria  such  that 

in  which  (T^r  and  2*re  prescribed  critical  threshold  values,  and  (T  and  /x  are  computed 
from  (34)  and  the  Levin’s  formula  (46),  respectively. 

The  overall  analysis  procedure  is  divided  into  two  stages.  In  the  first,  denoted  as  tuclcto- 
scopic  finite  element  analysis,  a  nonlinear  composite  structural  problem  is  solved  using  finite 
element  method  based  on  the  two-point  averaging  approach  developed  in  Section  2.  The 
macroscopic  analysis  of  the  composite  structure  is  carried  out  and  the  macroscopic  strain 
histories  are  stored  in  a  history  database  at  Gaussian  points  in  the  critical  regions.  In  the 
second  stage,  referred  to  as  micTo^histovy  recovery,  the  microstress  distribution  in  the  unit 
cell  is  sought.  The  strain  history  at  macroscopic  Gaussian  points  for  critical  regions  are 
extracted  from  the  database.  Then,  the  macroscopic  strain  history  is  applied  to  the  unit 
cell  through  the  incremental  homogenization  procedure  discussed  in  Section  3.2.  Since  the 
micro-historv  recovery  is  performed  only  at  a  select  number  of  Gaussian  points  of  interest 
without  affecting  macroscopic  analysis,  the  computational  cost  is  low. 

The  finite  element  formulation  of  a  composite  problem  that  incorporates  the  nonlinear  con¬ 
stitutive  model  presented  in  Section  4  yields  a  discrete  system  of  equilibrium  equations 
schematically  denoted  as: 


(69) 
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where  r  is  a  macroscopic  residual  vector,  is  the  external  force  vector,  and  is  the 

vector  of  internal  forces.  .A  macroscopic  iterative  solution  procedure  is  employed  for  this  set 
of  nonlinear  equations. 

Note  that  for  small  to  medium  size  problems,  it  is  possible  to  apply  a  classical  Newton's 
method  for  the  solution  of  (TO).  The  consistent  tangent  operator  developed  in  Sections  2.4 
ensures  that  the  resulting  iterative  scheme  retains  the  quadratic  rate  of  convergence  pro¬ 
vided  that  the  standard  requirements  for  the  .Jacobian  and  the  initial  approximation  are 
maintained  [7].  However,  Newton's  method  becomes  expensive  because  it  requires  the  com¬ 
putation  and  factorization  of  the  tangent  stiffness  matrix  at  every  iteration  for  large-scale 
problems.  .An  efficient  solution  algorithm  for  large  scale  problems  based  on  multigrid  tech¬ 
nology  is  briefly  discussed  in  Section  5.  The  overall  analysis  procedure  is  summarized  as 
below; 


[Macroscopic  Finite  Element  Analysis] 

1.  Solve  for  the  elastic  strain  concentration  factors  in  a  specified  unit  cell  domain  us¬ 
ing  (62)  with  elastic  stiffnesses  replacing  the  instantaneous  quantities 

2.  Calculate  the  2-point  average  elastic  strain  concentration  factors  from  (31) 

3.  Construct  eigenstrain  influence  factors  Drs  from  (33)  and  then  and  Q^s  as  shown 
in  (36) 

4.  Initialize  macroscopic  displacements;  microscopic  stresses  and  state  variables 

5.  Define  the  macroscopic  load  increment 

if  end-of-load-step  then 
stop 
else 

continue 

endif 

6.  Evaluate  consistent  tangent  operators  fD  from  (58)  if  Newton’s  method  is  adopted 

7.  Solve  for  macroscopic  displacement  increments  and  then  compute  macroscopic  strain 
increments 

8.  Carry  out  implicit  stress  update  at  each  macroscopic  Gaussian  point 

•  Compute  initial  estimate  of  NXm  by  equation  (49) 

•  Solve  AAm  by  Newton’s  iteration  with  (45) 

•  Update  matri.x  stress  and  state  variables  using  (44)  and  (40-43) 

•  Calculate  macroscopic  stress  with  (34) 

9.  Update  displacements,  stresses  and  state  variables 

10.  Calculate  the  L2  norm  of  macroscopic  residue  vector  ||t*||2  in  (70)  and  check  convergence 
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if  ||rll2  <  Tolerance  then 
update  equilibrium  history 
write  macroscopic  strain  history  to  database 
return  to  step  5 
else 

return  to  step  6 
endif 


r  ^ 

Micro-History  Recovery 


1.  Identify  critical  regions  using  maximum  stress  criterion  or  maximum  plastic  strain 
criterion  (69) 

2.  Extract  macroscopic  strain  increment  for  Gaussian  points  in  critical  regions  from  his¬ 
tory  database 

3.  Carry  out  implicit  macroscopic  stress  update  for  critical  unit  cells 

•  Compute  modified  tangent  operator  (68) 

•  Calculate  instantaneous  stiffness  tensor  for  each  pha^e 

•  Solve  unit  cell  problem  for  2i(y) 

•  Evaluate  Li  norm  of  residue  vector  in  the  unit  cell 

•  Perform  iteration  for  A  A  until  ||$1|2  <  Tolerance 

4.  Recover  microstress  distribution  in  0  using  the  converged  plastic  parameter  AA  (64) 

5.  return  to  step  2 

5  Solution  Procedures  for  Large  Scale  Systems 


As  discussed  in  the  previous  section,  Newton’s  method  is  not  an  optimal  choice  for  large-scale 
problems.  The  popular  alternatives  to  the  Newton’s  method  include  the  BEGS  quasi-Newton 
method  and  multigrid  methods.  Even  though  the  BEGS  method  is  known  to  be  robust  and 
stable  for  general  nonlinear  systems,  its  convergence  is  greatly  affected  by  the  choice  of  the 
initial  approximation  to  the  tangent  stiffness  matrix.  Usually  it  is  necessary  to  start  the 
procedure  from  the  exact  linear  stiffness  matrix,  which  again  becomes  expensive  for  large- 
scale  problems.  On  the  other  hand,  the  Newton-multigrid  method,  where  a  standard  linear 
multigrid  method  is  used  to  solve  the  linearized  system  within  the  Newton's  method,  suffers 
from  its  sensitivity  to  the  conditioning  of  the  linearized  system.  This  limitation  becomes 
pronounced  for  problems  with  significant  amount  of  plastic  flow  and  small  hardening  slope. 

A  novel  nonlinear  hybrid  solver  was  introduced  in  [18],  which  builds  on  the  advantages  of 
multigrid-  and  BEGS-  like  methods  and  at  the  same  time  eliminates  the  undesirable  char¬ 
acteristics  of  each  to  the  maximum  extent  possible.  It  combines  the  Full  Approximation 
Storage  (F-AS)  version  of  the  multigrid  method  and  the  BFGS  quasi-Newton  method  to  form 
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a  fast,  efficient  solution  method  for  nonlinear  systems.  Here  we  only  summarize  the  funda¬ 
mental  features  of  the  new  FAS-BFCiS  solution  procedure,  and  refer  to  [18]  for  a  complete 
description  of  the  method  as  well  as  the  detailed  algorithms.  The  basic  characteristics  of  the 
new  solution  approach  include: 


•  Full  approximation  storage 

Solve  the  nonlinear  system  directly,  instead  of  solving  a  sequence  of  linearized  problems 
within  Newton  method,  using  the  F.\S  philosophy. 

•  Continuous  inter-  and  intra-  cycle  BFGS  updates 

The  conventional  nonlinear  relaxation  procedure  on  the  finest  and  all  the  intermediate 
grids  is  replaced  by  a  continuous  BFGS  procedure  which  exploits  the  information  from 
previous  cycles.  This  is  schematically  illustrated  in  Figure  2.  The  continuous  BFGS 
smoothing  procedures  on  the  finest  and  all  the  intermediate  grids  are  started  from 
the  diagonal  of  the  .Jacobian  matrix  for  the  particular  grid.  .A.  restart  of  the  BFGS 
procedures  is  done  periodically  after  a  fixed  number  of  cycles.  The  handling  of  the 
solution  in  the  coarsest  grid  is  also  different  in  the  sense  that  continuous  BFGS  updates 
are  performed  on  the  coarsest  grid  as  well.  This  eliminates  the  need  for  the  computation 
and  factorization  of  the  coarsest  grid  .Jacobian  matrix  at  every  multigrid  cycle. 

•  Consistency  of  history  data 

Update  the  history  variables  on  each  grid  level  directly  using  their  values  from  the 
previous  load  (time)  step  and  the  displacements  from  the  current  step  by  performing  the 
integration  of  the  appropriate  constitutive  relations.  .As  noted  in  [18],  such  independent 
history  updates  on  all  the  grids  are  essential  for  the  successful  application  of  F.AS 
method  for  history-dependent  problems  such  as  plasticity. 


6  Numerical  Examples  and  Discussion 


In  the  following,  we  present  numerical  examples  to  test  the  accuracy  and  efficiency  of  the 
proposed  numerical  procedures.  Although  the  numerical  procedures  are  general  enough 
to  handle  complicated  microstructures,  such  as  weave  fabric  or  particulate  composite,  the 
microstructure  of  the  composite  chosen  for  the  following  model  problems,  is  the  most  widely 
used  continuous  fibrous  system.  The  phase  properties  are  given  as  follows: 

SiC  Fiber:  Young’s  modulus  =  379.2  GPa,  Poisson’s  ratio  =  0.21,  fiber  volume  fraction 
C/=0.27 

Titanium  Matrix:  Young’s  modulus  =  68.9  GPa,  Poisson’s  ratio  =  0.33,  yield  stress  am 
=  24  MPa,  isotropic  hardening  modulus  H  =  14  GPa,  =  1. 
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6.1  The  Nozzle  Flap  Problem 


The  nozzle  flap  problem  is  solved  using  the  two-point  averaging  scheme  with  micro-history 
recovery  and  multi-point  incremental  homogenization  procedures  for  the  reference  solution. 
The  objective  of  this  numerical  study  is  to  investigate  the  two-point  averaging  scheme  with 
variational  micro-history  recovery  in  terms  of  accuracy  (in  both  macro-  and  micro-scales), 
computational  efficiency  and  memory  consumption.  The  finite  element  mesh  for  one-half  of 
the  flap  (due  to  symmetry)  is  shown  in  Figure  la.  The  flap  is  subjected  to  an  aerodynamic 
force  (simulated  bv  a  uniform  pressure)  on  the  back  of  the  flap  and  a  svmmeti.ic  boundarv 
condition  is  applied  on  the  symmetric  face.  Furthermore,  we  assume  that  the  pin-eyes  are 
rigid  and  a  rotation  is  not  allowed  so  that  all  the  degrees  of  freedom  on  the  pin-eye  surfaces 
are  fixed.  There  is  about  15  percent  of  plastic  zone  in  the  model  due  to  the  loading. 

For  this  problem,  we  adopt  the  classical  Newton  s  method  for  both  procedures.  The  GPL 
time  is  30  seconds  for  the  macroscopic  analysis  using  two-point  averaging  scheme,  plus 
approximately  160  seconds  for  each  Gaussian  point  where  a  micro-history  recovery  procedure 
is  applied.  On  the  other  hand,  the  CPU  time  for  the  incremental  homogenization  approach 
takes  about  7  hours.  Moreover,  memory  requirement  ratio  for  these  two  approaches  is  roughly 
1:250. 


Solutions  obtained  by  both  approaches  are  compared  using  the  relative  error  measure  defined 
as 


Relative  Error  of  U  = 


jjmp  _  I'tp 


IJmp 


where  U^^  is  a  solution  obtained  using  the  multi-point  incremental  homogenization  proce¬ 
dure  and  denotes  the  corresponding  solution  computed  using  the  two-point  averapng 
scheme.  The  vertical  displacement  for  points  1.  2  and  3  shown  in  Figure  la,  as  obtained 
by  both  approaches  are  depicted  in  Figure  3.  The  maximum  displacement  appears  at  point 
1  where  relative  error  is  less  than  1  percent.  The  maximum  effective  stress  appears  at  the 
pin-eye  of  the  middle  flap  (Gaussian  point  A).  Micro-histories  are  recovered  for  the  unit 
cells  corresponding  to  the  macroscopic  Gaussian  points  A,  B,  and  C.  The  maximum  relative 
error  at  Gaussian  points  A,  B  and  C  are  2.8,  3.5  and  2.8  percent,  respectively,  as  shown  in 
Figure  4. 


6.2  Large  Scale  Problems 

Two  3-dimensional  example  problems  are  chosen  for  numerical  experimentation  on  large 
scale  systems,  both  modeled  using  4-node  tetrahedral  elements.  •  Two  auxiliary  grids  are 
used  for  both  the  problems  for  solution  through  FAS-BFGS  and  Newton-multigrid  methods. 

The  first  example  is  a  two-cylinder  problem  [18]  as  shown  in  Figure  5.  All  the  degrees  of 
freedom  on  one  end  are  fixed  and  uniform  loadings  are  applied  along  all  the  three  directions 
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on  the  remaining  three  place  faces.  The  finest  grid  for  this  problem  carried  a  total  of  63.91S 
degrees  of  freedom.  The  loading  takes  the  solution  vvell  beyond  elastic  limit. 

The  second  model  problem  is  a  machine  part  with  94.953  degrees  of  freedom  at  the  finest 
mesh  shown  in  Figure  6.  VVe  apply  uniform  loading  along  all  three  directions  at  the  end-face 
and  fi.x  the  cylindrical  hole  at  the  other  end.  .\gain.  a  large  portion  of  the  part  is  in  the 
plastic  region. 

Tables  1  and  2  summarize  the  performance  of  the  various  solution  schemes  on  the  two  com¬ 
posite  model  problems.  A  comparison  of  the  CPF  times  presented  reveals  that  while  the 
F.\S-BFGS  method  appears  to  be  clearly  superior  to  the  other  methods.  The  efficiency  of 
the  F.A.S-BFGS  algorithm  even  in  the  case  of  composite  problems  with  computationally  com¬ 
plex  stress  update  procedures  should  be  encouraging  considering  the  fact  that  this  method 
requires  many  more  gradient  vector  evaluations  than  say.  the  classical  Newton’s  method  and 
by  extension  the  Newton-multigrid  method.  In  general,  this  behavior  of  FAS-BFGS  can  be 
expected  for  large-scale  problems  modelled  in  such  a  way  that  the  computational  effort  is 
dominated  by  the  formation  and  factorization  of  the  tangent  stiffness  matrix.  For  unit  cell 
models  with  hundreds  of  elements  in  the  cell,  for  e.g.,  the  major  part  of  the  computation 
will  be  to  update  the  stresses  and  evaluate  the  gradient  or  residual  force  vector,  in  which 
case  the  FAS-BFGS  procedure  may  not  be  the  optimal  choice. 


method 

no.  of  iterations 

cpu  hours 

remarks 

Newton 

8 

32 

Projected  time 

BFGS 

23 

4.5 

Projected  time 

Newton-multigrid 

8 

2.67 

FAS-BFGS 

23 

1.37 

Table  1:  Comparison  of  Solution  Schemes  for  the  Two-cylinder  Problem 


method 

no.  of  iterations 

cpu  hours 

remarks 

Newton 

8 

46 

Projected  time 

BFGS. 

28 

9.3 

Projected  time 

Newton-multigrid 

8 

6.70 

FAS-BFGS 

27 

2.75 

Table  2:  Comparison  of  Solution  Schemes  for  the  Machine  Part  Problem 
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(a)  FE  Mesh  for  the  Nozzle  Flap  Problem 


(b)  FE  Mesh  for  the  Unit  Cell  Model 


Figure  1:  FE  meshes  for  the  Nozzle  Flap  Problem  and  the  Unit  Cell  Model 
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Multigrid-like  prolongation  and  restriction  operations 
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Figure  2:  Schematic  Illustration  of  Continuous  BFGS  Updates 
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(c)  Gaussian  Point  C 
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Figure  o:  FE  Mesh  for  the  Two-Cylinder  Problem 


Figure  6:  FE  Mesh  for  the  Machine  Part  Problem 
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Abstract 

A  hierarchical  version  of  the  composite  grid  method  (denoted  as  HFAC),  which  exploits  the  solution  of  the 
shell  model  in  studying  local  effects  via  a  3D  solid  model,  is  developed.  Convergence  studies  on  a  beam/lD 
model  problem  indicate  that  the  spectral  radius  of  the  point  iteration  matrix  for  the  HFAC  method  is  0(1)  and 
0{{L/HY)  with  exact  and  approximate  auxiliary  coarse  grid  solutions,  respectively,  where  L  and  H  are  the  span 
and  the  thickness  of  the  beam,  respectively.  Numerical  experiments  in  multidimensions  confirm  these  findings. 
©  1997  Elsevier  Science  B.V. 
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1,  Introduction 

Global-local  techniques  for  laminated  composite  shells,  which  merge  the  Equivalent  Single  Layer 
(ESL)  model  aimed  at  predicting  overall  response  with  the  Discrete  Layer  (DL)  model  intended 
for  capturing  local  effects,  are  recently  receiving  an  increasing  attention.  We  refer  to  [26]  for  a 
comprehensive  review  of  global— local  techniques  for  composite  laminates  and  to  [2,14]  for  various 
aspects  of  reliability,  convergence  and  accuracy  of  global-local  techniques. 

In  this  paper,  we  are  focusing  only  on  the  class  of  global— local  techniques  that  advocates  a  hierar¬ 
chical  solution  strategy  in  the  sense  that  information  from  the  analysis  of  an  ESL  model  is  exploited 
in  the  resolution  of  local  effects  using  a  DL  model.  Among  the  most  popular  hierarchical  global-local 
strategies  are  the  various  forms  of  multigrid  and  composite  grid  methods  [5,6,9,16,22,23,28]  as  well 
as  the  methods  based  on  hierarchical  decomposition  of  approximation  space  [4,7,8,11—13,15,26,29]. 
Recently,  the  composite  grid  method,  originated  tor  displacement-based  linear  systems,  has  been  ex¬ 
tended  to  hybrid  systems  [10].  Engineering  global-local  approaches,  which  approximate  a  detailed 
response  by  means  of  postprocessing  techniques,  such  as  subjecting  a  refined  discrete  layer  model  to 
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Fig.  1.  Partitioning  of  the  shell-3D  global-local  model. 


the  boundary  conditions  extracted  from  the  global  ESL  model,  can  be  viewed  as  a  single  iteration 
within  the  composite  grid  procedure.  For  various  improvements  of  this  simple  “zoom”  technique,  we 
refer  to  [19,20,24]. 

The  present  paper  presents  a  hierarchical  version  [9]  of  the  composite  grid  method  (denoted  as 
HFAC)  [23],  which  exploits  the  solution  of  the  shell  model  in  the  process  of  solving  a  coupled  global- 
local  problem.  The  outline  of  the  paper  is  as  follows;  In  Section  2  the  principles  of  the  composite 
grid  method  are  outlined  in  the  context  of  laminated  plates  and  shells.  A  convergence  analysis  on  a 
model  beam/2D  problem  is  carried  out  in  Section  3.  These  studies  show  that  the  spectral  radius  of 
the  point  iteration  matrix  for  the  HFAC  method  is  0(1)  and  0{{L/H)-)  with  exact  and  approximate 
auxiliary  coarse  grid  solutions,  respectively,  where  L  and  H  are  the  span  and  the  thickness  of  the 
beam,  respectively.  Numerical  studies  in  multidimensions  conclude  the  paper. 


2.  Hierarchical  composite  grid  method 

In  this  section,  we  present  the  formulation  of  a  global-local  solution  algorithm  for  problems  where 
one  or  more  regions,  requiring  a  detailed  local  resolution,  are  modeled  as  a  3D  solid  model,  whereas 
elsewhere  the  shell  model  is  used. 

2. 1.  Problem  definition  and  notation 

We  adopt  the  notation  introduced  in  [9,10].  Consider  a  finite  element  mesh  G  consisting  of  shell 
elements  on  Q,  which  is  a  dimensionally  reduced  domain  of  i?  as  shown  in  Fig.  1 .  Let  G  be  a  3D  solid 
finite  element  mesh  ph^ed  on^the  subregion  Qp  G  fi?.  The  composite  grid  consists  of  the  shell  model 
in  the  complement  of  Gp,  in  J7,  and  the  3D  solid  mesh  on  Gp. 

We  partition  the  3D  solid  mesh  G  (subsequently  refeixed  to  as  the  fine  or  local  grid)  as 

G^GjUGl 


(I) 
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where  Gj  represents  the  interface  degrees  of  freedom  in  0[.  and  Gp  the  internal  degrees  of  freedom. 
The  mesh  consisting  of  shell  elements  (coarse  or  auxiliary  grid)  is  partitioned  as  follows: 

G  =  GiUGlUGg 

where  G[  represents  the  degrees  of  freedom  associated  with  the  coarse  finite  element  nodes  at  the 
interface  Qi,  Gi  the  degrees  of  freedom  associated  with  the  interior  coarse  grid  points  in  Qp.  and 
Gg  the  degrees  of  freedom  associated  with  the  remaining  coarse  grid  nodes  as  shown  in  Fig^  1 .  For 
convenience,  we  define  the  shell  grid  outside  the  local  region  as  G  =  GjUGg  so  that  G  =  G  U  Gp. 
Finally,  the  composite  grid,  denoted  as  G^  is  defined  as  follows; 

G^^GuGp.  (3) 

For  information  transfer  between  the  two  levels,  we  employ  the  prolongation  operator  Q,  which 
is  partitioned  into  two  blocks  for  convenience.  The  first  block,  denoted  by  Q,  relates  the  degrees-ot- 
freedom  in  G  to  those  corresponding  to  the  interface  degrees  of  freedom  of  G.  i.e..  G/; 

Q:G-^Gi 


where 

Q  =  [Qi  0]  (5) 

such  that 


Qi-.Gi^Gp.  (6) 

Likewise,  we  define  the  second  block  of  the  prolongation  operator,  denoted  by  Q,  which  correlates 
the  information  between  Gi  U  Gp  and  the  internal  degrees  of  freedom  of  G,  i.e.,  Gp'. 

Q-.GpUGp-^Gp  (7) 

which  is  partitioned  as 

Q  =  [Qli  Qll] 

such  that 

Qii'-Gp^Gp  and  Qpp-Gp^Gp.  (9) 

Consequently,  the-  operator  Q  can  be  structured  as  follows; 


9^  ® 

.Qli  Qll  0. 


(10) 


The  restrictions  operators  Q^  :G  ^  G  and  Q^  :  Gi  — >■  G  are  transposed  of  Q  and  Q,  respectively. 
For  subsequent  derivations  we  will  introduce  the  following  notation: 


U  —  \uj  Uq^ 

U=  [Uj 


where  Uj  €  G[,  €  Gp,  Uq  €  Gg- 

where  u  G  G. 


where  u^^Gp. 
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A// 

Ail 

Aig 

.4  = 

Ali 

All 

0 

_Agi 

0 

Agg  . 

.4  = 

'An 

Aig 

U4g/ 

Agg 

A  = 

'An 

Ail 

_Alj 

All_ 

lc\ 

f=[fifcV 


stiffness  matrix  on  G. 

stiffness  matrix  on  G. 

stiffness  matrix  on  G. 

force  vector,  where  fj,  are  nodal  forces  acting  on  grids 

G[,  Gl,  Ggs  respectively. 

force  vector  acting  on  G. 


f=  [fi  fi. 


where  fj  and  are  nodal  forces  acting  on  grids  Gi  and  Gi, 
respectively. 


We  note  that  the  displacement  vectors  u  and  u  are  related  via  orthogonal  operator  L  given  by 


T  = 


/  0  O' 
0  0/ 


(11) 


where  /  is  an  identity  matrix  of  an  appropriate  size,  such  that 


u  =  Tu.  ^  j2) 

We  now  may  formulate  an  algebraic  system  of  equations  for  the  two-level  linear  problem.  It  consists 
of  finding  a  pair  of  nodal  displacements  vectors  [a,  a)  such  that 

u)  -j-  —  (/,  u).-  {/./,;.)  min  (13) 

{  UAL) 

where  (■.  •)  denotes  the  bilinear  form  defined  by 


n 

{u,  u)  -  ^  u,  G  R'". 


(14) 


Minimization  of  (13)  with  resf)ect  to  {a.  it.)  subjected  to  the  interface  condition  (13)  yields  a  svstem 
of  linear  equations  on  the  composite  grid: 


A-\-Q^AiiQ  Q^Ail 

u 

/  A  j  J 

AliQ  All 

II  j 

The  system  of  linear  equations  (15)  can  be  solved  either  directly  or  iteratively.  It  is  our  objective  to 
develop  a  hierarchical  global-local  procedure,  which  exploits  the  solution  of  the  auxiliary  shell  model 
on  the  entire  problem  domain. 
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2.2.  Two-level  solution  procedures 

In  this  section,  we  describe  a  four-step  procedure  for  solving  the  system  of  linear  equations  (15). 
The  iterative  solution  procedure  based  on  the  minimization  of  energy  functional  (13)  is  given  below. 

Step  1.  Find  the  correction  du'-  which  minimizes  the  two-level  energy  functional  (13)  on  the  subspace 
of  the  coarse  grid  functions: 

i((.4(u^  +  T6^).u^  +  T5(r)  -f  (.4(u‘  T  +  QSd^))  -  (/.S^  +  TS^) 

-(/,  u*  +  QSu')  m_[n  (16) 

where  the  superscripts  refer  to  the  iteration  count.  Note  that  the  coarse  grid  correction  Su  has  a  similar 
partitioning  to  w,  i.e., 

Su  =  ISufSui^Su^y]^  and  Su  = 

The  direct  minimization  of  (16)  with  respect  to  Su  yields: 

{T'^AT  -h  Q'^AQ)Su^  =  T'^(/  -  Au^)  +  Q'^{f  -  Au^).  (17) 

The  first  term  T^.4T  on  the  left-hand  side  represents  the  assembled  form  of  the  coarse  grid  stiffness 
matnx,  whereas  the  second  term  AQ  represents  the  restricted  stiffness  matrix  of  the  3D  elasticity 
model  in  the  locdl  region.  For  the  purpose  of  approximating  the  coarse  grid  correction  Su  we  will 
replace  the  two  terms  by  the  stiffness  matrix  of  the  shell  model  on  the  entire  problem  domain,  i.e., 

A^T^AT  +  Q^AQ.  (18) 

Substitution  (18)  represents  a  major  departure  from  the  classical  FAC  method.  In  fact,  this  ap¬ 
proximation  may  not  be  necessarily  good  because  there  might  be  a  significant  difference  between  the 
two  mathematical  models  for  thin  dorhain  elasticity  problems  (see,  for  example,  [18]).  Nevertheless, 
this  approximation  is  absolutely  must  if  the  composite  grid  method  is  to  be  considered  as  a  viable 
alternative  to  engineering  global-local  approaches  in  aerospace  industries.  A  typical  all-shell  grid  G 
often  consists  of  over  a  million  degrees  of  freedom,  whereas  local  grids  G  constructed  in  the  vicinity 
of  cutouts,  fasteners,  holes  and  other  interconnects  are  orders  of  magnitude  smaller.  In  a  large  scale 
computational  environment  this  approximation  will  significantly  reduce  computational  cost,  since  only 
a  single  factorization  of  A  is  required  for  numerous  redesigns  of  local  features. 

Step  2.  Once  the  coarse  grid  correction  has  been  carried  out,  it  is  necessary  to  update  the  solution; 

-b  -FQ5i?.  (19) 

Step  3.  Find  the  correction  Au^  on  the  fine  mesh,  which  minimizes  the  energy  functional  on  the 
subspace  of  the  functions  on  Gl,  i.e.,  keeping  xT  fixed 

U(Avf,^T)  +  (A(u^-bAu*),u*  +  Aw*))  -  (/,??)  -  (/,u*-bAu*)  =>  min  (20) 

where  Au^  =  0  to  maintain  compatibility. 

The  direct  minimization  of  (20)  yields 

AiiAu^^  =  f I  -  AliQu^  - 


(21) 
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It"  (21)  is  solved  exactly,  i.e., 

~  -^LLifL  ~  ^LiQ^  -  (22) 

then  the  corresponding  iterative  process  will  be  referred  as  HFAC-ex.  Alternatively,  All  can  be 
replaced  by  preconditioner  Pll,  which  yields 

Aul  =  nP-l  (/^  -  AliQ^  -  Allu\)  (23) 

where  is  a  relaxation  parameter  given  by 

r-  -  AliQ^  -  Allu)  ,  u\) 

{Alli^I^uI)  (24) 


and  I/].  =  P^lifL  -  AliQ^  -  Allu^^).  The  latter  will  be  referred  as  HFAC-ap. 

Step  4.  Since  the  approximation  introduced  in  (18)  is  not  necessarily  good,  we  view  Steps  1-3  as 
a  nonsymmetric  preconditioner,  and  thus  displacements  u\  r?,  v}  computed  in  Step  2  are  updated 
using  a  two-parameter  acceleration  scheme.  For  convenience,  the  total  correction  on  the  fine  grid,  i.e., 
Q5u  +  Aw  ,  is  denoted  here  by  dw*.  Then,  we  ultimately  update  the  solution  according  to 


=  r?  -b  ciT5^  -f- 
w*+‘=w*-Fadw*-b/3dw*-‘, 


(25) 


where  the  parameters  a,  0  are  found  from  the  minimization  of  the  energy  functional  on  the  subspace 
spanned  by  the  vectors  [{T5u^)Gdv}Y  and  [(T5w*-')g  dw*-!]'^: 

\({A{^  +  oiT5^  P  0T51P-^).AA  +  aT5^  +  0T6^-^) 


-b  (A  (u*  +  a  dw^  +  /?  dw^- ' ) ,  u'  -b  a  du*  +  ^3  dw*“ ' ) ) 

~  (/,  u  -b  aTSu  -b  PTSu'  ' )  —  (/,  u‘  +  oi  du^  -b  0  dw*~' )  =>  min 

ct.p 

A  direct  minimization  of  (26)  with  respect  to  a  and  0  yields; 


where 

c,,  =  (T'^ATSiP,S^)  +  (Adw\dw'), 

C22  =  (T'^ATS^- ‘ ' )  -b  {A  du-  ‘ ,  du^-  ‘ ) , 
c,2  =  (T'rATd^?,<5w'-‘)  +  (Adw'.du'-'). 

r,  =  (tT(/  -  Au^),SU^)  -b  (/  -  Aw\dw*), 
r2  =  (T'^(/- Aw‘),5ir-')  4-  (/- Aw',dw'-'). 


(28) 
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2.3.  Intergrid  transfer  operators 

Let  Pa  be  the  finite  element  node  in  the  3D  solid  mesh  at  the  interface  i?/  and  let  Pa,  represent 
its  degrees  of  freedom  with  =  [Pa,  P.tJ  correspoi^ding  to  in-plane  degrees  of  freedom  and 
to  the  transverse  normal  degrees  of  freedom'.  Likewise  Pa  denotes  the  nodes  in  the  shell  model  at  the 
interface  Qj  having  either  5  or  6  degrees  of  freedom  per  rmde^ 

We  will  construct  the  interface  prolongation  operator  Qj :  Gj  Gj  (needed  for  both  HFAC-e.x 
and  HFAC-ap  procedures)  assuming  the  so-called  “telescopic”  constraints  at  the  shell/3D  interface, 
where  the  in-plane  degrees  of  freedom  Pa„  €  Qi  and  transverse  degrees  of  freedom  at  the  midplane 
=  0)}  €  J7/  are  considered  as  the  slave  nodes,  i.e.,  belong  to  the  set  G[,  whereas  the  transverse 
degrees  of  freedom  outside  the  midplane  {PAy{0  7^  0}  €  i7/  belong  to  the  set  Gl  rather  than  Gj. 
Here,  for  simplicity,  we  assume  that  there  exists  a  layer  of  nodes  in  the  3D  solid  mesh  at  the  midplane, 
as  shown  in  Fig.  1.  _ 

The  interface  prolongation  operator  Q/  consists  of  nodal  blocks  Qf^  corresponding  to  mapping  the 
solution  from  the  coarse  mesh  node  Pa  to  P4.  where  the  projection  of  the  fine  grid  node  Pa  onto  the 
shell  surface  is  within  the  shell  element  connected  to  node  P,.  Using  the  shell  element  formulation 
based  on  the  degenerated  solid  model,  the  nodal  interface  prolongation  operator  in  the  local  fiber 
coordinate  system  is  given  by 

'NMa.’Ia)  0  0  il^A^A^^dA’^A) 

QP=  0  N^Ha’^a)  _  0  -{hAiA^.iiA’-OA)  0 

.  0  0  0  ® 

Note  that  the  first  three  columns  correspond  to  translational  degrees  of  freedom,  whereas  columns 
4  and  5  correspond  to  rotational  degrees  of  freedom  in  the  fiber  coordinate  system.  The  first  two 
rows  correspond  to  the  prolongation  of  the  in-plane  degrees  of  freedom,  whereas  row  three  designates 
prolongation  at  the  midplane  in  the  transverse  direction.  Nai^A^  ^a)  ‘^s'f^otes  the  in-plane  shape  function 
corresponding  to  the  shell  element  node  Pa  computed  at  the  fine  grid  node  Pa',  Va' 
natural  coordinates  in  the  shell  computed  at  fine  grid  node  Pa^ 

If  the  HFAC-ap  scheme  is  employed,  then,  in  addition  to  Qi  it  is  necessary  to  construct  the  pro- 

longation  operator  Q  :Gi  U  Gl  Gl-  Let  be  the  initial  value  of  nodal  blocks  Q  in  the  fiber 
coordinate  system  obtained  from  the  degenerated  solid  model  in  a  similar  fashion  to  that  in  Eq.  (29). 
Since  the  lower  order  shell  theories  [12]  do  not  take  into  account  the  fiber  elongation  in  the  transverse 
normal  direction,  it  is  necessary  to  correct  the  transverse  normal  displacements  by  the  integral  over 
transverse  normal  strains.  The  resulting  nodal  prolongation  operator  in  the  fiber  coordinate  system  is 
given  as 

0 
0 

Dsi  ^ai  (^A  ’  ^A  ^ 

Dee 
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Global  level: 


Fig.  2.  Discretization  of  the  model  problem. 


where  D  is  the  three-dimensional  constitutive  matrix  corresponding  to  the  transverse  normal  stress, 
and  Bai  is  the  block  of  the  strain-displacement  matrix  of  the  shell  element  corresponding  to  the  shell 
node  Pa- 


3.  Model  problem 

In  this  section  the  rate  of  convergence  of  the  iterative  procedure  described  in  the  previous  section 
is  estimated  in  the  closed  form  for  beam/2D  model  problem  shown  in  Fig.  2. 

For  the  2D  domain  on  -L  ^  xi  ^  L,  -H  ^  xi  ^  H  the  governing  elasticity  equations  in  the 
tensorial  notation  are  given  as: 

CTij^j  +  bi  =0,  Cij  =  -f  i.j  =1,2,  (31) 

where  A,  //  are  material  constants;  the  symmetric  stress  tensor;  5ij  the  Kronecker  delta;  comma 
denotes  the  spatial  derivative;  parentheses  around  the  subscripts  represent  the  symmetric  gradient. 

For  the  beam  domain  on  L  <  x\  ^  2L,  —2L  ^  xi  <  —L  the  governing  elasticity  equations 
are  the  same,  but  in  addition,  the  following  Timoshenko  beam  constrains  are  imposed  to  restrict  the 
kinematics  of  the  beam; 

H 

<7j2=0,  (2:1  ,  X2)  =  -0(z'l  ).7;2,  J  X2dX2=0,  (32) 

-H 

where  6  is  the  beam  rotation.  The  essential  boundary  conditions  are  applied  at  the  two  ends  of  the 
beam,  i.e.,  u\{xi  =  t'2-L)  =  — 0(:ri  =  t'2-L)  =  0.  Compatibility  is  enforced  at  the  beam/2D  interface: 

u\{x\  =  tL)  =  -0{x\  =  tL)x2. 

=  T{L  -I-  £■))  =  ^2(2:1  =  =F(L  -  c),X2  =  0),  0  <  £  <  1. 


(33) 
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3.1.  Model  description 

We  consider  the  finite  element  discretization  depicted  in  Fig.  2.  On  the  global  level  we  use  Timo¬ 
shenko's  beam  elements  with  quadratic  shape  functions  for  the  transverse  displacements  and  linear 
shape  functions  for  the  rotations.  Timoshenko’s  beam  element  has  been  chosen  since  it  represents 
one-dimensional  counterpart  of  the  Mindlin-Reissner  shell/plate  element.  For  the  local  model,  a  sin¬ 
gle  p-type  2D  element  is  employed  with  nonuniform  polynomial  order  of  displacement  interpolation 
functions  in  x  and  //  denoted  as  p  and  q.  respectively. 

We  first  focus  on  th.e  construction  of  the  discrete  system  of  equations  for  the  model  problem.  The 
displacement  field  of  the  2D  element  can  be  cast  into  the  following  form; 

4 

Ui  =  ^  IJ\ja j  (34) 

J=i 

where  a  =  [u\  6\  ui  is  the  vector  of  nodal  displacements  (two  translations  and  two  rotations),  and 
Uij.  i  =  1.2.  J  =  1 . 4.  is  the  solution  of  the  two-dimensional  problem  corresponding  to  the  prescribed 
Jth  unit  nodal  displacement  while  keeping  the  other  nodal  displacements  constrained.  Note  that  the 
constrairits  between  the  beam  and  the  2D  element  are  of  telescopic  type,  i.e.,  at  the  interface  u\  is 
prescribed  for  all  y,  while  ui  is  prescribed  only  at  y  =  0.  It  is  not  the  objective  of  this  paper  to  study 
the  influence  of  various  global-local  interface  conditions  on  the  solution  accuracy.  Instead,  we  are 
only  focusing  on  the  convergence  characteristics  of  the  iterative  process  given  the  interface  conditions 
employed  in  practical  applications  [1]. 

The  functions  Uu  are  discretized  as  follows: 

UiJ  =  (35) 

I  m 

where  ^  =  1/L  and  p  =  l/H,  ^i{^)  and  ^miv)  are  the  basis  functions  given  as 

I -  ^ 

^2  =  -^,  =  /Pt-iWdi,  k  =  2,3,...,  (36) 

-1 

and 

=  n=l,2,...,  (37) 

where  are  Legendre  polynomials  of  order  k. 

Let  Kdij  =  0  be  the  discrete  system  of  equations  arising  from  the  discretization  given  in  (35) 
subjected  to  Jth  unit  displacement  on  the  boundary,  where  dij  =  {dijim}  and  K  is  the  corresponding 
stiffness  matrix.  The  coefficients  dijim  may  be  found  exactly  or  approximately.  The  former  is  denoted 
as  HFAC-ex,  while  the  latter  is  termed  HFAC-ap. 

Once  the  coefficients  dijim  are  found,  one  may  find  the  coefficients  of' the  stiffness  matrix  for 
2D  element  with  the  interface  nodal  degrees  of  freedom  a  —  [i^i  1/2  ^2]^: 

da  (sum  over  repeated  indices) 

fie 


(38) 
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■  where  ,7  —  1 .....  4,  A  —  1 . 4,  Dahfg  are  the  components  ot  the  2D  plain-strain  elastic  constitutive 

tensor,  are  the  components  of  the  symmetric  part  of  the  tensor  Vu. 

3.2.  Convergence  properties  of  the  algorithm 

The  point  iteration  matrix  S:e\^  derived  in  Appendix  A  is  given  as 

S  =  I-QA-^Q^A  (39) 

where  is  the  solution  error  at  the  interface  in  iteration  i  and  Q  is  the  prolongation  operator  Q  equal 
to 

■1  0  0  0  0  0- 

^  _  0  1  0  0  0  0 

^  0  0  1  0  0  0'  (40) 

.0  0  0  1  0  0. 

More  details  on  Eqs.  (39)  and  (40)  are  given  in  Appendix  A. 

In  this  section,  we  present  closed  form  expressions  for  the  spectral  radius  of  the  iteration  matrices  for 
different  values  of  p  and  q,  denoted  by  where  p  is  the  in-plane  polynomial  order  {x\  direction) 

and  q  is  the  polynomial  order  through  the  thickness  of  the  beam  (x2  direction).  These  expressions 
have  been  obtained  using  the  symbolic  math  package  Maple  [21],  In  what  follows  we  give  a  Taylor 
series  expansions  about  the  point  H/L  =  0,  where  u  <  0.5  is  Poisson’s  ratio. 


3.2.1.  HFAC-e.x  algorithm 
(  2 

p(5’-')=  ”  , 


2  fH\-2  2  13751/2 -H  15041/ -752 

-^  5445  - ixrr. - +0 


,  for  1/  ^  0.497, 
otherwise. 


p(S>')  = 


8  ( 1  +  i/)(  1  —  3//) 

^  (1  -  2u) 


3\\  -2iy  r 


,  for  1/  ^  0.277, 
otherwise. 


It  can  be  .seen  that  the  HFAC-ex  method  for  the  model  problem  converges  (p(5)  <  1)  indepen¬ 
dently  of  material  parameters,  provided  p  ^  3  and  q  2.  In  the  case  of  linear  through-the-thickness 


/7/s 

-> 

1  ■  / 

(  L  / 

'  -( 

\l) 

'  -( 

4840  '  396 

1343  19 

4^  ^ 


4  (33i/2  -  330i/ +  406) /77  \2 
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discretization/ the  iterative  process  diverges  independently  of  in-plane  discretization  as  the  materia! 

approaches  the  incompressible  limit,  i.e.,  v  ->  0.5. 

Similarly,  in  the  case  of  insufficient  in-plane  discretization  (jj  <  3).  HFAC-ex  diverges  for  thin 

shells  (H/L  — >  0). 

3.2.2.  HFAC-ap  algorithm 

We  first  consider  a  Gauss-Seidel  preconditioner  of  the  form  (/-hd)"' ,  where  I  is  the  lower  triangular 
part  of  All  in  (21).  and  d  is  the  main  diagonal  of  All- 

d^-')  =  {,,  2  . 

Z  /  1  Otherwise, 


3  \  1  -  2i 


/id\-2  99u-  -981Z  +  49 

“  l-2u 


p{s-^) 


-(1-/ 


1  873621^2  ^  2864371Z  -  154609 


557568 


1  —  2u 


1  873621/2  ^  2864371/  -  154609 


557568 


1  -  2u 


.  iZN  7  ,  1  1771/2-7841/4-392 

ds’4  =  Too<'-‘')(T)  +  600 - - +  ° 


((~)0 


For  large  values  of  Poisson’s  ratio  u  -o-  0.5,  higher  order  terms  in  H/L  cannot  be  truncated  since 
they  contain  terms  of  the  form  1/(1  ~  2j/)^  (ji  >  0)  that  grow  unboundedly  for  incompressible 
materials,  thereby  affecting  the  spectral  radius  considerably  even  for  small  values  of  H/ L. 

For  all  cases  considered  the  spectral  radius  was  0((if/L)~2),  indicating  that  HFAC-ap  scheme  with 
fixed  number  of  smoothing  iterations  is  inappropriate  for  thin  shells.  Next,  we  investigate  whether 
stronger  smoothing,  in  the  form  of  two  synmietric  Gauss— Seidel  sweeps,  which  correspond  to  the 
preconditioner  {I  -I-  d)~^d{l  -I-  d)~'^,  can  eliminate  the  lower  order  term. 


2,  2  13752/^  +  1504.2-752  , 


3\\-2i/ 


ds’4  =  4(,-.)(f 


1  1 10001/2  +  8654z/  -  4327 


for  u  ^  0.497, 


otherwise. 


16335 


1  -2u 


For  the  case  of  p  =  3,  g  =  I  we  also  consider  the  SSOR  preconditioner  of  the  form  u>{2  —  u)){l  + 
d)“'d(/ -I- which  yields 

p(5y )  =  iz/(5cj^  -  30u^  +  90u;^  -  160a;^  4-  180u;2  -  {20u  +  36)  (y)  ‘  4-  0(1) 
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with  ^  —  1  giving  the  optimal  choice. 


-7 


+ 


1  284240t/- +  681608Z/ -  385739 

1  —  2v 


1393920 


01 


£\2' 
t)  , 


+  0(1). 


For  all  the  polynomial  orders  p  q  considered,  the  SSOR  preconditioner  reduced  considerably  the 

coefficient  of  the  term  0{{H/L)  )  as  compared  to  GS  preconditioner  even  though,  this  term  was  not 

completely  removed. 

In  our  last  expenment  conducted  on  the  model  problem,  we  have  perturbed  the  stiffness  matrix  of 
the  local  gnd  (2D  element)  with  a  small  fraction  (rj  0)  of  its  diagonal,  i.e., 

=  A  +  T]diag{A), 

and  then  have  solved  the  local  problem  exactly.  The  resulting  spectral  radius  has  been  symbolically 
computed  using  Maple:  ^ 


f—V^ 

\T) 


+  0(1). 


(42) 


t  can  be  seen  that  a  small  perturbation  of  the  exact  local  factor  has  a  devastating  influence  as  H/L  -4-0 
since  a  typical  L/H  ratio  is  over  1000  in  aerospace  and  mechanical  engineering  applications  and  ove^ 

100  in  civil  engineenng  applications.  This  phenomenon  is  a  direct  consequence  of  the  approximation 
introduced  in  (18). 


4.  Numerical  examples 


Two  problems  are  considered  for  numerical  investigation  of  computational  efficiency  of  HFAC-ex 
and  HFAC-ap  procedures  in  the  context  of  sheliy3D  global-local  problems.  The  first  test  problem  is  a 
thick  laminated  shell  subjected  to  axial  tension.  The  second  is  a  thin  cylindrical  shell.  In  both  ca.ses. 
local  cttects  developed  at  the  free  edge  are  of  interest. 

As  a  termination  criterion,  we  use  the  ratio  of  the  residual  norm  versus  the  norm  of  the  rioht-hand 
side  vector,  i.e.,  ^ 


and 


where  the  tolerance  is  chosen  to  be  eps  =  10~^. 
SPARC  10/41  workstation. 


(43) 


All  computations  have  been  carried  out  on  a  SUN 


4.1.  (45/-45)s  laminate  in  e.xtension 


We  consider  a  thick  tour-layer  (45/-45)s  laminate  subjected  to  axial  tension.  Geometry  boundarv 
conditions  and  material  properties  are  shown  in  Fig.  3.  The  plies  in  the  laminate  are  of  equal  thickness 
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I  Fig.  3.  Axial  tension  problem  definition,  afb  =  10,  b/h  —  4,  h  —  2hk,  b/hk  —  S,  Ei  —  20x  10®  psi,  E2  —  Ey  2.1x10  psi, 
i  Gr  =  G23  =  G\3  =  0.85  x  10®  psi,  1/12  =  1^23  =  =  0.21.  Displacement  boundary  conditions:  u\{a,y,z)  =  tio, 

I  ui{—a,y,z)  =  0,  U2{-a,0,z)  —  U2{a,0,z)  -  0,  U3(-a,0,z)  =  0. 


\ 


Table  1 

Convergence  studies  for  laminated  plate  problem _ 

Number  of  Number  of  CPU  (sec) 

Method  type  relaxation  sweeps  cycles  factorization 

(HFAC-ap) _ _ 

HFAC-ap  1  57  30 


HFAC-ap 

2 

38 

30 

250 

776 

HFAC-ap 

3 

31 

30 

247 

774 

HFAC-ap 

4 

28 

30 

265 

800 

HFAC-ap 

5 

24 

30 

264 

788 

HFAC-ex 

10 

595 

85 

1050 

CPU  (sec)  CPU  (sec) 

iterative  total 

solution 

274  800 


1 

I 

idealized  as  a  homogeneous,  orthotropic  material.  Subscript  “1”  denotes  the  direction  parallel  to  the 
'  fibers,  subscript  “2”  for  in-plane  direction  perpendicular  to  the  fibers,  and  subscript  “3  for  the  out- 
’  of-plane  direction. 
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ANS  shell  elements  [25]  are  used  in  the  global  region  and  10-node  tetrahedrals  in  the  local  region. 
The  local  mesh  is  graded  towards  the  free  edge  of  the  laminate.  On  the  coarse  mesh,  the  number  of 
nodes  is  171  and  the  number  of  shell  finite  elements  is  36.  On  the  fine  mesh,  the  number  of  nodes 
is  11,530  and  the  number  of  tetrahedral  elements  is  7,233.  For  HFAC-ap  we  employ  an  Incomplete 
Cholesky  Factorization  preconditioner  by  value  with  zero  fill-ins.  Table  1  compares  convergence  of 
the  HFAC-ap  and  HFAC-ex  algorithms.  It  can  be  seen  that  although  the  number  of  cycles  required 
for  HFAC-ap  is  significantly  higher  than  for  HFAC-ex,  the  CPU  time  for  HFAC-ap  is  lower.  This 
example  suggest  that  for  thick  domain  problems,  where  {L/H)~  term  is  not  dominant,  HFAC-ap  with 
a  relatively  weak  coarse  grid  preconditioner  is  an  optimal  choice. 

4.2.  Isotropic  cylindrical  shell  problem 

In  this  subsection,  we  study  a  thin  isotropic  cylindrical  shell  problem.  Geometry,  displacement 
boundary  conditions,  material  properties  are  depicted  in  Fig.  4. 

As  in  the  previous  example,  ANS  shell  elements  are  placed  in  the  global  region,  whereas  a  10-node 
tetrahedral  unstructured  mesh  is  used  in  the  local  region.  The  coarse  model  consists  of  171  nodes 
and  36  shell  elements.  For  the  fine  model  three  meshes  were  considered:  (i)  226  10-node  tetrahedral 
finite  elements  (467  nodes),  (ii)  980  10-node  tetrahedral  finite  elements  (1,820  nodes),  3,318  10-node 
tetrahedral  finite  elements  (5,840  nodes).  All  fine  level  meshes  have  the  same  number  of  3D  elements 
through  the  thickness  direction  (approximately  2  elements),  whereas  the  number  of  elements  is  approx¬ 
imately  varied  by  a  factor  of  2  in  the  in-plane  direction  for  the  3D  meshes  considered.  The  coarsest 
mesh  of  3D  elements  has  the  size  of  a  3D  element  in  the  in-plane  direction  roughly  the  same  as  that 


Z 


Fig.  4.  Cylindrical  .shell  problem  definition.  L  -  67.S  mm,  R.  -  .SOO  mm,  /i  ^  3  mm,  0  =  7r/2,  E  =  26  GPa,  i/  =  0,3. 
Displacement  boundary  conditions:  ii\{-L/2,y.  z)  =  0.  u.\[-L/2.ij,z)  -  1  mm,  ii2{- L/2.(.),  z)  =  U2{L/2.0.  z)  =  0, 
iix{-L/2A),z)  =i).  .  ' 
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Table  2 

Converaence  studies  for  cylindrical  shell  problem  (226  elements  in  the  fine  grid) 


1  VC-l 

Method  type 

Number  of 
relaxation  sweep.s 
(HFAC-ap) 

Number  of 
cyclc.s 

CPU  (sec) 
factorization 

CPU  (.sec) 

iterative 

solution 

CPU  (sec) 
total 

HFAC-ap 

5 

16  LS 

0.8 

726 

760 

HFAC-ex 

- 

25 

1.3 

5 

JJ 

Table  3 

Convergence  studies  for  cylindrical  shell  problem  (980  elements  in  the  fine  grid) 


Number  of 

Nuihber  of 

CPU  (sec) 

CPU  (sec) 

CPU  (sec) 

Method  type 

relaxation  sweeps 
(HFAC-ap) 

cycles 

factorization 

iterative 

solution 

total 

HFAC-ap 

5 

580 

J 

1143 

1240 

HFAC-ex 

- 

14 

16 

12 

100 

Table  4 


Convergence  studies  for  cylindrical  shell  problem  (3318  elements  in  the  fine  grid) 


Method  type 

Number  of 
relaxation  sweeps 
(HFAC-ap) 

Number  of 
cycles 

CPU  (sec) 
factorization 

CPU  (sec) 

iterative 

solution 

CPU  (sec) 
total 

HFAC-ap 

5 

377 

14 

2690 

2980 

HFAC-ex 

- 

11 

179 

24 

364 

of  the  shell  element.  Tables  2—4  provide  the  information  on  convergence  characteristics  for  the  three 
fine  meshes  considered.  It  can  be  seen  that,  by  increasing  the  number  of  the  elements  in  the  in-plane 
directions,  both  HFAC-ex  and  HFAC-ap  converge  faster.  This  phenomenon  is  in  good  agreement  with 
our  analytical  convergence  estimates  in  Section  3.  Moreover,  numerical  experiments  reveal  that  the 
convergence  of  HFAC-ap  with  a  weak  course  grid  preconditioner  is  very  poor.  This  finding  confirms 
our  analytical  studies  in  Section  3  indicating  that  for  thin  beams  or  shells  the  (L/H)^  term  completely 
dominates  the  convergence  characteristics  of  the  HFAC-ap  scheme,  unless  the  coarse  grid  problem  is 
solved  up  to  a  very  tight  tolerance. 


5.  Conclusions 

A  hierarchical  version  of  the  composite  grid  method  (denoted  as  HFAC-ex  and  HFAC-ap),  which 
exploits  the  solution  of  the  shell  model  in  studying  local  effects  via  a  3D  solid  model,  is  developed. 
Convergence  studies  on  a  beam/2D  model  problem  indicate  that  the  spectral  radius  of  the  point  iteration 
matrix  for  HFAC-ex  method  is  0(1),  whereas  for  HFAC-ap  it  is  0{{L/ H)^),  where  L  and  H  are  the 
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span  and  the  thickness  of  the  beam,  respectively.  Numerical  experiments  in  multidimensions  confirm 
these  findings. 

The  major  departure  between  the  present  paper  and  the  work  pioneered  by  McCormick  [22  231  is 
in  the  approximation  introduced  in  Eq.  (18).  This  approximation  may  not  be  necessarily  good  because 
there  might  be  a  significant  differejice  between  the  shell  and  the  3D  models  for  thin  domain  elasticity 
problems.  A  typical  all-shell  grid  G  often  consists  of  over  a  million  degrees  of  freedom,  whereas  local 
gri  s  G  constructed  in  the  local  regions  requiring  better  resolution  are  orders  of  magnitude  smaller 
Thus  the  approximation  (18)  will  significantly  reduce  the  computational  cost,  since  only  a  single 
factorization  of  A  is  required  for  numerous  redesigns  of  local  features. 

As  a  by-product  of  the  approximation  introduced  in  (18),  two  factors  have  been  found  to  be  ab- 

so  utely  cntical  to  maintain  reasonable  rates  of  convergence  of  the  iterative  process  for  thin  domain 
problems: 

(i)  The  local  problem  has  to  be  solved  exactly  or  up  to  a  very  tight  tolerance.  For  our  numerical 
model,  the  thin  cylindrical  shell  problem,  it  took  377-1615  cycles  for  the  MIC  smoother  by 
value,  with  up  to  20  fill-ms  and  5  smoothings  to  converge  as  opposed  to  11-25  cycles  with  a 
direct  solver.  In  our  analytical  model  we  have  found  that  a  small  perturbation  to  the  exact  local 
factor  has  a  devastating  influence  on  the  convergence  as  iT/L  ->  0. 

(11)  The  two-parameter  acceleration  in  the  two-step  scheme.  It  is  necessary  to  consider  a  single 
cycle  of  the  HFAC  method  as  a  nonsymmetric  preconditioner  and  to  accelerate  the  iterative 
process  with  a  two-parameter  acceleration  scheme  rather  than  with  a  more  popular  conjugate 
gradient  method.  None  of  the  numerical  examples  considered  converges  without  acceleration 
In  tact  they  rapidly  diverge,  as  opposed  to  better  than  0.5  rate  of  convergence  with  the  two- 
parameter  acceleration  scheme.  This  is  because  the  3D  model  is  typically  much  stiffer  than  a 
shell  model  resulting  in  a  poor  preconditioning. 


Appendix  A.  Derivation  of  the  point  iteration  matrix 


In  this  section,  we  derive  the  point  iteration  matrix  S :  ^  for  the  model  problem  oiven  in 

Section  3.  ,  where  the  subscript  r  denotes  the  iteration  count.  For  the  model  problem  described  in 
Section  3.1,  we  condensed  out  the  internal  degrees  of  freedom  of  the  local  grid  yielding  =  e 

Also  Gg  can  be  excluded  from  the  consideration  due  to  the  boundary  conditions  prescribed^at'the  end 
points  of  the  beam.  Under  these  circumstances,  the  prolongation  operator  Q  in  (10)  can  be  simplified 
d  u;e  defme  it  as  the  operator  relating  the  nodal  displacements  in  G,  U  Gl  to  those  in  G/.  i.e.. 
Q  '-Gi  U  Gl  — >  G[,  where  Q  is  given  in  Eq.  (40). 

The  errors  in  the  two  subsequent  iterations  are  related  as  follows: 


I 


QSu^. 


Combining  (.191  with  (16)  with  exact  Jacobians  repiticed  by  .4  yields 
e]  -  QA-'{Tyf,  -  +  Q^f,  -  .4q)) 


I 


(A.  I ) 


(A.2) 
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I 

) 

i 


3 

4 


i 


where  T  is  defined  as  T  =  [/  0]  and  I  is  identity  matrix  of  an  appropriate  size.  Since  T  =  Q  and 


Uj  =  U[,  Eq.  (A.l)  may  be  written  as 

e^+'  =  e)  -  QA-^Q\7^n  A  A)c\.  {A.3) 

Defining 

A  =  Aff  +  A  (A.4) 

where  A.  once  again,  is  determined  according  to  (38),  one  can  write 

=  Se]  (A.5) 

where  the  iteration  matrix  S  is  equal  to 

S^I-QA-'Q'^A.  (A.6) 
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4.1  Governing  Equations 

The  governing  equations  consist  of:  equilibrium  (4),  kinematics  in  the  rate  form  (63), 
boundary  conditions  (8),  (9),  and  the  constitutive  equation  in  the  rate  form 

+  (129) 


where 


denotes  the  instantaneous  stiffness  properties.  In  the  following,  we  adopt  Jaumann 
rate,  i.e.,  =  cb^^- . 

Double  scale  asymptotic  expansion  of  the  velocity  field  (64)  provides  the  starting  point  for 
the  asymptotic  analysis.  Substituting  the  asymptotic  expansions  (20),  (64)  into  constitutive 
equation  (130)  based  on  the  Jaumann  rate  yields: 


5 

=  +  5  S  +  ^  =  -i.o,...  (i3i) 


r  =  -l 


where  is  the  velocity  gradient  given  as 


=  and  /f,  =  vrj+v^ 


"k,  X, 


ki-^Vx] ^-0,1, 


(132) 


Further  assuming  that  (9(q“^)  Cauchy  stress  vanishes,  -  0.  yields 

vP  =  vP(jc)  provided  that  is  not  singular.  We  proceed  to  the  0(q“^)  equilibrium 
equation  (22): 


oP^,(A:,y)  =  0  (133) 

To  solve  for  (133)  up  to  a  constant  we  introduce  the  following  separation  of  variables: 

v}(x,y)  =  .?f,-^/(y){v;P^^^(x)  + j;^/(x)}  (134) 

Note  that  plastic  effects  are  now  hidden  in  the  Y-periodic  function  j^j^;(y),  whereas  dfi 
accounts  for  temperature  effects  only. 

Premultiplying  (133)  by  the  Y-periodic  function  ^n-iiy) ,  then  integrating  over  the 
deformed  unit  cell  domain  0  and  carrying  out  integration  by  parts  yields 

<1>  ( J ^iki,  yj  dQ  =  0  (135) 
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Linearization  of  (135)  is  carried  out  by  taking  the  material  time  derivative,  (j)  =  0.  For 
this  purpose  we  express  the  integrand  of  (135)  in  the  reference  configuration,  say  at  time 
t,  V  cr  •;  dQ  =  ,  ^fz}:  of:  J  ^  d'Q  where  J,-  =  y denotes  the  deformation 

iKiy  y j  ij  rnj  ij  y  jm  J\y„ 

gradient  in  the  unit  cell  and  Jy  is  the  corresponding  Jacobian.  By  utilizing  equations  (2) 
and  (3)  it  can  be  shown  that  y  ,  =  x  ,  . 

Consequently,  linearization  of  (135)  yields: 


Substituting  (130),  (131),  (132)  and  (134)  into  (136)  and  exploiting  kinematical  relations 
jy  =  Jylf^  and  rjj  =  - j-i/o  gives: 

^ ~  ®  (137) 

where 

^mn  ^ mst,  (^)  (138) 

^ijmn  =  +  (139) 

Since  (137)  is  satisfied  for  arbitrary  macro-fields  v®  ^  (x)  and  <i®  (x)  we  can  obtain  two 
integral  equations  in  0 : 

jQ^ikl,  yj  (-^ijmn  +  ‘^ijmn)  ^ mst,  y)^®  =  (^  (140) 

l^^ikUyii^ijmn  +  ^  ijmn)^  mst,  yfi  "  ^ijmn^mn^^dQ  =  0  (141) 

Equation  (140)  is  solved  using  the  finite  element  method  for  ^1^.1-  Note  that  equation 

(140)  is  solved  for  nine  right  hand  side  vectors  corresponding  to  nine  uniform  velocity 
gradient  fields  as  opposed  to  six  constant  strain  modes  in  the  case  of  small  deformations. 

After  solving  (140)  for  dfj  can  be  obtained  from  (141)  as 

4  =  (142) 

where 


22 


■^ijkl  \Q\\ "*”  mkl,yj^^ 

Once  and  dfj  are  computed,  the  0(c;°)  approximation  of  i 
and  (hij ,  are  given  as 

^ij  =  ^ijkl^lx+<^ij^ 

<^ij  =  hkl4,x+^ifi 

where 


of  and  03,^ ,  denoted 


as  tij 


^  +  a,..0 

(145) 

(146) 

^il)'^^{i,yj)kl(y') 

(147) 

5,7)  +  ^[i,y.]kl(y) 

(148) 

jQ^prs,  y^-^rsuv^uv^^® 

(149) 

prs,  y^-^rsuv^uv^^® 

(150) 

^ij  ^ (i,  yj)kl^^klpq  -^klpq)  prs,y^'^rsuv^uv^^® 

^ij  ~  ^[i,yj]kl^^klpq~-^klpq)  j prs,  y^'^rsuv^uv^^^ 

4.2  Implicit  Integration  of  Constitutive  Equations 

We  start  from  the  constitutive  relation  for  a  typical  element  p  in  © : 

if  P6  0(/) 

W)(eip)-yf>9-p£if))  ifps©(") 

For  elements  in  the  matrix  phase  (15 1)  can  be  written  as 

=  i-lficWJn  V».,.  +  (4P)-5JP))9-  Kip)X<'’>} 

Applying  the  backward  Euler  integration  scheme  to  (152)  gives 

(Tip)  =  alP)  +  i®{)?jiP)„  (Ae„„  +  Ac5„,)  +  (4p)-4i?))A9-Kip)A?,(P)} 

and  exploiting  the  equation  for  the  back  stress  in  element  p  (88)  yields 
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a(P)-a(P)  =  +  A?i(P)p(P)  )-'3(P) 

1}  u  ''  umn  o_  ijfnn'  mn 


e^!2n  =  +  5(1-  (155) 

in  which  ^a^P„^  and  ^a^P„^  are  the  rotated  stress  and  back  stress  defined  in  (75)  and  (76) 
where  the  Aco|P)  is  given  as 

Aco,y)  =  +  +  aipAQ  (157) 

Note  that  the  instantaneous  concentration  factors  klf^],  aj-P^  and  a|P)  computed 

from  (147)  to  (150)  depend  on  the  instantaneous  material  properties  (see  (140)),  which  in 
turn  depend  on  vector  of  plastic  parameters  AX  in  , 

AX  =  [AA.^'),  AA(2),  ...,  AA^"''^]^.  Substituting  (154)  and  (87)  into  the  yield  function  (81) 
for  each  element  in  ©(""^  yields  a  set  of  n  nonlinear  equations 
0=  0(2), ...,  with  unknown  plastic  parameters.  The  system  of  nonlin¬ 

ear  equations  is  solved  by  the  Newton  method: 


AMp>.  =  AXJP.-  ^  4.«) 


A  typical  term  in  the  Jacobian  matrix  is  given  as 

aAA('l)  ^  ■'  XijmnJ  ^mn  9  -  e^hAX^P^ 


where 


93  (P) 

y(Pn)  =  — — §  jgj  (cy(P)  —  (x(P)) 

9AA(’1)  pn»-  mnpq'^^pq  ^pq  ^ 


93(P)  9(a(P)-a(P))  /9j^(p),  9a(p) 

aAAOO  aAA(^)  '""/’AaAA(’i)^^  aAAOi)^® 
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Sparse 

PCG  ( MIC) 

GAM 

CPU(s) 

CPU(s) 

#  of  iterarions 

CPU(s) 

#  of  iterations 

Diffuser 

8692 

12276 

1531 

1021 

22 

Casing 

Turbine  Blade 

;  out  of  memory 

9862 

757 

2378 

19 

Caacentric 

Structure 

687 

3881 

1083 

346 

18 

Nozzle  for 
Turbine 

7271 

8290 

1056 

1288 

34 

Casting  Setup 

3150 

33879 

■  3755 

1493 

30 

HSCT  (MENS) 

994 

24685 

7278 

1255 

56 

Automobile 

(DKT+DMT) 

2678 

76003 

5939 

2788 

48 

Automobile 

(MINS) 

2678 

83877 

6594 

3146 

42 

Canoe 

1351 

8106 

1254 

1126 

32 

TABLE  3 


Problem  title 
Diffuser 
Casing 

Ttirbine  Blade 

CoDcentric 

Structure 

Nozzle  for 
Turbine 

Casting  Setup 

HSCr(MIN3) 

Automobile 

(DKT+DMT) 

Automobile 

(MINS) 


Canoe 


Sparse 

995 

>1500 

337 


PCG  (MIC) 

ill 


28 


In  equation  (161)  depends  on  the  derivatives  of  and  ajP^^ 

with  respect  to  .  Evaluation  of  these  derivatives  is  not  trivial  and  hence  the  follow¬ 

ing  approximation  is  employed: 

(162) 

(163) 

(164) 

At  each  modified  Newton  iteration  step  the  residual  vector  O  is  evaluated  and  the  instan¬ 
taneous  concentration  factors  are  recomputed  from  (140).  The  iterative  process  proceeds 
until  the  residual  norm  ||0||2  vanishes  up  to  a  certain  tolerance.  The  updated  stress,  yield 

stress  and  back  stress  for  elements  in  0^'"^  are  calculated  from  (153),  (87)  and  (88), 

respectively.  For  elements  in  stresses  can  be  obtained  using  (153)  with  AA^P^  =  0. 
Finally,  the  macroscopic  stress  follows  from  (56). 


jq(P)  =  j^(P) 
pqst  ^jyqst^ 


a^P)  is  a^P) 


resulting  in  the  block  diagonal  approximation  of  the  Jacobian  matrix 


onl  //  Ai/  9_6p;zAA(P>y 


where 


aAAC’i) 


ijmn ' 


mnpq^ 


P^ 


4.3  Consistent  Linearization  for  Incremental  Homogenization  Scheme 

The  instantaneous  consistent  stiffness  properties  are  derived  from  consistent  linearization 
of  the  constitutive  equations.  For  elements  in  ©(""I ,  taking  the  material  time  derivative  of 
(153)  and  (88),  and  making  the  use  of  (226)  yields: 

'i.(P) 


a(P)  =  {  AMi  mi  +  mi)  +  } 


mnpq^^  pq  pq 


(165) 


and 


ccfp)  =  'af  +  ‘  3 s,y)X<P>  +  f - a<,P))AVP)} 


~i]  •«  ijpq^  pq  pq 

Substituting  (226)  into  (165),  then  subtracting  (166)  from  the  resulting  equation  yields 

alP)  -  alf)  =  off'  -  al/’  +  «,  >«> 


(166) 


(167) 
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where  in  analogy  to  (162),  we  approximate  -  0  and  =  0 . 

From  equations  (210),  (211),  (22?')  follows  that 

o!/’  =  (i68) 

+2ffle)  (169) 

Substituting  (168)  and  (169)  into  (167)  and  collecting  terms  of  a,^P^  -  a,^P)  gives 

a(f>-atP>  =  (/,J^,  +  Ampjp-<(=^,^,vP^  +  l,S^le  +  ^S^lX^"b  (170) 

where 

v'^klst  ~  aP^mn)^mnuv  ^\^mn^mVuv  ^^uvst  (171) 

e^H  =  -  ML  )a<S,>  +  WL  ('72> 

The  value  can  be  computed  from  the  linearization  of  consistency  conditions  (see  also 
Section  3.2)  which  yields 

X'"’  =  np>(„H„„v0,_  +  e2«e)  (174) 

where 


nf>  = 


(9  -  63/i  AX(P>)  K  ,y  +  AX(P)  g  (p,))-l 


4PA{  y(rt}7  -  (9  -  6p7,AX(P>)  K  (PI(/„„.,  +  AX(P)  pW  p-1 
and  then  substituting  (174)  into  (170)  yields 


(175) 


St 


(176) 


where  and  have  identical  structure  to  and  in  (1 1 1)  and  (112)  except 
that  the  symbols  S  are  replaced  by  E ,  and  r('”l  by  Y(Pl . 


Substituting  (174),  (176)  into  (165)  yields 

=  ®®v0^^  +  ^7(^P)e  for  peGl"-)  (177) 

where 
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stkl  ^ijmn^mnpq  ^pqkl 

-i,%U  x  ,5„h) 


(178) 


and 


/(P)  =  f/(P)  a(P>  +  I(P)  l(a(P)-£(P))- K(P)T(P>aH  -  AA,(P)P™„„„  aH„„}  (179) 

^  Cj*^  ijmn  mn  ^  mn  ^mn  f  mn  ^  pq  Q  pq  mnpq  e-p^J  ^ 

Similarly,  the  stress  rate  for  elements  in  is  given  by 

aOi)  =  iZ)0;|)vO^^  + /jri)e  for  ti  e  0(/)  (180) 

where 


/(n)  =  t/(Ti)  a(n)  +  Lln)  ((,(ii'-£(iii) 

“y  O  ijmn  mn  ijmn^  mn  ^mn  ' 


(181) 

(182) 


The  overall  instantaneous  stiffness  is  obtained  from  the  rate  form  of  (61),  equations 
(178),  (179),  (181)  and  (182): 


^ij  = 


(183) 


where 


n  n 

®,7H  =  2  ‘‘a  =  2  <"“> 

T|  =  1  T|  =  1 

c(^)  denotes  the  ratio  between  the  volume  of  element  T)  and  the  volume  of  the  unit  cell  at 
time  r  +  Ar . 

Finally,  linearization  of  internal  force  vector  yields: 

±f‘J!'  =  +  (185) 

®i)H=  'Dijti  +  hflij-hpil  <■“> 

where  the  first  integral  in  (185)  represents  the  consistent  macroscopic  tangent  stiffness 
matrix  for  the  n-point  scheme  model. 

Remark  5:  Approximating  the  piecewise  constant  phase  rotations  by  a  constant  field  in  the 
entire  unit  cell  domain  as  in  Remark  4,  (171)  and  (172)  can  be  simplified  as 
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v'^kbt  =  ^uvst  ”  +  5/„(a[P)  -  a^P^) 


(187) 


e=^/  =  (188) 

where  (124)  has  been  used.  For  elements  in  0('")  (178)  and  (179)  can  be  written  as 

®S!  =  -aff)  +  5,„(a£)  - 

and 


^i'(P)  =  I(P)  |((3(p)_f (P))_  K(P)Y(P)a5  -A?i(p)p  oE  >  (190) 

ij  ijmn^^  mn  ^mn  ^  mn  pq  d  pq  ^  mnpq  Q^pqS 

On  the  other  hand,  for  elements  in  0(-O  (181)  and  (182)  are  given  by 

~  ^ijmn  ^nmpq  ^pqki  -  (5,>,ag)  +  5  .„a(;i))M[^„j^,  (i9i) 

and 


(192) 


5.0  Adaptive  Model  Construction 

In  Sections  3  and  4  we  presented  two  schemes  for  modeling  inelastic  behavior  of  compos¬ 
ite  structures:  the  2-point  scheme  and  the  «-point  scheme.  In  the  n-point  scheme  we 
employed  a  piecewise  constant  approximation  of  the  eigenstrain  field,  whereas  in  the  2- 
point  scheme  the  eigenstrain  field  and  the  elastic  concentration  factors  in  each  phase  are 
approximated  by  a  constant.  For  the  Nozzle  Flap  problem  considered  in  [8]  (see  also  Fig¬ 
ure  1)  the  2-point  scheme  is  over  three  orders  of  magnitude  faster  than  the  «-point  scheme. 
For  linear  problems  the  2-point  scheme  with  post-processing  [5] [8] [9]  [13]  is  identical  to 
the  «-point  scheme,  whereas  for  nonlinear  problems  there  is  no  such  guarantee. 

If  we  assume  that  the  n-point  and  the  2-point  schemes  are  optimal  in  terms  of  accuracy 
and  speed,  respectively,  then  it  is  natural  to  attempt  to  merge  the  two  in  a  single  model.  In 
such  a  hybrid  model,  the  2-point  scheme  should  be  only  used  in  regions  where  the  model¬ 
ing  errors  are  small,  whereas  elsewhere  the  n-point  scheme  should  be  employed.  We  will 
refer  to  such  a  hybrid  modeling  strategy  as  the  adaptive  2/n-point  scheme. 

The  modeling  error  associated  with  the  2-point  scheme  can  be  defined  as  follows 


(193) 


where  □=£2x0  and 


l/la  =4/1/'^©''^^  (>«'*> 

^eo. 

V  is  an  appropriate  solution  measure;  the  superscript  ex  refers  to  the  exact  solution  within 
the  framework  of  the  mathematical  homogenization  theory,  i.e.,  assuming  solution  period¬ 
icity.  For  estimation  of  errors  resulting  from  lack  of  periodicity  we  refer  to  [9] [28]. 

The  key  questions  are:  (i)  how  to  estimate  ,  (ii)  what  is  a  suitable  measure  for  v ,  (iii) 
how  to  make  the  process  of  error  estimation  efficient,  and  (iv)  how  to  utilize  the  model 
error  estimation  for  adaptive  construction  of  the  2//t-point  model. 

It  is  appropriate  to  recall  that  as  the  number  elements  in  the  unit  cell  is  increased  the  solu¬ 
tion  obtained  from  the  n-point  scheme,  denoted  as  v”  ,  approaches  the  exact  solution, 
i.e.,  lim  Even  though  the  rate  of  convergence  may  not  be  monotonic,  it  is 

n  —>  oo 

reasonable  to  assume  that  for  sufficiently  large  n  the  modeling  error  associated  with  the  2- 
point  scheme  can  be  approximated  as 

2-pt  Tp2-pt  II  n-pt  2-p/|| 

e  ^  =  E  =  ||v  -V  !!□  (195) 

We  now  turn  to  the  second  issue:  the  choice  of  v .  In  this  context  it  is  essential  to  interpret 
the  2-point  scheme  approach  as  consisting  of  two  steps:  analysis  on  the  macroscale  and 
post-processing  on  the  microscale.  In  the  first  step,  a  nonlinear  macro-analysis  is  carried 
out  using  the  finite  element  method  which  utilizes  the  2-point  scheme.  Consequently,  the 
macroscopic  deformation  history  is  stored  in  a  database  at  macro-Gauss  points.  In  the 
post-processing  step,  the  deformation  field  in  a  unit  cell  corresponding  to  critical  macro¬ 
points  is  extracted  from  the  database,  and  then  subjected  onto  the  unit  cell  as  an  external 
loading.  Finally,  the  n-point  scheme  is  employed  to  solve  for  selected  unit  cell  problems. 

Based  on  the  above  interpretation  of  the  2-point  scheme,  it  follows  that  if  the  macroscopic 
deformation  field  obtained  with  the  2-point  scheme  is  identical  to  one  obtained  with  the  n- 

point  scheme,  then  the  model  error  estimator,  E^'^‘ ,  should  indicate  zero  error.  In  other 
words,  V  should  be  a  measure  of  the  macroscopic  deformation  field,  whereas  0=^2. 
Possible  deformation  measures  are:  the  macroscopic  deformation  gradient  tensor,  F  (the 
component  form  is  defined  in  (120)),  and/or  incremental  deformation  measures  repre¬ 
sented  by  a  pair  Ae,  Am .  The  former  accounts  for  accumulation  of  errors 

=  ||f"'^'-F^'''1£2  (196) 

whereas  the  latter  controls  the  incremental  errors 


-  Ae^'^IIq  +  1a(o"'^'  -  (197) 


29 


In  Section  6  we  will  show  that  in  a  confined  deformation  pattern,  where  small  plastic 

zones  are  encompassed  by  elastically  deforming  solid,  the  modeling  errors,  E^'^‘ ,  are 
very  small,  whereas  in  large  plastic  zones  dominated  by  matrix  deformation,  the  modeling 

errors,  ,  might  be  significant.  For  simplicity,  we  adopt  the  incremental  estimator 
(197). 

We  now  turn  to  the  computational  efficiency  issue.  Estimation  of  modeling  error  based  on 
equations  (196)  and  (197)  necessitates  solution  of  the  n-point  scheme  model.  As  indicated 
earlier  the  computational  cost  of  the  «-point  scheme  model  is  enormous,  and  hence,  only 

an  estimate  of  E^  ,  denoted  E^  ,  will  be  evaluated.  The  philosophy  behind  our  model¬ 
ing  error  estimator  is  somewhat  similar  to  that  employed  for  estimation  of  discretization 
errors,  namely,  if  the  mathematical  model  (or  discretization)  is  locally  altered,  then  in 
absence  of  the  pollution  errors  the  solution  outside  the  local  region  is  not  significantly 
affected,  and  thus  the  bulk  of  the  error  can  be  computed  on  the  local  level.  This  process 
avoids  the  need  for  solving  an  auxiliary  global  problem  and  replaces  it  by  solving  a 
sequence  of  problems  on  small  local  domains. 

When  the  aforementioned  procedure  is  applied  for  estimation  of  discretization  errors,  the 
computational  cost  of  solving  the  local  problem  is  relatively  low,  reducing  the  cost  of  dis¬ 
cretization  error  estimation  to  one  of  a  manageable  size.  Unfortunately,  this  is  not  the  case 

for  estimation  of  modeling  error  E^  .  Even  though  the  aforementioned  process  involves 
multiple  solutions  of  small  local  problems  (for  example,  on  the  macro-element  domains), 
the  cost  of  applying  the  n-point  scheme  on  each  macro-element  is  formidable  in  a  large 
scale  computational  environment.  Therefore,  the  costly  «-point  scheme  should  be  utilized 
only  for  those  macro-elements  which  have  been  identified  as  “having  potential  to  be  criti¬ 
cal”  by  some  simple  cost-effective  engineering-based  criteria.  One  possible  engineering 
criterion  is  the  magnitude  of  the  deformation,  measured  by  a  norm  of  one  of  the  macro¬ 
scopic  strain  measures.  When  this  norm  exceeds  some  critical  value,  the  corresponding 
macro  element  is  tagged  for  a-posteriori  model  error  estimation. 


We  now  focus  on  the  adaptive  2/«-point  model  construction.  Consider  the  2/n-point  model 
at  time  t,  consisting  of  the  2-point  scheme  model  in  the  portion  of  the  macro-domain 

c;  'Q.  and  the  n-point  scheme  model  in  the  remainder  such  that 

Kj  The  goal  is  to  adaptively  construct  the  2/n-point  model  at  time 

t -I- A/ ,  consisting  of  subdomains  .Let  be 

a  subdomain  in  consisting  of  macro-element  subdomains  which  have 

been  tagged  as  critical  by  the  aforementioned  engineering  criterion,  as  shown  in  Figure  5. 

Let  and  be  the  macro-  strain  and  rotation  increments  on  at 

x<t.  The  first  step  in  the  adaptive  process  is  to  post-process  the  unit  cell  solution  at  time 
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t  for  all  macro-elements  on  utilizing  the  n-point  scheme  model  outlined  in 

Section  4. 


Let  be  the  residual  for  all  the  elements  on  defined  as 

cr  e  tr  e 


2-pt  _  t^At^2-pt  t  ^-pt 

“  crJ  €  crJ  € 


(198) 


where  crfe''‘  is  the  corresponding  internal  force  vector.  In  the  second  step,  for  all  ele¬ 
ments  in  the  incremental  nonlinear  problem  defined  as 

=  0  (199) 

is  solved  twice;  first,  by  using  the  2-point  scheme  model,  and  second,  by  utilizing  the  n- 
point  scheme  model  with  initial  conditions  obtained  via  post-processing.  The  estimated 

error  on  ts  computed  by  utilizing  equation  (197) 


p2-pt  _ 

S'  - 


'^2.p,  + 
cr^  if 


aK^'-cA^. 


—2-pt\ 


c'AA 


(200) 


where  the  strain  and  rotation  increments  are  evaluated  by  solving  equation  (199). 
The  total  modeling  error  is  then  estimated  as 


,2-pf 


(201) 


To  steer  the  process  of  adaptivity  we  define  the  modeling  error  indicator  Tj^  on 
as 


t^2-pt 
e 


Tl.  = 


max(£'^,,^^) 


(202) 


nd  we  replace  the  2-point  scheme  model  by  the  «-point  scheme  model  for  all  the  ele¬ 
ments  on  which  >  ro/ . 


6.0  Numerical  Experiments  and  Discussion 

Our  numerical  experimentation  agenda  consists  of  three  examples.  The  first  is  used  to  val¬ 
idate  our  finite  deformation  plasticity  formulation.  The  second  and  the  third  examples  test 
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the  proposed  adaptive  2 /re-point  scheme  in  a  deformation  pattern  with  large  plastic  zones 
dominated  by  matrix  deformation  as  well  as  in  a  typical  confined  deformation  pattern, 
where  a  small  plastic  zone  is  encompassed  by  an  elastically  deforming  solid. 

6.1  Uniform  Macro-Strain  Loading 

The  objective  of  the  first  example  is  to  carry  out  a  qualitative  assessment  of  the  large 
deformation  formulation.  The  primary  “suspect”  is  equation  (71)  which  decomposes  dis¬ 
placement  field  in  the  microstructure  into  two  parts:  the  macroscopic  part  which  comes 
from  the  integration  of  the  nonperiodic  macroscopic  strain  and  rotation  increments  (the 
first  term  in  (71))  and  the  periodic  microscopic  part  (the  second  term  in  (71)).  Note  that 
solution  update  in  the  unit  cell  domain  directly  from  the  asymptotic  expansion  of  the  dis¬ 
placement  field  (11)  is  not  feasible,  because  in  the  limit  as  q  — >  0 ,  only  the  macroscopic 

part  has  contribution.  On  the  other  hand,  if  a'  is  considered  only,  then  the  nonperiodic 
finite  deformation  patterns  are  not  accounted  for. 

As  a  test  problem  we  select  a  macro  problem  subjected  to  the  state  of  uniform  strain  field 
(or  linear  displacement  field).  A  unit  cell  consists  of  a  stiff  elastic  cylindrical  fiber  embed¬ 
ded  in  a  compliant  plastically  deforming  matrix.  The  phase  properties  are  given  as  below: 

Fiber:  Young’s  modulus  =  68.9  GPa,  Poisson’s  ratio  =  0.21 
Matrix:  Young’s  modulus  =  6.89  GPa,  Poisson’s  ratio  =  0.33,  yield  stress  =  24  MPa, 
isotropic  hardening  modulus  =  0.689  GPa,  p  =  1. 

We  consider  a  uniform  transverse  tension,  transverse  shear  and  longitudinal  shear  loading 
conditions.  The  overall  principal  Green  strain  does  not  exceed  25%  in  all  three  cases.  Fig¬ 
ures  6  to  8  show  the  contribution  of  macroscopic  and  microscopic  fields  to  the  total  defor¬ 
mation  field  in  the  unit  cell.  It  can  be  seen  that  each  of  the  two  contributing  parts  alone 
significantly  distort  the  circular  fiber  cross  section,  but  their  sum  recovers  the  original  fiber 
shape,  as  expected  in  a  matrix  dominated  loading  condition. 

6.2  The  3D  Beam  Problem 

To  validate  the  computational  models  and  adaptive  strategies  proposed  we  comprise  a  test 
case,  where  a  significant  portion  of  the  structure  is  subjected  to  the  matrix  dominated 
deformation  in  a  load  or  stress  control  mode  (as  opposed  to  displacement  control).  This  is 
the  worse  possible  scenario  in  terms  of  accuracy  for  the  2-point  scheme.  The  problem  con¬ 
figuration  is  shown  in  Figure  9.  The  macro  problem  is  discretized  with  5635  tetrahedral 
finite  elements.  The  microstructure  is  the  same  one  used  in  the  previous  example.  The 
fiber  direction  coincides  with  the  beam’s  longitudinal  direction.  In  the  region  of  length  /j 
from  the  fixed  end  the  beam  is  subjected  to  the  shear  deformation  (which  is  the  matrix 
dominated  mode)  whereas  in  the  remainder  of  the  problem  domain,  I2  length,  the  beam  is 

in  pure  bending,  which  is  a  fiber  dominated  mode  of  loading.  The  phase  properties  are 
summarized  below: 
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Fiber:  Young’s  modulus  =  37.92  GPa,  Poisson’s  ratio  =  0.21 

Matrix:  Young’s  modulus  =  6.89  GPa,  Poisson’s  ratio  =  0.33,  yield  stress  =  24  MPa, 
isotropic  hardening  modulus  =  0.689  GPa,  P  =  1. 

The  loading  is  applied  in  15  load  steps.  The  maximal  vertical  displacement  at  the  free  end 
is  over  one  third  of  the  length  of  the  beam  and  the  stresses  exceed  the  elastic  limit  in  all 
macro-elements. 

The  problem  is  solved  using  the  2-point  scheme  with  micro-history  recovery,  the  adaptive 
2/n-point  scheme,  and  the  «-point  scheme  for  a  comparison  purpose.  Figure  10  shows  the 
evolution  of  the  normalized  estimated  local  error  in  the  vicinity  of  the  fixed  end  as 
obtained  with  the  2-point  scheme  (equation  (202)).  It  can  be  seen  that  the  maximal  nor¬ 
malized  local  error  in  the  region  dominated  by  matrix  deformation  is  40%.  In  a  region 
dominated  by  the  fiber  deformation  the  error  does  not  exceed  3%.  The  distribution  of  the 
local  principal  stress  error  in  the  critical  unit  cell  (denoted  by  point  A  in  Figure  10)  as 
obtained  with  the  2-point  scheme  and  micro-history  postprocessing  is  shown  in  Figure  11. 
It  can  be  seen  that  the  normalized  error  in  the  unit  cell  is  of  the  same  magnitude  as  the  nor¬ 
malized  local  error  in  the  macrostructure.  Figure  12  illustrates  the  evolution  of  the  normal¬ 
ized  local  error  in  the  macrostructure  obtained  using  the  adaptive  2/«-point  scheme  model. 
The  maximal  normalized  local  error  is  less  than  1%  and  the  normalized  error  in  the  unit 
cell  follows  the  same  trend  as  shown  in  Figure  13. 

We  conclude  that  the  adaptive  2/«-point  scheme  model  outperforms  the  2-point  scheme 
model  in  terms  of  accuracy  (0.8%  maximal  error  as  compared  to  40%),  and  the  n-point 
scheme  model  in  terms  of  CPU  time  as  it  is  14  times  faster  than  the  n-point  scheme. 

6.3  The  Nozzle  Flap  Problem 

For  the  final  numerical  example,  we  consider  a  typical  aerospace  component  where  only  a 
small  region  experiences  inelastic  deformation.  The  finite  element  mesh  describing  the 
macrostructure  of  the  Nozzle  Flap  is  shown  in  Figure  1.  We  consider  two  types  of  micro¬ 
structures:  (i)  the  fibrous  unit  cell  (as  in  the  previous  example)  and  the  plain  weave  fabric 
microstructure  shown  in  Figure  14.  The  fibrous  unit  cell  contains  98  elements  in  the  fiber 
domain  and  253  elements  in  the  matrix  domain.  The  fiber  volume  fraction  is  0.27.  The 
plain  weave  microstructure  has  370  elements  in  the  fiber  bundle  and  1196  in  the  matrix 
domain.  The  bundle  volume  fraction  is  0.25.  The  phase  properties  are: 

Fiber,  fiber  bundle:  Young’s  modulus  =  379.2  GPa,  Poisson’s  ratio  =  0.21 
Matrix:  Young’s  modulus  =  68.9  GPa,  Poisson’s  ratio  =  0.33, 

yield  stress  =  24  MPa,  isotropic  hardening  =  14  GPa,  P  =  1. 

The  Nozzle  Flap  is  subjected  to  an  aerodynamic  force  (simulated  by  a  uniform  pressure) 
on  the  back  of  the  flap.  We  assume  that  the  pin-eyes  are  rigid  and  a  rotation  is  not  allowed 
so  that  all  the  degrees  of  freedom  on  the  pin-eye  surfaces  are  fixed.  The  loading  takes  the 
solution  well  into  the  inelastic  region  in  the  vicinity  of  the  pins:  15%  of  elements  experi¬ 
ence  inelastic  deformation  in  the  case  of  fibrous  microstructure,  and  29%  in  the  case  of 
plain  weave. 
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The  problem  is  analyzed  using  the  adaptive  2/n-point  scheme  model.  Figure  15  shows  that 
the  2-point  scheme  model  yields  the  maximum  normalized  local  error  in  the  macrostruc¬ 
ture  below  1%  (for  the  plain  weave  microstructure).  Hence,  if  the  tolerance  for  switching 
from  the  2-point  scheme  to  the  n-point  scheme  is  higher  than  1%,  adaptive  strategy  selects 
the  2-point  scheme  model  in  the  entire  macro  problem  domain.  The  normalized  local  error 
in  the  unit  cell  located  at  Point  C  of  Figure  15  is  2.5%  for  fibrous  microstructure  and  6.5% 
for  the  plain  weave,  as  shown  in  Figures  16  and  17. 

For  the  problem  with  the  fibrous  unit  cell,  the  CPU  time  on  a  SPARC  10/51  is  30  seconds 
for  the  macroscopic  analysis  and  120  seconds  for  postprocessing  a  single  point.  For  the 
plain  weave  microstructure,  the  macroscopic  analysis  consumes  30  seconds,  whereas  post¬ 
processing  takes  510  seconds  per  point.  On  the  other  hand,  the  n-point  scheme  consumes  7 
hours  of  CPU  time  for  fibrous  composite  and  over  55  hours  of  CPU  time  for  plain  weave. 
Memory  requirement  ratios  are  approximately  1:250  for  the  fibrous  unit  cell  and  1:1200 
for  the  plain  weave  in  favor  of  the  2/n-point  scheme  (or  2-point  scheme). 
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7.0  Appendixes 

A.O  Derivation  of  in  (96) 

Consider  equation  (93): 
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(203) 


oW-aW  =  {V  +  AX<")p,j„r>(„olr'- air>) 

Taking  the  derivative  of  (203)  with  respect  to  yields: 
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where  the  last  term  can  be  written  as 


_  3(0^7^ aif))  aAmg) 


dAX^'") 


dAX('") 


d/saff 


3aX<”') 


and 


SAa^/j 


y'^ms'^nk-'^ll  ^  ^mt^nr'-sk  '  ^st  ^  a  ..(/•) 

P<{ 


The  rotation  phase  r  is  defined  in  (77)  as 
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The  derivative  of  is  calculated  using  the  chain  rule: 
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Consequently,  equation  (206)  can  be  expressed  as 

daip 
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Similarly,  we  have 
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Taking  derivative  of  (89)  with  respect  to  AX.^"")  yields: 

5^  =  -  “ir’)  +  -  <>)J  (2'2) 

Substituting  equations  (210),  (211)  and  (212)  into  (205),  and  then  inserting  the  result  into 
(204),  gives 


where 

c\;t]  = 

M'S;  =  lf>n.ntl  -  (ct'iSl,  -  ot'iSL  M?pfPp,kl  <2'5) 

B.O  Consistent  Linearization  of  Ae-  and  Aoi^y 

We  derive  the  equations  for  Ae,7  and  A®y  consistent  with  the  midpoint  integration  of  rate 
of  deformation  and  rotation.  The  left  superscript  r  +  Ar  is  omitted. 

Taking  the  material  time  derivative  of  (72)  yields: 

d  -  I  d  (  3AmP  3Am;  ^ 

~  2  dt  ;^/  +  Af/2  ^t  +  At/2 
^  \jd  Xj  9  x-J 

The  material  time  derivative  of  the  first  term  in  the  parenthesis  of  (216)  can  be  written  as 
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Consequently,  (217)  can  be  expressed  as 
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Substituting  (220)  into  (219)  gives 
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Equation  (221)  can  be  further  simplified  as 
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where  the  following  equality  has  been  utilized. 
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Defining  as 


We  have 
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Substituting  (225)  into  (216)  and  preforming  the  same  procedure  for  AcOy ,  we  obtain  the 
final  expressions  for  Afi/y  and  AcOy  as 


Agy  - 


ACOy  - 


Note  that  in  the  case  of  backward  Euler  integration  = 
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Figure  3:  Macroscopic  and  microscopic  structures 


(a)  Undeformed  (b)  Macroscopic  (c)  Final  deformed 

configuration  strain  contribution  configuration 

Figure  4:  Decomposition  of  deformation  in  the  microstructure 


Time  =  t  Time  =  t  + At 


Figure  5;  Adaptive  model  construction 
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|(Ae  +  m'  u 

Figure  6:  Deformation  of  unit  cell  under  transverse  tension 


Figure  7:  Deformation  of  unit  cell  under  transverse  shear 


|(A8  +  AcL))3'Jf 


Figure  8:  Deformation  of  unit  cell  under  longitudinal  shear 
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Step  5 


Figure  12;  Distribution  of  the  normalized  local  error  with  the  2/n-point  model 


Effective  stress  Normalized  error  of  effective  stress 


Figure  13:  Effective  stress  and  normalized  error  at  point  B  with  the  2/n-point  model 


(a)  Geometric  model 


(b)  Finite  element  mesh 


Figure  14:  Geometric  model  and  FE  mesh  of  the  plain  weave  unit  cell 
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Figure  15:  Distribution  of  the  normalized  local  error  in  the  nozzle  flap  with  plain 

weave  unit  cell 
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Figure  16:  Effective  stress  and  normalized  error  for  fibrous  unit  cell 
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Figure  17:  Effective  stress  and  normalized  error  for  plain  weave  unit  cell 
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Abstract 

A  visual  environment  for  defining  and  manipulating  engineering  analysis  information  has  been  developed.  This 
environment:  (i)  allows  queries  and  modifications  of  the  topology  and  geometry  that  defines  a  geometric  model  obtained 
from  various  geometric  modeling  systems,  (ii)  abstracts  the  modeler’s  functionality  needed  to  associate  analysis 
information,  (iii)  provides  a  hierarchical  attribute  association  model,  and  (iv)  gives  a  graphical  user  interface  to  both  the 
geometric  modeler  abstraction  and  attribute  management  system.  Finally  graphical  issues  relating  to  performance, 
portability  and  flexibility  of  different  workstation  environments  are  discussed. 


1.  Introduction 

Today  there  exist  many  commercial  modelers  that  are  used  to  define  the  geometric  domains  of 
engineered  products.  These  packages  can  be  classified  into  the  following  two  groups: 

1.  A  set  of  library  routines  which  allow  a  programmer  to  construct  a  model  and  make  inquires. 
Examples  of  such  libraries  are  SHAPES  [1],  Parasolid  [2],  and  ACTS  [3]. 

2.  A  modeling  environment  that  provides  an  interactive  graphical  interface  for  model  construction 
and  an  underlying  set  of  geometric  modeling  routines.  Examples  of  such  environments  are 
Unigraphics  [4]  and  CATIA  [5] 

The  programming,  user  interfaces,  and  functionality  of  these  modelers  can  vary  greatly  from 
system  to  system.  This  variation  in  the  interfaces  makes  it  difficult  for  both  users  and  programmers 
to  be  able  to  switch  between  different  modeling  systems  as  needed.  There  has  been  work  done  to 
construct  PDES/STEP  [6],  which  is  a  standard  common  data  description  that  is  modeler 
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independent.  However,  access  to  the  geometric  data  is  not  sufficient  for  more  advanced  analysis 
frameworks  which  need  to  modify  the  geometry  of  the  model  for  analysis,  append  analysis  attribute 
information,  and  generate  numerical  analysis  discretizations.  An  abstraction  of  a  geometric  model 
allows  the  interrogation,  analysis  specification,  and  modification  of  the  model  and  would  provide 
an  analyst  or  programmer  a  tool  which  is  independent  of  any  particular  modeler,  thus  making  the 
transition  from  one  modeler  to  the  other  relatively  simple.  A  modeler  independent  graphical  user 
interface  is  also  desirable  to  allow  users  to  perform  the  operations  required  for  model  modification 
and  attribute  specification.  Without  such  an  abstraction  the  interface  between  modelers  and 
analysis  packages  that  use  them  can  end  up  looking  like  Fig.  1,  where  each  package  has  its  own 
interface  and  much  work  must  be  done  to  port  the  system  to  a  different  modeler.  The  abstraction, 
presented  in  this  paper,  simplifies  the  interface  to  the  model  and  the  analysis  atrributes  as  shown 
in  Fig.  2. 

The  definition  of  an  engineering  analysis  problem  consists  of  the  geometric  domain  and  the 
“analysis  attributes”,  consisting  of  loads,  boundary  conditions,  material  properties,  and  initial 
conditions.  The  analysis  attributes  are  best  related  to  the  model  by  associating  them  with  the 
topological  entities  in  the  model  [7].  This  can  be  done  outside  of  the  modeling  package  with  the 
information  being  stored  in  a  database  system  [8,  9].  However,  in  some  cases,  proper  specification 
of  the  analysis  attributes  may  require  additions  and/or  modifications  of  the  geometric  model.  Since 
many  of  the  models  are  three  dimensional,  these  modifications  will  also  need  to  be  viewed  in  3D 
along  with  the  visualization  of  the  attribute  information  itself.  In  addition,  the  attributes  typically 
have  relations  among  themselves  which  need  to  be  viewed  and  maintained. 

This  paper  describes  a  modeler  independent  interface  being  implemented  to  address  these  issues. 
In  designing  the  interface  to  the  modeler,  an  object-oriented  approach  is  used  that  allows  the  tight 
integration  of  both  data,  that  represents  the  topological  entities,  and  functionality,  such  as  inquiries 
and  modification  operations.  The  resulting  abstraction  is  then  mapped  to  specific  modelers. 


torics  problem  resulting  from  using 
and  separate  attribute  databases.  Each 
®wn  interface  to  each  modeler. 


Fig.  2.  Unified  object-oriented  approach  that  provides 
a  common  interface  to  both  geometric  and  anlaysis 
information  and  eliminates  the  combinatorics  problem. 
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The  abstraction  is  also  used  in  associating  analysis  attributes  as  well  as  designing  graphical 
interfaces. 

By  using  an  object-oriented  approach,  a  unified  system  that  represents  the  various  levels  of 
geometric  models  as  well  as  the  attribute  information  has  been  developed.  This  abstraction,  called 
the  Attributed  Geometric  Model,  is  used  by  the  analysis  process,  as  well  as  by  visual  interfaces 
(see  Fig.  2). 

A  unified  object  oriented  approach  provides  a  common  interface  to  both  geometric  and  analysis 
information  and  eliminates  the  combinatorics  problem.  Two  user  interfaces  that  work  with  the 
Attributed  Geometric  Model  are  discussed.  The  first  is  the  Model  Graphical  Interface  which  is 
a  modeler-independent  user  interface  that  allows  interaction  with  a  geometric  model.  The  interface 
provides  basic  3D  displaying  controls  such  as  lighting,  color  selection,  and  filtering  out  unwanted 
geometry. 

The  second  is  the  Attribute  Graphical  Interface  which  allows  attribute  specification/modifica¬ 
tion  through  an  intuitive  graphical  interface  in  which  the  user  enters  attributes  via  a  set  of  visual 
widgets.  These  widgets  provide  initial  syntax  checking  and  can  be  specialized  to  provide  semantic 
checking.  The  current  implementation  uses  2D  widgets  for  attribute  specification.  With  the 
integration  of  the  3D  model  visualizer,  attributes  can  be  visualized  relative  to  the  geometric  model. 
This  includes  visualizing  the  auxiliary  geometry  that  may  be  associated  with  the  attribute  as  well  as 
the  attribute  itself. 

The  hierarchical  relationship  between  attributes  also  needs  to  be  visualized  in  order  to  allow 
a  user  to  modify  associations  between  collections  of  attributes.  The  current  design  is  to  view  the 
representation  as  a  graph  which  represents  the  relations  between  attributes.  Modifications  to  the 
attribute  relations  can  be  made  by  directly  modifying  this  graph-based  representation. 

The  remainder  of  the  paper  describes  the  design  of  the  complete  system,  which  includes  the 
abstractions  of  both  the  geometric  model  and  analysis  attributes,  as  well  as  their  graphical  user 
interfaces.  Issues  regarding  hardware  and  software  environments  are  also  presented. 


2.  System  design 

The  overall  system  is  broken  down  into  four  parts:  the  geometric  model  abstraction,  the  attribute 
abstraction,  the  model  graphical  interface,  and  the  attribute  graphical  interface.  The  first  two  parts 
are  abstractions  used  to  hide  the  implementation  details  of  a  particular  modeler  and  attributing 
system,  and  to  provide  a  consistent  programming  interface.  The  second  two  parts  are  user 
interfaces,  that  build  on  the  abstractions,  to  allow  users  to  interactively  view  and  modify  model  and 
attribute  information. 

2.].  Object-oriented  model  abstraction 

The  object-oriented  abstraction  presents  a  unified  view  of  an  attributed  geometric  model  which 
allows  a  programmer  to  modify  geometry/topology,  and  attribute  information.  In  addition  the 
implementation  of  the  abstraction  for  a  given  modeler  may  also  increase  the  functionality  of  the 
modeler.  An  example  of  this  is  enhancing  a  2-manifold  modeler  to  be  able  to  represent  non¬ 
manifold  models. 
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In  order  to  abstract  the  Attributed  Geometric  Model,  both  the  geometric  model,  which  is 
maintained  by  the  modelling  environment,  and  the  attribute  database,  which  may  be  integrated 
with  the  modeler  or  implemented  by  a  set  of  external  routines,  must  be  abstracted  as  well  as  their 
association  with  each  other.  The  abstraction  used  for  the  modeler  must  be  very  general  to  be  able  to 
encompass  the  functionality  of  any  modeler  that  it  is  implemented  for.  For  this  reason  an 
abstraction  based  on  the  Radial-Edge  Data  Structure  [10, 11]  is  used.  This  representation  has  been 
shown  to  be  complete  and  sufficient  for  the  representation  of  general  non-manifold  models. 

For  a  complete  description  of  the  Radial-Edge  Data  Structure  see  references  [10,  11].  In  brief 
terms  it  is  best  described  as  a  topological  hierarchy  consisting  of  regions  (three-dimensional  entities 
that  are  bounded  by  shells),  shells  (sets  of  faces  that  define  a  closed  surface),  faces  (two  dimensional 
entities  that  are  bounded  by  loops,  loops  (sets  of  edges  that  form  closed  curves),  edges  (one 
dimensional  entities  that  are  bounded  by  vertices)  and  vertices  (zero  dimensional  entities).  For  the 
remainder  of  this  paper  the  term  “topent”  will  be  used  to  refer  to  any  one  of  these  topological 
entities. 

The  actual  abstraction  is  done  in  terms  of  the  topents  that  make  up  the  model.  There  are  objects 
that  represent  the  regions,  shells,  faces,  loops,  edges  and  vertices.  There  is  also  an  object  that 
represents  the  model  which  acts  as  a  container  for  the  topent  objects.  The  objects  for  the  topents 
and  the  model  are  the  entire  public  interface  for  the  model  abstraction  and  completely  hide  the 
modeler  for  which  the  interface  has  been  implemented,  as  shown  in  Fig.  3. 

The  interface  for  the  model  and  the  topents  is  given  below.  These  operators,  especially  the 
geometric  query  operators,  reflect  a  bias  to  the  operators  needed  for  automatic  mesh  generation,  as 
this  is  one  of  the  first  areas  that  the  modeler  abstraction  is  being  used.  The  list  of  operators  is 
expanded  as  needed  to  fit  other  application  areas. 

1.  Model  operators 
a.  Query 

•  Get_top_level( )  -  returns  a  list  of  topents  that  represents  the  top  level  topology  (topents 
that  are  not  connected  to  a  higher  dimension  topent). 


Fig.  3.  Approach  to  the  Attributed  Geometric  Model/modeler  relationship  problem. 
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•  Get_all_{topent_type}  -  returns  a  list  of  all  topents  in  the  model  of  that  type.  For 
example,  Get_all_vertices( ). 

•  Get(topent_name)  -  returns  the  topent(s)  that  have  the  name  “topent.name  . 

•  Get_number_of_{topent_type}  -  returns  the  number  of  topents  in  the  model  of  a  given 

type. 

b.  Modification 

•  Add( )  -  add  a  topent  to  the  model. 

•  Remove( )  -  remove  a  topent  from  the  model. 

2.  Topent  topological  operators 

a.  Query 

•  Sub( )  -  returns  a  list  of  topents  that  are  used  in  the  definition  of  that  particular  topent. 
For  example,  shell l.sub( )  returns  a  list  of  faces  that  form  shell  1. 

•  Sup( )  -  creates  a  list  of  all  topents  that  the  given  topent  is  used  in  the  definition  of.  F or 
example,  vertex l.sup( )  returns  a  list  of  edges  that  use  vertex  1. 

•  Get_type( )  -  returns  the  type  of  the  topent. 

•  Adjacent( )  -  checks  if  one  topent  is  adjacent  to  another,  i.e.  facel.adjacent(edgel)  checks  if 
edgel  is  being  used  by  facel. 

b.  Modification 

•  Attach( )  —  attach  one  topent  to  another.  For  example  shelll.attach(facel)  adds  facel  to  the 
list  of  faces  that  defines  shell  1. 

•  Detach( )  -  detach  one  topent  from  another. 

3.  Topent  geometric  operators 

a.  Query 

•  Point  evaluation  function  —  Since  all  topents  are  associated  with  parameterized  geometry, 
there  must  be  some  way  of  calculating  point  evaluations.  For  example,  edgel(tO)  would 
return  a  point  that  corresponds  to  edge I’s  parametric  function  evaluated  at  tO. 

•  Closest_point( )  -  Given  a  point  in  space,  find  the  closest  point  on  the  given  topent. 

•  Normal( )  -  Returns  the  normal  space  of  a  topent  at  a  given  point. 

•  Tangent( )  -  Returns  the  tangent  space  of  a  topent  at  a  given  point. 

•  Tolerance( )  -  Returns  the  modeler  tolerance  associated  with  a  particular  topent. 

•  Range( )  -  Returns  the  range  of  the  topents  parametric  space. 

•  Find_intersection(  )  —  Finds  the  points  of  intersections  on  a  topent  of  the  topent  and 
a  geometric  construct  such  as  a  line  or  plane.  Only  finds  the  location  of  the  intersections, 
does  not  modify  the  model. 

•  Geomerty( )  -  returns  a  geometric  representation  of  the  topent  suitable  for  visualization 
purposes 

b.  Modification  -  This  is  only  a  partial  list. 

•  Create( )  -  create  topents. 

•  Delete( )  -  delete  topent. 

•  Intersect( )  -  return  the  intersection  of  two  topents. 

•  Union( )  -  return  the  union  of  two  topents. 

•  Split(  )  -  split  topent  with  another  topent  (intersect  the  two  topents  and  separate  the 
target  topent  at  the  intersection). 
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•  Imprint( )  -  imprint  topent  on  another  topent  (project  one  topent  onto  another  of  eq 
higher  order  and  split  at  the  boundary  of  the  projection). 

•  Merge  ( )  -  merge  two  topents  into  a  single  topent. 

2.1.1.  Implementation 

The  amount  of  work  that  needs  to  be  done  to  implement  the  interface  for  any  given  mt 
depends  greatly  on  the  capabilities  of  the  modeler  and  on  whether  is  it  necessary  to  expand 
capabilities.  For  a  modeler  that  is  capable  of  representing  nonmanifold  models,  the  job  is 
more  straightforward  than  for  one  that  is  not  capable  of  such  a  representation  assuming  one 
goals  is  to  be  able  to  represent  nonmanifold  models  using  that  modeler.  Our  initial  implemen 
uses  Shapes  from  XOX  Corp.  [1]  as  the  modeler  since  it  matches  up  well  to  the  abstraction  th 
been  selected  for  the  modeler.  In  this  case  it  is  often  just  a  matter  of  matching  up  applk 
programming  interface  calls  in  Shapes  to  the  corresponding  Attributed  Geometric  Model  roi 
The  next  modeler  that  has  been  interfaced  to  the  Attributed  Geometric  Model  is  Parasolid 
Shape  Data  [2].  The  current  version  of  Parasolid  is  not  capable  of  representing  nonma 
models.  However,  Parasolid  has  been  used  as  a  nonmanifold  modeler  by  utilizing  an  interfa 
top  of  Parasolid  that  keeps  a  Radial  Edge  representation  of  the  topology  of  the  model  t 
independent  of  the  representation  stored  by  Parasolid  itself. 

2.2.  Analysis  attribute  model  abstraction 

An  analysis  attribute  is  any  information  in  addition  to  the  geometric  model  that  is  neec 
specify  a  particular  problem  for  analysis  [8].  Many  attributes,  such  as  loads  and  mj 
properties,  are  tensorial  in  nature.  Other  attributes  may  be  best  described  using  a  character  5 
Every  model  entity  may  have  one  or  more  attributes  associated  with  it.  Using  this  associat 
the  attributes  with  the  geometric  model  and  information  which  gives  the  classification  of  the 
element  mesh  with  respect  to  the  geometric  model  (what  entity  of  the  model  a  mesh  en 
associated  with),  it  is  possible  to  determine  which  attributes  apply  to  what  entities  in  the 
element  mesh.  This  methodology  has  been  found  to  be  very  powerful  when  dealing  wi 
adaptive  finite  element  environment. 

In  addition  to  the  association  of  the  attributes  to  model  entities,  attribute  information  i; 
grouped  into  a  “part  of’  hierarchy  consisting  of  the  following  classifications: 

1.  Case  -  a  collection  of  one  or  more  Groups,  Sets  or  Attributes. 

2.  Group  -  a  collection  of  one  or  more  Sets  or  Attributes. 

3.  Set  -  a  collection  of  Attributes  of  the  same  type. 

4.  Attribute. 

Attribute  groupings  form  acyclic  directed  graphs  with  cases  at  the  root  and  individual  attri 
at  the  leaves  of  the  graph.  In  addition,  the  arcs  in  the  graph  may  contain  a  multiplier  that  is  aj 
to  all  descendent  nodes  connected  by  that  arc  (Fig.  4). 

The  information  stored  in  an  attribute  consists  of  a  tensor,  where  each  component  may 
arbitrary  function,  a  list  of  associated  topents,  and  a  unique  identifier.  The  tensor  may  also 
symmetry  properties  that  reduce  the  number  of  independent  components. 

The  proper  evaluation  of  an  attribute  may  require  access  to  the  definition  of  the  geometry  ^ 
topent  that  it  is  associated  with.  An  example  of  this  would  be  a  load  that  is  defined  to  be  nom 
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Fig.  4.  Sample  Attribute  directed  acyclic  graph. 


the  surfaces  on  which  it  is  applied.  To  evaluate  the  vector  that  represents  this  load  requires  finding 
the  normal  to  the  surface  at  each  point  it  is  to  be  evaluated  at. 

In  some  cases  it  may  be  necessary  to  modify  the  topology  of  the  geometric  model  to  properly 
reflect  the  application  of  an  attribute.  An  example  of  this  situation  is  when  an  essential  boundary 
condition  is  applied  over  a  portion  of  a  topent.  In  this  case,  to  properly  analyze  the  situation  it  is 
necessary  that  the  boundaries  of  the  elements  that  discretize  the  topent  properly  reflect  the 
boundary  of  the  essential  boundary  condition.  The  only  way  to  ensure  this  is  to  split  the  topent 
along  the  boundary  where  the  attribute  is  applied. 

Both  of  the  cases  above  require  access  to  the  modelers  functionality  to  properly  deal  with 
analysis  attributes.  It  is  easy  to  see  how  a  generic  interface  to  the  modelers  functionality  reduces  the 
effort  of  implementing  such  a  functionality  with  multiple  modelers. 

The  abstraction  of  the  attribute  database  is  relatively  straightforward.  Attribute  entities  (or 
atents),  such  as  cases,  groups,  sets,  and  attributes,  have  interface  calls  which  include: 

1.  Add(atent,  multiplier)  -  adds  an  atent  and  zero  or  more  multipliers  to  a  grouping.  For  example 
casel.add(attributel,  multi). 

2.  Remove{atent)  -  removes  an  atent  from  a  grouping. 

3.  Get_children( )  -  get  the  children  atents  along  with  their  multipliers. 

4.  Get_parents{ )  -  get  the  parent  atents  along  with  their  multipliers. 

5.  Add(topent)  -  adds  a  topent  to  an  attribute. 

6.  Remove(topent)  -  removes  a  topent  from  an  attribute. 

7.  Evaluate( )  -returns  the  evaluated  tensor  which  describes  that  attribute  at  a  particular  location. 
2.3.  Model  Graphical  Interface 

Some  modelers  are  only  accessible  via  a  routine  library  and  do  not  provide  direct  visual  feedback 
to  the  user.  Other  environments  provide  graphical  interfaces;  however,  they  tend  not  to  provide 
a  uniform  “look  &  feel”  across  different  modelers.  By  providing  a  “modeler  independent”  3D 
graphical  user  interface,  users  are  able  to  view  and  interact  with  models  without  the  need  to  learn 
multiple  systems.  In  addition,  when  the  system  is  “integrated”  with  the  Attribute  Graphical 
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Fig.  5.  Approach  to  the  Attributed  Geometric  Model /attribute  relationship  problem. 

Interface,  discussed  in  the  next  section,  users  are  able  to  select  topological  entities  in  3D  and  inspect 
the  associated  attributes  as  well  as  select  attributes  and  ex-amine  the  associated  topological 
elements. 

The  Model  Graphical  Interface  provides  a  means  of  spatially  viewing  the  geometric  representa¬ 
tion  of  the  model.  Based  on  the  degree  of  3D  graphics  acceleration  available  on  the  workstation, 
the  types  of  renderings  produced  by  the  Model  Graphical  Interface  include  the  following: 

1.  Wireframe. 

2.  Gouraud  shaded  surfaces  [12]. 

3.  Texture-mapped  surfaces  [13]. 

Texture  mapping  is  a  rendering  technique  that  visualizes  additional  information  associated  with 
surface  geometry  and  is  useful  when  visualizing  attribute  information.  For  example,  a  pressure 
distribution  can  be  used  to  texture  a  surface. 

In  addition  to  producing  smooth  shaded,  hidden  surface/hidden  line  images,  the  Model  Graphi¬ 
cal  Interface  also  provides  a  more  realistic  visualization  of  the  model  in  terms  of  depth  perception 
by  providing  stereo  viewing.  Stereoscopic  viewing  involves  rendering  two  different  images  which 
correspond  to  the  different  views  seen  by  the  right  and  left  eye  of  the  viewer  [14].  These  images  are 
presented  to  the  viewer  using  a  device  that  allows  each  eye  to  see  the  image  created  for  it.  The 
device  currently  being  used  is  a  liquid  shutter  system  that  alternately  “black-out”  one  of  the  eyes, 
and  is  sychronized  with  the  display’s  refresh  rate.  The  speed  at  which  this  is  done  is  fast  enough  to 
produce  images  with  no  perceived  flicker.  The  two  images  are  then  fused  by  the  viewer’s  cognitive 
system  into  a  spatially  perceived  3D  scene.  When  used  in  conjunction  with  a  head  tracking  system, 
the  viewer  has  the  illusion  of  a  solid  3D  object  suspended  in  space. 

The  Model  Graphical  Interface  can  render  surfaces,  curves,  and  points.  The  mechanism  used  to 
extract  a  topent’s  geometry  to  be  visualized  is  via  the  Geometry( )  member  function.  Traditionally 
in  the  case  of  curve  and  surface  geometry,  the  modeler  would  generate  a  discretized  first  order 
approximation  (polylines  and  polygons).  Current  graphics  libraries  often  contain  higher  order 
primitives  such  as  non-uniform  rational  B-Spline  (NURBS)  curves  and  surfaces  [15],  as  well  as 
quadrilateral  and  triangular  meshes  [16-19].  The  Model  Graphical  Interface  has  been  designed  to 
make  use  of  these  higher-order  primitives  by  passing  them  directly  to  the  graphics  engine  when 
appropriate.  These  primitives  allow  the  application  to  exactly  specify  (or  at  least  better  approxim¬ 
ate)  the  geometry.  In  addition,  the  use  of  these  higher-level  primitives  can  dramatically  improve  the 
time  required  to  visualize  the  geometry.  For  example,  to  transform  a  bi-cubic  surface  requires  the 
transformation  of  only  16  control  points  instead  of  100  triangles  typically  used  to  approximate  it 


RM.  O' Bara  et  aL  j  Finite  Elements  in  Analysis  and  Design  19  (1995)  325-348 


333 


for  display  by  polygons.  In  addition,  some  of  these  primitives  are  accelerated  in  hardware.  For 
example,  almost  all  3D  accelerators  are  very  efficient  at  processing  triangle  strips,  and  some  of  the 
latest  accelerators  such  as  SUN  Microsystems’  ZX  can  process  NURBS  curves  and  surfaces  in 

hardware.  r  „  • 

In  terms  of  the  user  interface,  the  Model  Graphical  Interface  provides  the  following: 

1.  The  ability  to  interactively  change  a  viewer’s  position  and  orientation  in  space  as  well  as 
allowing  multiple  views.  The  mechanisms  of  specifying  the  view  include: 

a.  A  virtual  trackball  to  specify  the  orientation  of  the  viewer  [21]. 

b.  Use  of  a  6D  tracking  system  that  can  determine  the  position  and  orientation  of  the  user’s 
head  [22]. 

c.  Selecting  specific  topents  and  tell  the  system  to  “look  at  them”  [23]. 

2.  Control  over  several  light  sources  to  provide  better  spatial  perception  as  well  as  obtaining 
a  better  feel  for  the  shape  of  the  geometry. 

3.  The  ability  to  specify  color/optical  (such  as  shininess)  attributes  to  different  topents,  including 
back-facing  attributes. 

4.  The  ability  to  control  transparency  of  topents.  This  could  be  useful  when  dealing  with  models 
that  have  internal  structure  such  as  regions. 

5.  The  ability  to  hide  different  topents  in  order  to  view  internal  geometric  structure. 

6.  In  addition  to  the  original  model  geometry,  the  Model  Graphical  Interface  is  able  to  display 
the  following  representations: 

a.  Augmented  geometry  that  results  from  the  application  of  different  cases  of  analysis  at¬ 
tributes. 

b.  Simplified  or  idealized  geometry. 

7.  Control  topent  selection  based  on  the  following  criteria: 

a.  Spatially. 

b.  Name  of  the  topent. 

c.  Type  of  the  topent. 

d.  Association  with  another  topent. 

8.  An  interface  to  model  modification  functions  such  as  solid  modeling  intersection  and  union 
operators. 

9.  A  graph-based  representation  of  the  model’s  topology  and  allow  selection/modification  opera¬ 
tions  by  interacting  with  the  graph. 

10.  A  textual  representation  of  the  model  using  2D  window-based  widgets. 

The  Model  Graphical  Interface  provides  the  user  with  backface  functionality  in  order  to  better 
distinguish  the  orientation  of  faces  and  shells.  In  terms  of  a  polygon,  the  backface  refers  to  the  side 
of  the  polygon  in  which  the  surface  normal  points  away  from  the  viewer.  By  allowing  the  backface 
to  have  different  properties  from  the  frontface  (the  side  whose  surface  normal  points  towards  the 
viewer),  the  user  can  determine  relative  orientation.  It  can  also  be  used  to  determine  inconsistencies 
in  the  specification  of  the  geometry.  In  addition,  the  user  can  remove  all  pieces  of  geometry  that  are 
currently  backfacing.  This  functionality  is  referred  to  as  backface  culling  and  in  the  case  of  viewing 
closed  surface  objects,  this  can  increase  system  performance  dramatically. 

Backface  culling  is  one  way  of  reducing  the  load  placed  on  the  graphics  subsystem  and  can  be 
very  important  when  dealing  with  lower-end  systems.  In  order  to  further  reduce  graphics  complex¬ 
ity  the  Model  Graphical  Interface  provides  alternative  representations  of  the  geometric  model  such 
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as  a  graph-based  representation  of  the  model’s  topology  as  well  as  a  textual  representation.  In 
addition  to  being  less  graphics  intensive,  the  textual  form  can  be  more  intuitive  in  terms  of 
modifying  model  information.  For  example,  it  may  be  much  easier  to  type  in  a  vertex’s  coordinates 
than  it  is  to  try  to  precisely  pick  it  with  the  mouse. 

Besides  efficiency,  another  important  issue  is  how  topents  can  be  selected  by  the  user.  The  most 
intuitive  method  is  spatially  by  either  selecting  a  particular  topent  or  by  defining  a  region  in  space 
and  thereby  selecting  all  topents  that  lie  within  that  region.  Since  topents  are  spatially  connected,  it 
may  be  very  difficult  to  select  a  particular  topent  without  accidently  choosing  its  spatially  neighbor. 
For  example,  how  does  a  user  select  a  vertex  without  choosing  the  edge  or  face  that  is  connected  to 
it.  The  solution  used  in  the  Model  Graphical  Interface  is  to  provide  filtering  in  the  selection 
process.  Topents  can  be  filtered  out  based  on  their  name,  type,  or  association  with  another  topent. 
For  example,  a  user  can  specify  that  all  topents  associated  with  the  named  “Region  1”  are  not 
selectable.  In  addition  to  spatial  selection,  topents  can  be  selected  based  on  their  name.  This 
mechanism  has  been  extended  so  that  users  can  specify  text  patterns  which  can  include  “wildcards” 
in  order  to  select  several  topents  at  the  same  time.  A  user  can  also  select  topents  based  on 
topological  associativity.  For  example,  a  user  can  select  all  vertices  that  are  associated  with 
a  particular  face.  Finally,  a  user  can  select  topents  via  their  association  with  attribute  information 
by  using  the  Attribute  Graphical  Interface. 


2.3.1.  Examples  of  model  visualization 

The  first  commercial  modeler  that  has  been  integrated  into  the  Attributed  Geometric  Model 
Abstraction  has  been  the  SHAPES  modeler  from  XOX  Corporation  [1].  Fig.  6  shows  a  surface 


Fig.  6.  Model  Graphical  Interface  display  of  a  model  of  an  oil  platform  using  the  SHAPES  geometric  modeler.  Note  the 
nonmanifold  edges  that  represent  the  guy  wires  and  the  non-manifold  faces  that  represent  the  rudders.  Model  courtesy  of 
XOX  Corp. 
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Iges  and  vertices  of  the  oil  platform  model. 


the  Parasolid  geometric  modeler.  Model  supplied  by 
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rendering  of  a  SHAPES  model  of  an  oil  platform  that  was  being  viewed  via  the  Model  Graphical 
Interface.  Fig.  7  was  the  result  of  hiding  all  of  the  faces  of  the  model.  This  figure  shows  all  of  the 
edge  contours  of  the  model  as  well  as  the  model  vertices.  Fig.  8  shows  a  surface  rendering  of 
a  Parasolid  model  of  an  electrical  part  from  PDA. 

To  show  the  flexibility  of  both  the  model  abstraction  and  the  graphical  interface,  a  finite  element 
modeler,  which  was  developed  by  the  Scientific  Computation  Research  Center  at  RPI,  was  also 
abstracted  and  visualized  by  the  interface.  Figs.  9  and  10  show  two  different  views  of  a  mechanical 
part.  The  first  figure  shows  all  of  the  faces  and  vertices  in  the  model,  while  the  second  figure  shows 
the  edges  of  the  model.  Fig.  11  shows  a  zoomed  in  view  of  the  part’s  faces  and  edges. 

One  of  the  important  features  of  the  interface  is  the  ease  with  which  it  can  be  customized.  In  the 
case  of  the  finite  element  modeler,  functionality  was  added  to  view  the  octree  representation  in 
addition  to  the  model  itself,  as  shown  in  Fig.  12.  As  in  the  case  of  viewing  topents,  the  display  of  the 
octree  can  be  controlled  interactively.  In  Fig.  13  only  the  octree  structure  is  being  viewed  .  As 
previously  mentioned,  the  ability  to  control  the  display  of  the  model  is  an  important  feature  of  the 
interface,  as  shown  in  Fig.  14.  This  figure  shows  the  same  view  as  Fig.  11,  but  also  displays  the 
octree  model. 


Fig,  9.  Finite  element  mesh  showing  faces. 


Fig.  10.  Finite  element  mesh  showing  edges. 
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Fig.  11.  A  magnified  view  of  the  part. 


Fig.  12.  Finite  element  mesh  showing  faces,  edges,  and  its  associated  octree. 
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Fig.  13.  Display  of  octree  used  in  creation  of  previous  finite  element  meshes. 


Another  important  feature  that  was  added  in  the  finite  element  version  of  the  interface  was  the 
ability  to  the  execute  the  interface  from  a  program  in  order  to  use  it  as  a  debugging  tool  for 
automatic  mesh  generation  code.  Fig.  15  shows  the  control  panel  to  the  debugger  version.  The 
continue  button,  located  in  the  upper  right  of  the  panel,  allows  the  developer  to  transfer  control 
back  to  the  program  while  still  viewing  the  model. 

2.4.  Analysis  Attribute  Graphical  Interface 

The  Attribute  Graphical  Interface  serves  as  a  graphical  interface  used  to  define,  view,  and  modify 
analysis  attributes  and  their  association  with  topents  in  the  geometric  model.  The  Attribute 
Graphical  Interface  also  addresses  the  clustering  of  attributes  into  the  hierarchical  structure. 
Unlike  the  Model  Graphical  Interface,  the  Attribute  Graphical  Interface  involves  more  use  of  2D 
visualization  techniques  such  as  icons  and  text  since  the  information  tends  to  be  more  mathemat¬ 
ical  or  relation  oriented.  However,  the  attribute/topent  relationship  as  well  as  physical  ramifica¬ 
tions  of  the  attribute  do  have  spatial  components  that  need  to  be  visualized  in  3D.  In  those 
cases,  there  is  less  distinction  between  the  Model  Graphical  Interface  and  Attribute  Graphical 
Interface. 

As  with  the  Model  Graphical  Interface,  one  of  the  most  important  issues  is  controlling  the 
selection  process.  In  the  case  of  attributes,  one  approach  to  doing  this  is  via  a  list,  see  Fig.  16.  Since 
the  number  of  choices  may  be  very  large,  filtering  mechanisms  had  been  added  to  help  structure  the 
information.  For  example,  the  choice  list  can  be  filtered  based  on  the  type  of  attribute  entity  (atent) 
or  the  specific  type  of  an  attribute.  While  building  attribute  hierarchies,  atents  will  not  always  be 
“properly  associated”,  which  refers  to  atents  which  do  not  have  a  case  as  an  ancestor  and/or  an 
attribute  that  is  associated  with  a  topent  as  a  descendant.  The  Attribute  Graphical  Interface  can 
provide  a  list  of  such  entities  as  well  as  what  association  is  missing.  An  atent  can  also  be  selected  by 
entering  its  name  or  a  pattern  which  then  selects  all  atents  that  match.  Another  way  in  which  atents 
can  be  selected  is  via  a  graph  representation  of  the  hierarchy  with  the  nodes  representing  the  atent 
and  arcs  showing  the  associativity  (see  Fig.  17).  This  form  is  very  useful  in  changing  atent 
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Fig.  14.  A  magnified  view  of  the  part  and  it's  associated  octree. 


associations.  An  atent  can  also  be  selected  via  its  relationship  with  another  atent  (see  Fig.  18). 
Finally,  an  attribute  can  be  selected  by  its  association  with  a  topent  that  has  been  selected  via  the 
Model  Graphical  Interface. 

In  addition  to  modifying  an  atent’s  association  via  a  graph  representation,  a  user  can  change  the 
hierarchy  via  a  selection  panel  as  shown  in  Figs.  19  and  20.  In  this  method,  a  user  is  presented  with 
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Fig.  15.  Mesh  Debugger  Version  of  the  Model  Graphical  Interface’s  main  control  panel  (for  high  performance  3D 
platforms). 


a  list  of  possible  children  for  a  specific  atent,  as  well  as  its  current  children  list.  The  user  can  then 
modify  the  multiplier  values  between  the  associations. 

Figs.  21  and  22  show  similar  panels  for  the  creation  and  modification  of  attributes.  Since  most  of 
the  analysis  information  is  tensorial  in  nature,  the  user  is  presented  with  a  spreadsheet  tike  interface 
for  entering  the  distribution  function  for  each  element  in  the  tensor.  This  method  can  be  very 
tedious  when  dealing  with  tensors  whose  order  is  greater  than  2.  For  example,  a  compliance  tensor 
is  4th  order  which  results  in  81  entries  (assuming  that  the  space  is  3  dimensional).  Fortunately 
many  tensors  can  be  completely  defined  by  a  reduced  set  of  parameters  due  to  symmetry. 
For  example,  liner  isotropic  material,  which  is  a  4th  order  tensor,  can  be  completely  defined 
by  specifying  the  Young’s  Modulus  and  Poisson’s  Ratio.  The  Attribute  Graphical  Interface 
allows  designers  to  add  these  specialized  types  of  attributes  that  can  result  in  simplified 
attribute  specification  as  well  as  providing  semantic  checking  such  as  specifying  bounds  on  an 
entry’s  value. 

In  addition  to  textual  and  2D  iconic  representations  of  attribute  information,  the  Attribute 
Graphical  Interface,  in  conjunction  with  the  Model  Graphical  Interface,  can  visualize  the  informa¬ 
tion  in  the  same  space  as  the  geometric  model.  For  example,  3D  first  order  tensors,  such  as  forces, 
can  be  visualized  using  3D  arrow  glyphs,  while  scalar  fields  such  as  temperature  can  be  texture 
mapped  onto  the  surface  of  the  model. 
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Fig.  16.  Attribute  Graphical  Interface’s  main  attribute  manager  panel.  The  buttons  on  the  left  side  control  filtering  based 
on  type  as  well  as  association. 


Fig.  17.  A  graphical  representation  of  an  attribute  hierarchy  showing  all  of  the  associations  between  attributes.  A  user 
can  modify  associations  by  changing  the  arcs  between  attributes. 
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Fig.  18.  Attribute  Graphical  Interface’s  attribute  collector  panel  (in  this  example,  the  collector  is  a  Attr 
Group). 


5Ll  Create  Case 

Done... ) 

Wame:  NewCas^ _ 


Select  children  from  the  list  below. 

Select  Children: 

attribute2  [Attribute] 
attributes  [Attribute] 

:  T  r dlsp^facl  CAttr I b  ute] 

’  '  '<ifsp..bc2  [Attrlbutel 
^  dlsp^bcS  [Attribute] 
dlsp^bc4  [Attribute] 
elasi  [Attribute]  - 
-  {  elem-type  [Attribute] 

:  ioad:..a  [Attribute] 

'  load..b  [Attribute] 
load_c  [Attribute] 
loaded  [Attribute] 

'I  ?:  :4oadle  [Attribute] 
f  .  -road_.f  [Attribute] 


Abort) 


Children: 

(group^a  ^ [Group] 
group^b  [Croup] 
group_c  [Group] 
grouped  [Croup] 
groupie  [Group] 
boundary  [Setl 
loads  [Set] 
material  [Set] 
materlaLb  [Set] 
setl  [Set] 
set2  [Set] 
set3  [Set] 
set4  [Set] 
sets  [Setl 
sets  [Setl 


Fig.  19.  Attribute  Graphical  interface’s  attribute  collector  panel  for  editing  children. 
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Fig.  20.  Attribute  Graphical  Interface's  multiplier  edit-  Fig.  21. -Attribute  Graphical  Interface’s  new  attribute 
ing  panel.  panel. 
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Fig.  22.  Attribute  Graphical  Interface’s  attribute  editing  panel. 


2.5.  Integrating  the  analysis  process 

By  having  the  modeler  and  attribute  abstraction  provided  by  the  Attributed  Geometric  Model 
available  it  is  more  straight  forward  to  provide  adaptive  procedures  access  to  the  geometry  based 
problem  definition  information  required  for  properly  updating  the  discrete  models  as  they  are 
adaptively  enriched.  Specifying  attributes  on  a  model  in  the  manner  described  here,  as  opposed  to 
specifying  them  on  a  finite  element  mesh,  allows  everything  after  the  specification  of  the  problem  to 
be  solved,  to  obtaining  the  solution  to  a  prespecified  accuracy  to  be  automated.  Steps  such  as 
creation  of  an  analysis  model,  where  the  geometry  may  be  an  idealization  of  the  actual  geometry, 
generation  of  a  finite  element  mesh,  running  an  analysis,  and  refinement  of  both  the  mesh  and  the 
model  idealizations  based  on  error  estimates,  can  all  be  integrated  together  and  be  done  auto¬ 
matically. 
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3.  Hardware/software  environments 

The  previous  sections  have  discussed  the  design  and  functionality  of  the  abstraction  of  the 
Attributed  Geometric  Model,  as  well  as  the  graphical  interfaces  that  allow  users  to  visually  interact 
with  it.  Since  the  graphical  interfaces  are  designed  to  be  interactive,  the  graphics  capabilities  of  the 
workstation  are  extremely  important  and  may  force  the  deactivation  of  certain  functionality.  For 
example,  not  all  workstations  are  capable  of  stereoscopic  displays.  This  section  discusses  the  types 
of  hardware  platforms  that  the  graphical  interfaces  are  designed  to  run  on  as  well  as  trade-offs  in 
terms  of  functionality.  In  addition,  the  types  of  graphics  environments  that  were  available  for 
implementing  the  graphical  interfaces  are  addressed. 


3.1.  Hardware  environments 

The  Model  Graphical  Interface  and  Attribute  Graphical  Interface  are  designed  to  run  on 
a  variety  of  UNIX  platforms  independent  of  their  3D  graphics  capabilities,  which  include  rendering 
speed,  and  special  graphics  functionalities  such  as  transparency  and  texture  mapping.  Although  3D 
graphics  acceleration  is  preferable  it  is  not  a  requirement.  As  a  result  of  using  a  “2D”  system,  some 
of  the  more  advance  visual  capabilities  (such  as  interactively  viewing  smooth  shaded  geometry) 
may  not  be  available.  The  reason  for  supporting  the  2D  platforms  is  due  to  the  number  of  these 
types  of  workstations  that  exist  in  the  engineering  environment.  As  the  cost  of  3D  accelerators 
continues  to  drop  and  PEX-stations  (graphics  terminals  that  have  hardware  to  support  PEX ,  a  3D 
extension  to  the  X  windowing  system)  become  more  available,  it  is  expected  that  within  the  next 
couple  of  years,  the  typical  workstation  will  have  basic  3D  support  such  as  built  in  hidden 
line/hidden  surface  support  in  hardware.  The  major  issue  that  results  from  supporting  a  range  of 
graphics  workstations  is  maintaining  a  level  of  system  response  time  that  will  not  frustrate  the  user. 
In  order  to  do  this,  the  interfaces  need  to  determine  the  type  of  3D  acceleration  that  is  available  and 
customize  themselves  in  the  following  manner; 

1.  Remove  functionality  that  is  not  supported  on  that  specific  platform.  For  example,  stereo 
viewing  requires  a  head  tracking  system,  stereo  glasses,  etc.  If  they  do  not  exist  on  the 
workstation,  then  all  of  the  controls  pertaining  to  it  are  removed  or  deactivated. 

2.  Changing  the  default  behavior.  For  example,  on  systems  that  do  not  have  any  3D  accelerator, 
the  geometry  is  displayed  using  a  wireframe  model  without  hidden  line/hidden  surfacing 
enabled.  The  behavior  can  also  change  based  on  the  model  complexity.  For  example,  on  a  3D 
system  rendering  at  30  000  triangles/s,  the  default  behavior  may  be  smooth  shaded  geometry  for 
models  that  have  <1000  planar  faces  (assuming  an  update  rate  of  30  frames/s)  and  wireframed 
geometry  for  more  complicated  models. 

The  breakdown  of  features  on  various  platforms  is  as  follows: 

1.  “2D”  systems  -  no  3D  accelerator  (such  as  SPARC/GX). 

a.  Ability  to  enter/view  attribute  information  via  Attribute  Graphical  Interface. 

b.  Ability  to  view  interactively  wireframe  representation  of  geometry  and  select  topents  spa¬ 
tially  from  the  wireframe  and  text  labels. 

c.  Allow  the  user  to  view  static  smooth  surface  representation. 

d.  Ability  to  “overlay”  analysis  information  onto  surface  geometry. 
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2.  Basic  3D  systems  -  graphics  accelerators  which  support  hidden  line/hidden  surface  and  have 
performance  <80000  triangles/s  (such  as  SPARC/GS).  The  interfaces  on  these  system  support 
all  functionality  supported  in  “2D”  systems;  however,  the  default  is  to  view  smooth  shaded 
geometry.  The  main  restrictions  on  these  systems  are; 

a.  The  lack  of  special  features  such  as  hardware  supported  transparency. 

b.  The  limit  to  the  model  complexity  that  can  be  viewed  as  smooth  shaded  geometry  (  <4000 
faces). 

3.  High  performance  3D  systems  -  graphics  accelerators  which  support  advance  functionality  such 
as  transparency  and  anti-aliasing  [16,  13]  with  a  performance  ^  600000  triangles/s  (such  as 
SPARC/ZX  and  Indigo2  Extreme). 

a.  All  functionality  supported  in  basic  3D  systems. 

b.  Ability  to  view  smooth  surface  representations  of  complex  geometry  (  <  30000  triangles). 

c.  Advanced  viewing  operations  such  as  making  topents  transparent  in  order  to  see  internal 
detail. 

4.  Advanced  3D  systems  -  graphics  accelerators  which  support  texture  mapping  and  have 
performance  >  600000  triangles/s  (such  as  Onyx  Reality  Engine2  [24]). 

a.  All  functionality  supported  in  High  Performance  3D  Systems 

b.  Ability  to  deal  with  models  which  are  represented  by  more  than  30000  triangles. 

c.  Ability  to  use  more  advanced  visualization  techniques  for  overlaying  analysis  information 
onto  the  geometry. 

3.2.  Software  environments 

The  Model  Graphical  Interface  and  Attribute  Graphical  Interface  were  designed  to  be  platform 
independent  in  terms  of  the  brand  of  workstation  that  can  be  used  with  the  interfaces.  This  is 
primarily  a  software  environment  issue  concerning  the  graphics  libraries  that  the  interfaces  use. 


3.2.1.  2D  software  environments 

The  Attribute  Graphical  Interface  is  implemented  using  XI 1  in  order  that  it  will  run  both 
distributively  and  on  the  most  number  of  platforms;  however,  a  decision  had  to  be  made  regarding 
which  library  to  use.  The  following  is  a  list  of  libraries  that  are  generally  available: 

1.  XLIB  [25]  -  A  set  of  C  routines  that  directly  manage  the  XI 1  protocol. 

2.  MOTIF  1.2  Toolkit  [26]  -  A  C-based  library  that  implements  the  MOTIF  look  &  feel  via  a  set 
of  X  widgets. 

3.  TCL/TK  [27]  -  a  language  developed  by  the  University  of  California  that  can  be  integrated  into 
an  application  by  source  code  modification. 

4.  Interviews  [28]  -  a  toolkit  developed  by  Stanford. 

5.  Fresco  [29]  -  A  interface  that  is  included  with  the  current  release  of  XU  (X11R6). 

6.  NextStep  (or  OpenStep)  [16]  -  a  C-H-l-  interface  designed  by  Next  Corporation. 

In  addition  to  the  above,  the  MOTIF  2.0  Toolkit  which  will  include  a  C-I--I-  interface  will  be 
available  in  the  fourth  quarter  of  1994. 

The  major  problem  with  using  XLIB,  MOTIF  1.2,  or  TCL  is  that  these  are  C  or  C-like  systems 
that  are  designed  to  work  well  with  structure-based  designs  but  not  necessarily  with  designs  using 
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object-oriented  languages  such  as  C  -i-  -I- .  Interviews  is  a  relatively  old  interface  that  is  being  used 
in  the  design  of  Fresco  and  will  be  probably  replaced  by  the  new  interface.  Interviews  also  has  its 
own  look  and  feel  in  terms  of  user  interaction.  The  problem  with  Fresco  is  that  it  currently  lacks 
certain  critical  functionality  such  as  menus.  Next  step  is  currently  only  available  on  a  small  number 
of  platforms  but  will  soon  be  available  on  several  platforms  including  SUNs  (aka  OpenStep). 

In  the  long  term  the  software  will  support  the  MOTIF  look  &  feel  in  order  to  be  compliant  to  the 
de  facto  standard  as  well  as  using  a  true  library  in  order  to  facilitate  code  development. 

Therefore,  the  Attribute  Graphical  Interface  will  be  eventually  implemented  in  either  MOTIF  2.0, 
Fresco,  or  possibly  OpenStep;  however,  in  order  to  have  a  working  prototype,  the  initial  Attribute 
Graphical  Interface  is  implemented  in  an  interface  library  that  was  developed  at  RPI  called  the 
Modular  Interface  Library  Kit  (MILK).  MILK  is  a  interface  toolkit  built  on  top  of  XView, 
which  currently  supports  the  OPENLOOK  look  and  feel,  and  currently  runs  on  SUN,  IBM,  and 
SGI  platforms. 

3.2.2.  3D  software  environments 

In  terms  of  available  3D  graphics  libraries  that  are  currently  available,  the  list  includes: 

1.  PHIGS  [17]  -  ANSI/ISO  Standard  that  includes  a  C  interface. 

2.  PEXLIB[19]  -  a  set  of  C  routines  that  directly  manage  the  PEX  protocol  (3D  extensions 
to  X). 

3.  GL[18]  -  a  proprietary  C  library  developed  by  SGI. 

4.  Inventor[31]  -  a  proprietary  C -I- -H  library  developed  by  SGI. 

5.  XGL[32]  -  a  proprietary  C  library  developed  by  SUN. 

The  problem  with  using  C-based  routines  for  the  3D  development  are  the  same  as  those  for  the 
2D.  One  of  the  major  requirements  for  the  library  is  that  it  be  dynamically  extensible  and  allow 
a  designer  to  be  able  to  add  new  primitives  and  new  functionality.  For  example,  the  Model 
Graphical  Interface  requires  graphical  primitives  that  can  be  associated  with  a  topent’s  geometry 
that  is  produced  via  the  Geometry  member  function  call.  The  only  commercial  C  -I-  4-  library  that 
is  currently  available  is  Inventor  which  currently  only  runs  on  SGI. 

The  researchers  at  RPI  have  developed  a  C  library  called  BAGEL  which  is  written  on  top  of 
GL  and  XGL  and  runs  on  SUN,  SGI,  and  IBM  platforms.  The  current  prototype  of  the  Model 
Graphical  Interface  is  implemented  using  the  BAGEL  library.  It  should  be  possible  to  port  the 
library’s  device  driver  to  the  PEXlib  platform  and  thus  be  able  to  develop  on  any  PEX-based 
machine  such  as  the  HP.  In  addition,  the  library  should  be  ported  to  the  new  OPENGL  library 
developed  by  SGI. 


4.  Closing  remarks 

A  modeler-independent  abstraction  that  encompasses  the  necessary  functionality  for  querying 
and  manipulating  a  geometric  model  has  been  developed.  Using  this  abstraction,  and  an  abstrac¬ 
tion  for  the  specification  of  analysis  attributes,  a  system  has  been  developed  that  allows  program¬ 
mers  to  access  model  and  attribute  information  in  a  consistent  and  intuitive  manner.  The  initial 
implementation  of  the  system  has  been  done  with  the  commercial  modeler  Shapes  from  the  XOX 
Corporation.  In  addition,  graphical  user  interfaces  have  been  implemented  to  allow  visualization  of 
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model  and  specification  of  analysis  attribute  information.  The  same  system  was  used  to  develop  an 
interactive  visual  tool  to  view  finite  element  meshes  for  the  purpose  of  debugging  automatic  mesh 
generators.  The  graphical  interfaces  were  designed  to  be  platform  independent  and  to  be  usable  on 
workstations  with  a  large  range  of  graphics  performance. 

Further  work  is  being  done  to  integrate  other  modelers  into  the  system.  This  process  is  very 
straightforward  due  to  the  object-oriented  abstraction  selected  for  the  model. 
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ABSTRACT 

Elastic  response  of  selected  plane-array  models  of  graded  composite  microstructures  is  examined  under 
both  uniform  and  linearly  varying  boundary  tractions  and  displacements,  by  means  of  detailed  finite 
element  studies  of  large  domains  containing  up  to  several  thousand  inclusions.  Models  consisting  of 
piecewise  homogeneous  layers  with  equivalent  elastic  properties  estimated  by  Mori-Tanaka  and  self- 
consistent  methods  are  also  analysed  under  similar  boundary  conditions.  Comparisons  of  the  overall  and 
local  fields  predicted  by  the  discrete  and  homogenized  models  are  made  using  a  Q  SiC  composite  system 
with  very  different  Young  s  moduli  of  the  phases,  and  relatively  steep  composition  gradients. 

The  conclusions  reached  from  these  comparisons  suggest  that  in  those  parts  of  the  graded  microstructure 
which  have  a  well-defined  continuous  matrix  and  discontinuous  second  phase,  the  overall  properties  and 
local  fields  are  predicted  by  Mori-Tanaka  estimates.  On  the  other  hand,  the  response  of  graded  materials 
with  a  skeletal  microstructure  in  a  wide  transition  zone  between  clearly  defined  matrix  phases  is  better 
approximated  by  the  self-consistent  estimates.  Certain  exceptions  are  noted  for  loading  by  overall  transverse 
shear  stress.  The  results  suggest  that  the  averaging  methods  originally  developed  for  statistically  homo¬ 
geneous  aggregates  may  be  selectively  applied,  with  a  reasonable  degree  of  confidence,  to  aggregates  with 
composition  gradients,  subjected  to  both  uniform  and  nonuniform  overall  loads.  ^  1997  Elsevier  Science 


Keywords .  A.  microstructure,  A.  voids  and  inclusions,  B.  layered  material,  B.  particulate  reinforced 
material. 


1.  INTRODUCTION 

We  are  concerned  with  graded  composite  materials,  consisting  of  one  or  more  dis¬ 
persed  phases  of  spatially  variable  volume  fractions  embedded  in  a  matrix  of  another 
phase,  that  are  subdivided  by  internal  percolation  thresholds  or  wider  transition  zones 
between  the  different  matrix  phases. 

A  detailed  description  of  the  geometry  of  actual  graded  composite  microstructures 
is  usually  not  available,  except  perhaps  for  information  on  volume  fraction  dis- 

t  Dedicated  to  Professor  Franz  Ziegler  on  his  60th  birthday. 

t  On  leave  from  Institute  of  Lightweight  Structures,  Technical  University  of  Vienna,  Austria. 
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tribution  and  approximate  shape  of  the  dispersed  phase  or  phases.  Therefore,  evalu¬ 
ation  of  thermomechanical  response  and  local  stresses  in  graded  materials  must 
rely  on  analysis  of  micromechanical  models  with  idealized  geometries.  While  such 
idealizations  may  have  much  in  common  with  those  that  have  been  developed  for 
analysis  of  macroscopically  homogeneous  composites,  there  are  significant  differences 
between  the  analytical  models  for  the  two  classes  of  materials.  It  is  well  known  that 
the  response  of  macroscopically  homogeneous  systems  can  be  described  in  terms  of 
certain  thermoelastic  moduli  that  are  evaluated  for  a  selected  representative  volume 
element,  subjected  to  uniform  overall  thermomechanical  fields.  However,  such  rep¬ 
resentative  volumes  are  not  easily  defined  for  systems  with  variable  phase  volume 
fractions,  subjected  to  nonuniform  overall  fields. 

Regardless  of  such  concerns,  a  variety  of  methods  originally  developed  to  describe 
the  behavior  of  macroscopically  homogeneous  composites  have  been  applied  in  ther¬ 
moelastic  analyses  of  FGM  components.  At  the  most  elementary  level,  rule-of-mixture 
approaches  have  been  employed,  for  example,  by  F ukui  et  al.  ( 1 994),  Lee  and  Erdogan 
(1994/1995),  and  Markworth  and  Saunders  (1995)  in  elastic  systems.  Giannakopoulos 
et  ai.  (1995)  and  Finot  and  Suresh  (1996)  used  this  approach  in  elastic-plastic  systems. 
Miller  and  Lannutti  (1993)  estimated  elastic  moduli  and  averages  of  the  Hashin- 
Shtrikman  bounds  for  statistically  homogeneous  systems,  while  Hirano  et  al.  (1990) 
introduced  a  fuzzy-set  estimate  based  on  the  Mori-Tanaka  (1973)  method,  with  an 
assumed  transition  function  to  account  for  the  effect  of  changes  of  the  matrix  and 
inclusion  phases.  The  method  was  also  used  in  investigations  of  thermoelastic  behavior 
of  FGM  structures  (Tanaka  et  ai,  1993a,b;  Hirano  and  Wakashima,  1995). 
Additional  references  appear  in  the  review  by  Markworth  et  al.  (1995)  and  in 
Williamson  et  al.  (1993). 

The  purpose  of  the  present  study  is  to  test  the  proposition  that  for  two-phase 
graded  materials  with  a  single  volume  fraction  gradient,  the  overall  elastic  response 
can  be  obtained  from  homogeneous  layer  models,  with  the  layer  moduli  estimated  in 
terms  of  the  local  volume  fractions,  and  matrix  and  inclusion  moduli,  by  certain 
existing  micromechanical  methods.  Section  2  introduces  the  graded  material  models 
and  describes  the  traction  and  mixed  boundary  conditions  employed  in  the  present 
study.  Both  uniform  and  linearly  varying  overall  stress  and  strain  fields  are  considered. 
Section  3  explains  the  replacement  of  the  discrete  material  models  with  piecewise 
homogeneous  layered  materials  with  equivalent  elastic  constants.  The  Mori-Tanaka 
and  self-consistent  estimates  of  the  effective  overall  moduli  m  two-phase  particulate 
aggregates,  and  the  related  local  field  averages,  are  also  summarized  here.  The  results 
of  the  many  comparative  studies  are  illustrated  by  examples  in  Section  4.  Finally, 
Section  5  provides  a  summary  of  conclusions  that  should  be  useful  in  applications  of 
the  approximate  averaging  methods  to  various  graded  material  configurations. 


2.  THE  TWO-PHASE  GRADED  MATERIAL  MODEL 
2.1.  Model  geometry 

The  graded  material  models  selected  for  the  proposed  comparative  studies  are 
based  on  a  planar  hexagonal  array  of  inclusions  in  continuous  matrices.  Figure  I 
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Fig.  1.  A  two-phase  graded  material  Model  1  with  a  linear  volume  fraction  gradient  in  the  .v^direction  and 

a  distinct  percolation  threshold. 


Fig.  2.  Two  examples  ot  Models  2,  the  five  graded  material  models  used,  with  a  linear  volume  fraction 
gradient  in  the  .v, -direction  and  a  wide  transition  zone. 


shows  a  microstructure  with  a  distinct  threshold  between  the  two  matrix  phases;  this 
microstructure  will  be  referred  to  as  Model  1.  Figure  2  illustrates  two  of  the  five 
microstructures  of  Model  2,  with  a  wide  transition  zone  of  a  skeletal  microstructure, 
which  were  used  in  the  comparisons.  Figure  3  presents  an  arrangement  incorporating 
both  the  skeletal  transition  zone  (Model  3)  and  a  threshold  (Model  1.2);  such  a 
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Fig.  3.  Two-phase  graded  materials  with  a  linear  volume  fraction  gradient :  Model  3  (left)  with  a  transition 
zone,  and  Model  1.2  (right)  with  a  percolation  threshold. 


Fig.  4.  (a)  A  double-layer  array  of  hexagonal  cells,  and  finite  element  discretization  with  24  triangles  per 
cell;  (b)  the  two-phase  model  in  a  single  layer  array.  The  phase  volume  fractions  are  —  0.5,  r  =  1,  2,  in 

both  arrays. 


microstructure  may  result  by  mixing  two  phases  of  different  grain  size.  Figure  4(a) 
shows  in  detail  the  two  overlapping  arrays  used  in  generating  the  graded  material 
models,  with  a  relative  displacement  in  the  .v^direction  equal  to  one  half  width  of  one 
hexagonal  cell.  In  contrast  to  the  early  (cy  0.3)  clustering  observed  in  the  single¬ 
layer  array  [Fig.  4(b)],  the  double-layer  array  preserves  separation  of  the  inclusions 
to  higher  volume  concentrations  (cy  0.6),  while  also  offering  an  optional  selection 
of  certain  other  inclusion  shapes.  Both  arrangements  provide  for  rows  of  hexagonal 
cells  parallel  to  the  T2-axis.  and  the  number  of  inclusions  in  each  row  defines  the  row 
volume  fraction.  Volume  fraction  gradients  in  the  .vrdirection  are  simulated  by 
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changing  the  number  of  inclusions  in  subsequent  rows;  many  different  gradient 
magnitudes  can  be  generated  in  this  manner. 

The  array  of  Fig,  1  has  20  hexagonal  cells  in  each  row,  and  30  rows  in  the  Xy 
direction.  The  first  five  top  and  bottom  rows  consist  of  pure  phase  2  and  phase  I, 
respectively.  A  constant  volume  fraction  gradient  was  generated  by  adding  a  single 
inclusion  in  each  successive  row.  This  provides  for  a  rather  steep  gradient  and  thus 
for  a  more  stringent  test  of  the  model  comparisons ;  published  micrographs  of  actual 
systems  suggest  rates  equal  to  1/5  to  I/IO  of  the  present  magnitude.  The  arrays  of 
Figs  2  and  3  have  50  rows  and  40  hexagonal  cells  per  row.  Again,  the  five  end 
rows  are  homogeneous,  then  one  inclusion  is  added  in  each  next  row.  The  resulting 
composition  gradients  are  thus  half  as  steep  as  that  of  Fig.  1.  Placement  of  inclusions 
in  the  five  Models  2  illustrated  by  Fig.  2  was  made  automatically,  using  a  random 
number  generator.  The  Models  1,  1.2  and  3  of  Figs  I  and  3  were  generated  manually. 

As  implied  by  the  use  of  planar  arrays,  the  typically  particulate  microstructure  of 
a  graded  material  is  replaced  here  by  a  graded  fibrous  system.  The  latter  appears  to 
be  more  suitable  for  the  intended  comparisons,  since  realizations  of  fiber  systems  are 
much  better  understood  than  those  of  three-dimensional  composites  with  randomly 
dispersed  particles.  The  finite  element  mesh  of  Fig.  4(a)  subdivides  each  fiber  into  24 
three-noded  triangular  elements.  The  element  properties  are  described  in  Section 
2.4.  Convergence  of  the  model  with  respect  to  the  coarseness  of  the  finite  element 
discretization  was  established  by  comparisons  of  selected  results  of  the  present  model 
with  a  96-element  per  fiber  model,  which  showed  no  significant  deviations  in  overall 
stiffness.  Note  in  Fig.  4(a)  the  ‘homogenized  layer'  of  elements  aligned  with  the  .x:2- 
direction ;  such  layers  were  used  in  finding  volume  averages  of  local  fields  computed 
in  finite  element  analysis  of  the  discrete  two-phase  graded  material  models;  they  are 
also  employed  in  the  homogenized  models  discussed  in  Section  3, 

Other  meshing  schemes  may  be  implemented  with  automatic  mesh  generators. 
These  may  offer  better  approximations  of  the  local  fields,  but  should  yield  similar 
field  averages  and  overall  response  for  a  given  phase  density.  The  scheme  selected 
here  is  more  advantageous  since  it  can  also  be  used  to  generate  certain  graded 
microstructures. 

2,2.  Traction  boundary  conditions 

Both  traction  and  displacement,  as  well  as  mixed  boundary  conditions  involving 
uniform  and  linearly  varying  distributions  were  applied  to  the  material  models.  The 
surface  tractions  can  be  converted  into  equivalent  overall  stresses  which,  in  the  case 
of  linear  distributions,  are  subject  to  certain  equilibrium  conditions.  These  can  be 
established  by  considering  a  volume  V  of  an  elastic  homogeneous  medium  with  any 
physically  admissible  material  symmetry,  such  that  with  the  possible  exception  of  a 
thin  layer  at  the  surface  S,  the  stress  field  within  F  is  a  linear  function  of  Cartesian 
coordinates. 


<^v(x)  =  (7fy  +  tliikXk  =  O’;/  +  ^jikXk,  X  6  K.  ( 1 ) 

To  be  admissible,  this  field  must  satisfy  the  equations  of  equilibrium  in  the  absence 
of  body  forces 
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<2cr,/x)/TX,  =  =  0,  /J=  1,2,3.  (2) 

Inside  a  homogeneous  medium,  the  strains  caused  by  (1)  are  also  linear  functions  of 
coordinates  and,  therefore,  identically  satisfy  the  equations  of  compatibility.  Of 
course,  the  linear  strain  distribution  may  not  be  preserved  in  graded  and/or  het¬ 
erogeneous  systems,  hence  the  stresses  in  V  may  not  vary  linearly. 

To  find  the  overall  stress  field  that  supports  (1),  it  is  convenient  to  define  the  volume 
K  as  a  cuboid. 


(3) 

with  surfaces  S  parallel  to  the  principal  coordinate  planes.  Traction  continuity  at  the 
interfaces  (3)  requires  that  the  exterior  components  of  the  stress  tensor  (1)  on  (3)  be 


equal  to  the  respective  overall  components.  In  particular,  on  any  plane  X2  =  ^  in  (3), 
the  overall  stresses  are 

+  J=l,2,,3.  7=1,3,  (4) 

with  the  uniform  components 

=  ^22-^n222p^  <^23  =  ^23  +  ^232  i?-  (5) 

The  top  bar  denotes  a  constant  part  of  the  uniform  overall  stress  that  can  be  prescribed 
at  will.  Note  that  the  components  (5)  are  dissimilar  at  ^  =  ±Z>  in  (3).  Traction 
continuity  at  these  surfaces  planes  provides 

^2i\  ^2/3  =  ^2/3»  I  ==  1,2,3.  (6) 

Similarly,  on  any  plane  x^  =  y  in  (3),  the  overall  stresses  are 

<^3/(-^H-^2)  +  ^^2,3.  j=  1,2,  (7) 

with  the  uniform  components 

<^3I  “<^31+^3137»  ^32  =  ^32  ^“^7323?,  ^^33  =  ^33  +  ^333  /^  (8) 

and  the  overall  stress  gradients  equal  to  the  interior  components, 

^3/1  =  '?3n,  nil  =  'la, 2.  i  =  1^2,3.  (9) 

Analogous  overall  stress  expressions  can  be  written  for  the  planes  x,  =  a,  in  analogy 
to  (6)  and  (9),  i.e. 

n^u2=nu2.  =  /=L2,3.  (lO) 

Equations  (6),  (9),  and  (10)  suggest  that  18  overall  stress  gradients  may  be  prescribed 

and  are  continuous  on  (3).  However,  symmetry  (U)  of  the  stress  tensor  requires  that 

/?=  1,2,3,  no  sum  on/?,  Q  R.  (11) 


which  implies  that  only  15  of  the  overall  gradients  can  be  prescribed  independently. 
Six  of  the  corresponding  internal  gradients  appear  directly  in  the  equilibrium  equa¬ 
tions  (2).  Together  with  traction  continuity  on  (3),  (2)  then  provide  the  remaining 
three  internal  gradients  that  cannot  be  determined  from  the  overall  stresses : 
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Fig.  5.  The  overall  stresses  supporting  a  plane  stress  state  involving  the  single  applied  shear  stress  gradient 

^233  =  ^1323  ' 


—  ^?22 ~^222  ^21  I  +^233^  ”^333  =^311+^322-  (12) 

Conservation  of  momentum  and  of  the  moment  of  momentum  of  the  overall  tractions 
on  the  surface  5  of  K  returns  the  expected  symmetries  &ij  =  rjfj,,  =  rj%,  with 

^?kk  =  0- 

As  an  example,  we  consider  the  overall  linearly  varying  stress  field  involving  a 
single  applied  shear  stress  gradient  According  to  (12),  the  normal  stress 

gradient  —  ?/222  =  ^^3  is  induced  by  this  application.  The  resulting  equilibrium  field 
of  linearly  varying  tractions  is  applied  as  boundary  conditions  on  a  unit  thickness 
layer  with  inhomogeneous  properties  in  the  X2Xyp\mQ  (Fig.  5).  The  model  of  Fig.  I 
is  used  in  this  illustration.  In  applying  the  in-plane  stresses  of  Fig.  5  to  the  models  of 
a  graded  fibrous  composite,  the  stress  and  moment  resultants  on  the  planes  .v,  =  const, 
were  required  to  vanish,  and  the  said  planes  remained  plane  during  deformation. 
These  boundary  conditions  are  discussed  in  Section  2.4  below. 

Note  that  the  right-hand  side  of  (12)  includes  only  shear  stress  gradients.  Therefore, 
applied  normal  stress  gradients,  such  as  or  ^^32,  do  not  activate  any  additional 
components,  but  cause  only  simple  fields  (t?.  =  or  <t?3  =  o'33  +  ^3  32.X2, 

respectively,  continuous  across  planar  boundaries;  these  can  be  easily  added  to  those 
in  Fig.  5. 

It  is  probably  obvious  that  the  overall  stresses  (4)  and  (7),  and  those  on  planes 
Xi  =  a,  are  in  equilibrium  and  remain  independent  both  of  the  properties  of  the 
material  in  V  and  of  the  size  of  V.  Hence,  overall  stress  fields  defined  by  selected  stress 
gradients  that  satisfy  (12)  may  be  applied  to  arbitrary  volumes  of  both  homogeneous 


T,  REITER  etal. 


and  graded  solids.  Of  course,  in  the  latter,  the  internal  stresses  may  not  be  linear 
functions  of  coordinates  except,  for  example,  in  layered  materials  under  shear,  as 
discussed  below. 

2.3.  Displacement  and  mixed  boundary  conditions 

In  analogy  to  (1),  consider  a  volume  Kof  a  homogeneous  solid  with  linearly  varying 
overall  and  local  strains, 

+  £,y(x)  =  £y  +  K„„.V„.  (13) 

The  corresponding  overall  displacement  field  is  (Zuiker,  1993) 

(U) 

Taking  the  strain  (132)  into  the  elastic  constitutive  relation  with  a  constant  stiffness, 
one  finds  the  local  stress. 


<T,y(x)  =  L.jkiSkiix).  (15) 

which  must  satisfy  the  equilibrium  equations 

da^j{\)ldXj  +  X,  =0,  (16) 

so  that  the  strain  gradients  (132)  are  constrained  by  the  Navier  relations, 

+  A",  =  0 .  (17) 

Consider  again  the  cuboid  volume  (3)  of  a  homogeneous  solid  subjected  to  the 
displacements  (14).  The  internal  strains  are  linear  functions  of  coordinates.  The 
interior  or  in-plane  components  of  the  strain  tensor  in  V  must  be  continuous  on  S, 
The  exterior  or  out-of-plane  components  may  be  discontinuous.  Surface  tractions 
must  be  continuous.  For  example,  on  any  plane  =  ol  one  can  verify  that  the  interior 
strain  gradient  components  are  K222,  ^22}^  ^232*  ^233.  ^332^  ^333  i  they  are  equal  there 

to  their  overall  counterparts  in  (13i).  The  exterior  components  are  Ku2,  k,j3,  ^,22,  x'1231 
k:i32,  and  k:i33.  Among  the  latter,  the  fCns  ^nd  k:,33  are  the  interior  components  on 
X2  =  jS,  while  the  ^*,12  and  k'|22  are  interior  components  on  the  plane  -V3  =  y.  On  the 
respective  planes,  these  components  are  again  equal  to  those  in  (13);  of  the  18 
components,  15  are  independent.  The  k,23,  ^132,  and  k*23i,  do  not  appear  as  interior 
components  on  any  plane.  However,  if  the  15  interior  strain  gradients  are  prescribed 
on  the  surface  planes,  then  these  three  internal  gradients  may  be  evaluated,  if  the 
solution  exists,  from  the  three  relations  (17). 

In  conclusion,  if  the  volume  V  that  is  subjected  to  (14)  contains  a  homogeneous 
(or  homogenized)  elastic  material  with  constant  stiffness  coefficients  there  are 
15  constant  internal  strain  gradients  equal  to  the  corresponding  overall  gradients 
prescribed  by  (14).  The  remaining  internal  gradients  K123,  k'j32,  fC23\  can  be  found  from 
(17),  if  the  solution  exists.  However,  if  the  volume  V  subject  to  boundary  conditions 
that  agree  with  (14)  contains  a  material  of  variable  stiffness,  the  internal  strain 
gradients  may  no  longer  be  constant,  and  since  (17)  by  itself  is  not  sufficient  for  their 
evaluation  within  K,  they  cannot  be  found  from  (14)  alone,  except  for  the  values  of 
the  continuous  interior  components  on  5. 
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X3  =  -C  'X3  =  -C 


Fig.  6.  Overall  stresses  and  displacements  applied  to  cause  linearly  varying  transverse  normal  strain. 


In  what  follows,  we  select  both  pure  linear  tractions  boundary  conditions  and 
mixed  conditions  that  simulate  such  deformation  states  as  uniform  normal  strain, 
pure  bending,  and  shear.  These  are  displayed  in  Figs  5-7,  Again,  in  each  case,  all 
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stress  resultants  with  components  in  the  .y, -direction  are  required  to  vanish,  and  the 
planes  .y,  =  const,  are  required  to  remain  planes  during  deformation  (see  Section 

2.4. ). 

2.4.  Generalized  plane  strain  conditions 

In  actual  solutions,  the  selected  models  of  the  graded  fibrous  material  were 
implemented  as  two-dimensional  finite  element  models  of  constant  unit  thickness  in 
the  .V|-direction,  chosen  as  the  diameter  of  a  circle  containing  one  hexagonal  cell 
shown  in  Fig.  2,  using  the  ABAQUS  generalized  plane  strain  elements.  The  underlying 
theory  allows  for  a  finite  thickness  solution  domain,  bounded  in  the  thickness  direction 
by  two  planes  that  are  parallel  before  deformation.  During  deformation,  the  planes 
can  move  as  rigid  bodies  relative  to  each  other.  However,  it  is  assumed  that  the 
deformation  is  uniform  in  the  thickness  direction,  so  that  the  relative  motion  of  the 
two  planes  causes  only  normal  strain  in  that  direction.  The  relative  motion  of  the 
planes  is  completely  described  by  the  displacement  Aiq  (.y?,.y?)  of  a  selected  point  on 
one  of  the  planes  from  its  image  on  the  other  plane,  and  by  the  relative  rotations 
A(/)3  about  .Y2,  a‘3,  respectively,  defined  here  as  positive  according  to  the  right-hand 
rule.  In  general,  this  adds  at  most  three  degrees  of  freedom  to  the  system  of  equations ; 
implementation  is  accomplished  with  Lagrangian  multipliers.  The  relative  dis¬ 
placement  of  any  point  on  one  plane  from  its  image  on  the  other  plane  is  then  given 
by 


Aw,(a2,.Y3)  =  Aw,(a?,a?)-(.Y2-.y?)A03  +  (.Y3-a?)A(/>2.  (18) 

In  the  context  of  the  above  strains  and  strain  gradients,  this  implies  that 

ai2=£i3=0,  /Cn3#0,  fc,.,  -  fc,3,- =  0,  (19) 

where  /  =  1,  2,  3.  Similar  relations  hold  for  the  overall  components. 

In  the  absence  of  constraints  on  the  Awi  displacement  of  the  bounding  planes, 
the  boundary  conditions  (18)  enforce  a  superposition  of  axial  and  pure  bending 
deformations;  the  resultants  of  the  axial  normal  force  and  moments  about  the  a.  and 
A3  axes  being  zero. 


3.  THE  HOMOGENIZED  GRADED  MATERIAL  MODEL 
3.1.  The  replacement  scheme 

Since  detailed  finite  element  analysis  of  a  discrete  two-phase  or  multi-phase  graded 
material  model  may  not  be  feasible  in  all  applications,  it  is  useful  also  to  employ  a 
homogenized  model  of  the  graded  material,  consisting  of  parallel  homogeneous  layers 
with  certain  effective  elastic  moduli.  The  layer  properties  are  estimated  with  a  suitable 
averaging  method,  while  the  layer  thicknesses  and  the  phase  volume  fractions  within 
the  layer  are  selected  to  approximate  the  actual  phase  volume  fraction  variation  in 
the  graded  composite.  The  finite  element  mesh  of  Fig.  4(a)  was  retained  in  the 
homogenized  model  and  one  homogeneous  layer  was  located  in  each  row  of  elements 
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parallel  to  the  .v.-axis.  even  though  such  mesh  refinement  would  not  be  needed  in 
ordinary  applications.  Note  that  three  rows  of  elements  separate  the  center  lines  of 
the  hexagonal  fibers,  hence  a  total  of  90  layers  were  used  to  represent  the  30  rows  of 
hexagons  in  the  ,Xj-direction  in  Fig.  1,  while  150  layers  were  needed  for  the  arrays  of 
Figs  2  and  3.  The  volume  fractions  of  the  phases  in  each  layer  were  determined  in 
terms  of  the  number  of  fiber  and  matrix  elements  present.  Also,  both  phase  and 
overall  stress  and  strain  field  averages  in  each  layer  were  found  in  terms  of  the 
respective  element  fields.  Of  course,  the  same  boundary  conditions  were  applied  to 
the  models  in  each  comparison. 

3.2.  The  Mori-Tanaka  and  self-consistent  methods 

Since  these  averaging  methods  have  been  extensively  described  in  the  literature,  we 
present  here  only  the  results  needed  for  their  application  to  particulate  composites. 
More  extensive  expositions  of  the  Mori-Tanaka  (1973)  method  can  be  found  in 
Benveniste  (1987)  and  Chen  et  al.  (1992),  and  of  the  self-consistent  method  in  Hill 
(1965)  and  Walpole  (1969).  Conditipns  limiting  the  use  of  these  two  methods  in  multi¬ 
phase  systems  have  been  identified  by  Benveniste  et  al.  (1991).  and  their  extensive 
similarities  noted  by  Dvorak  and  Benveniste  (1992). 

Both  methods  provide  estimates  of  the  average  local  stress  and  strain  fields  in  the 
phases  of  a  composite  material  occupying  a  certain  representative  volume  that  is 
subjected  to  a  uniform  overall  stress  or  strain.  The  local  field  averages  are  then  used 
to  evaluate  the  overall  elastic  moduli  of  the  composite  aggregate.  The  results  are  first- 
order  estimates,  found  in  terms  of  phase  elastic  moduli  and  volume  fractions,  while 
actual  phase  shapes  are  approximated  by  similar  ellipsoidal  shapes. 

Although  the  size  of  the  representative  volume  used  by  the  two  methods  is  not 
exactly  specified,  the  expectation  is  that  it  should  be  much  larger  than  the  diameter 
of  a  typical  inclusion.  In  the  above  replacement  scheme,  the  methods  are  used  to 
estimate  the  moduli  of  each  of  the  90  (or  150)  layers  representing  the  30  (or  50)  rows 
of  hexagonal  cells.  These  are  long  layers  of  20  (or  40)  hexagonal  cells,  but  their 
thickness  is  equal  to  about  1/3  of  the  inclusion  spacing.  However,  recall  that  in  the 
discrete  two-phase  models,  the  composition  gradient  was  generated  by  adding  one 
inclusion  in  each  next  row  of  hexagonal  cells.  The  volume  fraction  thus  remains 
nominally  constant  in  each  three  contiguous  element  layers,  and  then  changes  by  0.05 
(or  0.025)  in  the  next  three  layers.  Moreover,  iii  the  discrete  two-phase  models, 
the  inclusions  are  added  at  distant  locations,  causing  isolated  local  disturbances  in 
composition  perceived  by  only  a  few  adjacent  inclusions.  Therefore,  with  few  excep¬ 
tions,  the  inclusions  in  the  present  microstructure  (with  a  rather  steep  gradient)  reside 
in  what  appear  to  be  sufficiently  large  volumes  of  constant  composition. 

Another  concern  pertains  to  the  assumption  of  uniform  overall  fields  applied  to 
the  representative  volume.  As  will  be  seen  below,  the  stress  and  deformation  fields  in 
the  homogenized  model  are  far  from  uniform.  The  role  of  field  gradients  in  the 
response  of  heterogeneous  solids  was  recently  studied  by  Zuiker  (1993)  and  Zuiker 
and  Dvorak  (1994a,  b.  c).  The  gradient  effects  were  found  to  be  important  in  fields 
of  low  average  magnitude.  However,  when  the  field  averages  are  high,  their  con¬ 
tribution  to  the  energy  of  the  inclusion  far  outweighs  that  of  the  gradients  (Dvorak 
and  Zuiker,  1995). 
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In  conclusion,  while  the  replacement  scheme  does  not  exactly  comply  with  the 
usual  assumptions  of  the  homogenization  methods,  the  departures  do  not  appear  to 
seriously  compromise  its  validity.  This  is  borne  out  in  the  comparisons  described 
below. 

3.3.  Estimates  of  overall  moduli  and  local  fields 

A  simple  implementation  of  the  methods  in  two-phase  systems  starts  with  evalu¬ 
ation  of  the  overall  moduli.  In  most  functionally  graded  materials,  the  local  effective 
moduli  should  be  approximated  by  those  of  a  matrix-based  composite  reinforced  by 
spherical  particles.  Useful  in  applications  are  the  following  results  for  a  random 
distribution  of  isotropic  particles  in  an  isotropic  matrix.  Let  Ki,  G,  denote  the  bulk 
and  shear  moduli,  respectively,  and  c,  the  volume  fraction  of  the  matrix  phase.  The 
Kz.  Gz,  Cz  denote  the  elastic  constants  and  volume  fraction  of  the  particle  phase; 
C|  -I-C2  =  1. 

The  Mori-Tanaka  estimate  of  the  overall  bulk  and  shear  moduli  K  and  G  of  such 
a  particle-reinforced  composite  was  derived  by  Benveniste  (1987)  as 

{K-K,)l{Kz-K,)  =  Cza'l[{\-y)z)  +  CzOt'l 

{G-G,)l{Gz-Gy)  =  CzP'/[(l-Vz)  +  Czn  (20) 

where  (Berryman,  1980)  a'  =(/f|-i-4C|/3)/(.^(2-E4C|/3),  =(Gi  +  Fi)/(G2+Fi),  and 
=(G,/6)[(9/:,-e8G, )/(/(:, +2G,)1. 

The  self-consistent  estimate  of  the  bulk  and  shear  moduli  of  the  above  composite 
system  was  obtained  by  Hill  (1965)  as 

ot"IK=cJ(K-Kz)  +  CzKK-Kt), 

r/(?  =  c,/(G-G2)  +  C2/(G-G,),  (21) 

where  a"  =  3-5^"  =  Ki‘(K+4G/3).  Note  that  in  contrast  to  (20),  these  are  implicit 
expressions  for  the  unknown  K  and  G,  and  that  they  are  invariant  with  respect  to 
phase  exchange.  It  turns  out  that  for  ^  0,  G  >  0,  P"  has  the  range  2/5  <  P"  <  3/5. 
After  substituting  for  a",  (21 ,)  can  be  solved  for  K  in  terms  of  G : 

l/(A+4G/3)  =  c,/(A,  +4G/3)-I-C2/(A2  +  4G/3),  (22) 

while  G  can  be  obtained  by  solving  (numerically)  the  quartic  equation 

[c^K,iiK,+4GI3)  +  CzKzHKz+4G/3)]  +  5[c,G2HG-Gz)  +  C2GJ(G-G,)]  +  2  =  0. 

(23) 

Analogous  expressions  for  composites  reinforced  by  aligned  or  randomly  oriented 
“needle”  (  =  short-fiber)  and  disc-shaped  (  =  platelets  or  flakes)  isotropic  inhomo¬ 
geneities  were  derived  with  the  self-consistent  method  of  Walpole  (1969).  The  Mori- 
Tanaka  estimates  of  the  moduli  for  such  systems  are  given  by  (20),  with  appropriate 
a'  and  P'  taken  from  Berryman  (1980),  and  for  anisotropic  reinforcement  see  Chen 
eta/.  (1992). 

The  overall  moduli  of  fiber  composites  are  estimated  in  a  similar  manner.  In  the 
present  work,  the  replacement  of  the  two-phase  model  by  the  homogenized  model 
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Utilized  the  Mori-Tanaka  estimates  by  Chen  et  ai  [1992,  equations  (8)-(12)],  and  the 
self-consistent  estimates  of  Hill  [1965,  equations  (I.6)-(l.9)]. 

Evaluation  of  the  local  stress  estimates  in  the  phases  can  be  easily  accomplished 
once  the  overall  moduli  of  a  composite  system  are  known  (Hill,  1965).  Suppose  that 
a  representative  volume  of  the  composite  material  is  subjected  to  certain  uniform 
overall  stress  or  strain  fields,  written  as  (6  x  1)  vectors  in  the  form 


£?,  8^,  2^?3  28^  26?.  (24) 


and  that  the  estimated  phase  (r  =  1,2)  volume  averages  of  the  local  fields  are 


{<^11  ^22  <^33  ^23  ^13  ““  {^11  ^22  ^33  2623  2ei3  26i2}J.  (25) 

The  local  averages  and  overall  fields  are  connected  as 


=  Cl<Ti  +  C2(T2,  fi®  =  CiE,  +C262,  (26) 

and  the  overall  and  local  constitutive  relations  are  then  written  in  the  form 


(r"  =  L6^  6°  =  Mflr^  =  M,<r„  (27) 

where  the  L,  L^,  and  M  =  L~*,  are  the  (6  x  6)  overall  and  local  stiffness 

and  compliance  matrices.  The  overall  and  average  local  fields  can  be  related  by  (6  x  6) 
mechanical  concentration  factor  matrices 


fi,  =  Ay,  =  BV ,  (28) 

where,  for  a  two-phase  system,  the  concentration  factors  are  evaluated  as 

c,A,  =  (Li-L2)“'(L-L2),  =  (M, --M,)" ' (M--M2), 

C2A2  =  -(Li-L2)-'(L~Li),  C2B2  =  -(Mi-M2)-UM-Mt),  (29) 

and,  according  to  (26),  must  satisfy, 

Cj  Ai  -I-C2A2  =  I,  CjB]  H-C2B2  =  I,  (30) 

where  I  is  a  (6  x  6)  identity  matrix.  Note  that  the  validity  of  (28)  and  (29)  does  not 
depend  on  the  method  used  to  obtain  the  overall  L  or  M ;  several  different  approaches 
are  available,  including  experimental  measurements. 


4.  COMPARISONS  OF  MODEL  PREDICTIONS 
4. 1 .  Material  system 

The  discrete  two-phase  models  of  a  graded  material  shown  in  Figs  1-3,  and  the 
homogenized  model  described  in  Section  3,  were  compared  in  their  predictions  of 
local  stresses  or  strains  and  overall  response,  under  the  boundary  conditions  discussed 
in  Sections  2.2-2.4.  The  material  selected  was  the  C/SiC  system  (Sasaki  and  Hirai, 
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Table  1.  Phase  properties  of  the  C  SiC  system 


Material 

E  (GPa) 

V 

a(lO-V'C) 

Phase  1 :  carbon 

28 

0.3 

9.3 

Phase  2 :  silicon  carbide 

320 

0.3 

4.2 

1991),  with  the  elastic  moduli  E  and  v,  and  the  coefficients  of  thermal  expansion  a, 
given  in  Table  1.  This  system  was  chosen  because  of  the  relatively  large  difference  in 
phase  elastic  moduli.  Moreover,  as  discussed  in  Section  2.1,  the  composition  gradient 
in  the  model  material  was  made  about  five  time  steeper  than  that  in  the  actual  systems 
described  in  the  literature.  Both  these  features  should  elevate  the  heterogeneity  of  the 
model  material,  thus  making  it  more  difficult  to  achieve  satisfactory  comparisons  of 
the  discrete  and  homogenized  models,  and. reinforcing  the  validity  of  conclusions 
based  on  observed  agreement  between  the  model  predictions.  Also,  due  to  the  large 
phase  moduli  differences,  the  Mori-Tanaka  estimates  coincide  with  the  Hashin- 
Shtrikman  upper  or  lower  bounds  on  elastic  moduli,  when  the  stiffer  phase  serves  as 
a  matrix  or  reinforcement,  respectively. 

The  notation  used  in  displaying  the  results  employs  the  following  shorthand : 

Phase  0  refers  to  the  graded  composite  material  itself.  The  stress  or  strain  in  this 
‘‘phase''  is  the  volume  average  (26)  in  the  layer  of  elements  shown  in  Fig.  4(a). 

FEM  indicates  that  the  quantity  in  question  was  determined  from  local  fields  found 
in  element  layers  of  the  discrete  two-phase  model  [Fig.  4(a)].  To  minimize  artificial 
oscillations,  this  is  a  three-point  moving  average  of  the  values  computed  in  the  layers. 

MTMl  denotes  results  that  were  found  by  finite  element  analysis  of  the  homo¬ 
genized  model,  with  overall  moduli  and/or  other  properties  estimated  by  the  Mori- 
Tanaka  method,  such  that  the  (carbon)  phase  1  in  Table  1  was  regarded  as  the 
continuous  matrix. 

MTMl  denotes  results  found  as  in  MTMl,  but  with  the  (SiC)  phase  2  serving  as 
matrix  and  phase  1  as  the  reinforcement. 

SCS  denotes  results  found  by  finite  element  analysis  of  the  homogenized  model, 
where  the  overall  properties  were  estimated  by  the  self-consistent  method. 

4.2.  Linear  overall  shear  stress 

The  first  comparative  results  were  obtained  for  loading  by  the  linearly  changing 
overall  shear  stress  (Fig.  5),  This  is  a  relatively  simple  loading  case,  since  the  composite 
(phase  0)  stress  average  is  a  linear  function  of  coordinates  in  the  model  volume. 
Figure  8  shows  the  C7:"3(  v3),  ^  =  0,  1,2,  phase  stress  averages  in  the  element  layers 
obtained  from  the  local  fields  computed  with  the  finite  element  analysis  of  the  discrete 
model  of  Fig.  1.  The  averages  are  taken  over  the  volumes  of  the  respective  phase  1 
and  2  elements  residing  in  layers  aligned  with  the  T2-axis,  as  indicated  in  Fig.  4 ;  the 
average  shear  stress  in  the  composite  itself  (phase  0)  is  found  from  phase  I  and  2 
averages  and  volume  fractions  in  (26).  Note  that,  as  expected,  the  average  shear  stress 
in  the  composite  changes  linearly  in  the  .X3-direction.  This  result  is  also  recovered 
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Fig.  8.  Average  stresses  in  the  phases  of  the  two-phase  model  of  Fig.  1,  under  the  linear  overall  shear 
stress  state  of  Fig.  5.  The  averages  were  obtained  from  the  computed  fields  in  element  layers  illustrated  in 
Fig.  4.  The  applied  stress  -  l(<^]/<^)  MPa. 
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Fig.  9.  Comparison  of  average  stresses  computed  by  several  different  methods  in  phase  2  (SiC)  of  the 
graded  composite  material  mode!  of  Fig.  1.  MTMl  is  applicable  at  .vj  <  0,  and  MTM2  at  .Vj  >  0.  The 
averages  were  obtained  from  the  computed  fields  in  element  layers  illustrated  in  Fig.  4.  The  applied  stress 

=  U-Xj/c)  MPa. 

when  the  phase  volume  average  stresses  are  estimated  with  the  Mori-Tanaka  method, 
with  cither  phase  serving  as  matrix  in  —  c  ^  .X3  ^  c,  and  also  when  the  phase  stress 
averages  are  estimated  with  the  self-consistent  scheme.  Figure  9  provides  comparisons 
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Fig.  10.  Average  strains  2623  computed  in  the  phases  of  the  two-phase  model  of  Fig.  1,  under  the  linear 
overall  shear  stress  state  of  Fig.  5.  The  averages  were  obtained  from  the  computed  fields  in  element  layers 
illustrated  in  Fig.  4.  The  applied  stress  =  l(.X}/c)  MPa. 


of  several  estimates  of  the  (2C3)  stress  average  in  phase  2  (SiC)  with  the  FEM  result 
found  from  the  finite  element  analysis  of  the  discrete  graded  material  model.  Both  the 
self-consistent  (SCS)  estimate,  and  the  MTMl  and  MTM2  estimates  in  the  respective 
parts  of  the  model  volume,  are  in  good  agreement  with  the  FEM  result.  Note  that 
MTMl  is  applicable  at  .Xj  <  0,  and  MTM2  at  Xj  >  0. 

Figure  10  presents  the  distribution  of  the  element  layer-averaged  strain 

component  in  the  composite  (phase  0)  and  phases  I  and  2,  where  the  underlying 
strain  field  was  obtained  by  finite  element  analysis  of  the  discrete  model  of  Fig.  1 .  As 
expected,  the  0-phase  average  converges  to  that  in  the  respective  matrix  phase  and 
the  two  curves  coincide  in  the  homogeneous  end  layers.  A  comparison  of  the  layer- 
averaged  2ay3(.\'3)  strains  in  phase  1  was  also  made  with  the  different  estimates;  in 
their  respective  regions,  the  MTMl  and  MTM2  results  followed  the  FEM  results 
rather  closely,  somewhat  better  than  those  of  the  self-consistent  scheme. 

4.3.  Overall  transverse  strain 

This  loading  configuration,  shown  schematically  in  Fig.  6,  was  first  applied  as  a 
uniform  overall  strain,  to  the  two-phase  models  of  Figs  1-3.  Five  models  of  the  type 
shown  in  Fig.  2  were  analysed ;  the  results  presented  below  are  averages  of  the  stresses 
computed  in  the  five  models.  The  purpose  here  was  to  study  the  effect  of  graded  phase 
distributions  on  the  overall  and  local  stresses.  Of  course,  the  estimates  depend  only 
on  the  phase  volume  fractions  in  each  element  layer,  which  are  determined  by  the 
composition  gradient.  Therefore  these  estimates  are  not  sensitive  to  the  actual  dis- 
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Fig.  11.  Comparison  of  the  normal  stress  averages  (TW(.t3)  in  the  composite  (phase  0)  obtained  under 
uniform  transverse  overall  strain  =  10,  for  the  Models  2,  1.2  and  3  of  Figs  2  and  3,  with  several 

different  methods. 


tribution.  However,  as  the  following  comparisons  show,  the  predictions  of  the  discrete 
models  with  different  microstructural  arrangements  are  best  approximated  by  differ¬ 
ent  estimates. 

In  Fig.  11,  we  compare  the  composite-averaged  stresses  cr^Cxj)  evaluated  by  the 
finite  element  method  in  the  five  different  two-phase  models  of  the  type  shown  in  Fig. 
2  (Models  2),  and  in  the  model  of  Fig.  3  (Model  3),  with  the  Mori-Tanaka  and  self- 
consistent  estimates.  In  Fig.  12,  a  similar  comparison  is  presented  of  the  <t^22^(x3) 
stresses  found  in  Phase  2  (SiC).  The  results  suggest  that  if  the  particle  distribution 
provides  for  a  rather  wide  skeletal  zone  between  the  respective  matrix  phases,  then 
the  self-consistent  estimate  of  the  stress  distribution  approximates  rather  well  the 
results  obtained  by  averaging  the  transverse  composite  stresses  computed  in  the 
discrete  two-phase  models.  This  is  illustrated  in  Fig.  12,  both  for  the  models  of  Fig. 
2  and  also  in  the  transition  from  phase  1  toward  the  threshold  at  x^/c  ~  0.2  in  the 
models  of  Fig.  3. 

Additional  comparisons  of  the  discrete  and  homogenized  models  were  made  under 
the  linearly  varying  transverse  overall  strains  of  Fig.  6,  applied  to  the  model  of  Fig. 
1 .  The  applied  displacement  boundary  conditions  produced  two  distinct  overall  strain 
states,  one  with  the  distribution  £22C'^3)  =  0.5(1 -h.Xj/c),  and  another  with  e?2(-^3) 
=  O.Sxj/c,  where  For  these  overall  strains,  Figs  13  and  14  show  the 

resulting  distributions  of  the  average  stress  in  the  (SiC)  phase  2.  In  both  cases, 

the  FEM  local  stress  average  follows  closely  the  MTMl  and  MTM2  estimates  in  the 
regions  where  they  are  valid.  Of  course,  the  same  is  true  for  the  composite  (phase  0) 
and  phase  1  (C)  stress  averages. 
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Fig.  12-  Comparison  of  the  normal  stress  averages  tn  phase  2  (SiC)  obtained  under  uniform 

transverse  overall  strain  —  l.O,  for  the  Models,  2,  1.2  and  3  of  Figs  2  and  3,  with  several  different 

methods. 


Fig.  13.  Comparison  of  the  normal  stress  averages  in  phase  2  (SiC)  obtained  under  linear  transverse 

overall  strain  =  0.5(  I  +  for  the  model  of  Fig.  I,  with  several  different  methods. 


4.4.  Uniform  transverse  shear  stress 

The  boundary  conditions  that  create  this  loading  state  are  shown  in  Fig.  6.  The 
graded  layer  is  loaded  by  a  uniform  surface  shear  stress,  while  being  supported  on  a 
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Fig.  16.  Comparison  of  the  shear  strain  averages  26*3®’ (.V3)  in  the  composite  (phase  0)  obtained  under  the 
constant  transverse  shear  stress  ^3,  1.0  MPa  (Fig.  7),  using  several  different  models  and  methods. 


the  phase  1  (C)  stresses  ffj:  (-^3)  found  from  the  different  models.  Figure  16  shows  the 
composite  (phase  0)  strains  2^‘3“,’(.r3).  As  before,  the  self-consistent  method  approxi¬ 
mates  quite  closely  the  computed  average  response  of  the  five  Model  2  microstructures. 
The  discrete  Models  1.2  and  3  also  appear  to  be  well  represented  by  this  method  in 
the  part  of  the  microstructure  with  the  carbon  matrix.  However,  both  models  predict 
higher  stresses  in  the  SiC  phase  and  higher  stiffness  than  the  self-consistent  and 
MTM2  estimates  in  the  other  part  of  the  microstructure  with  the  SiC  matrix. 


5.  CLOSURE 

The  elastic  response  of  several  plane-array  models  of  graded  composite  micro¬ 
structures,  under  different  traction  and  mixed  boundary  conditions,  has  been  exam¬ 
ined  by  detailed  finite  element  studies,  and  the  results  compared  with  those  provided 
by  equivalent  piecewise  homogeneous  models.  In  the  case  of  the  one-directional 
gradient  of  the  phase  volume  fractions  used  here,  the  actual  microstructure  was 
replaced  by  a  material  consisting  of  thin  layers,  and  the  effective  elastic  constants  of 
the  layers  were  estimated  by  the  Mori-Tanaka  and  self-consistent  methods,  in  terms 
of  phase  volume  fractions  and  approximated  ellipsoidal  inclusion  shape.  To  make  the 
results  of  the  comparisons  more  convincing,  a  C/SiC  composite  system  with  the 
phases  assumed  to  be  isotropic  was  chosen  because  of  the  large  difference  in  the 
Young’s  moduli  of  the  phases.  Also,  relatively  steep  composition  gradients  were 
selected.  The  expectation  is  that  the  conclusions  derived  will  remain  valid  in  systems 
w^h  less  dissimilar  phase  moduli,  and  both  smaller  and  moderately  variable  gradients, 
e  overall  applied  loads  (Figs  5-7)  involved  linearly  varying  as  well  as  constant 
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shear  stresses,  and  uniform  and  linearly  changing  overall  strains,  transverse  to  the 
direction  of  the  composition  gradient. 

The  conclusions  reached  from  these  studies  indicate  that  in  those  parts  of  the 
graded  microstructure  that  have  a  well-defined  continuous  matrix  and  discontinuous 
reinforcement,  the  overall  properties  and  local  fields  are  closely  predicted  by  Mori- 
Tanaka  estimates.  For  example,  in  the  model  of  Fig.  2  with  a  definite  threshold 
separating  the  respective  matrix  phases,  the  two  Mori-Tanaka  estimates  gave  a  very 
close  approximation  of  the  response  of  the  discrete  two-phase  model  under  identical 
boundary  conditions.  On  the  other  hand,  the  response  of  the  model  graded  materials 
with  a  skeletal  microstructure  that  does  not  have  a  well-defined  matrix,  was  better 
approximated  by  the  self-consistent  estimates.  For  example,  both  the  overall  and  local 
field  averages  evaluated  by  finite  element  analysis  of  the  discrete  two-phase  Models  2 
and  3  of  Figs  2  and  3,  showed  distinct  transitions  toward  the  respective  estimates,  in 
response  to  the  changing  configurations  of  the  graded  microstructure. 

Although  limited  to  the  particular  cases  studied,  the  results  suggest  that  the  mic¬ 
romechanical  methods  originally  developed  for  statistically  homogeneous  aggregates 
can  be  applied  with  a  reasonable  degree  of  confidence  to  composites  with  relatively 
steep  composition  gradients  and  very  dissimilar  phase  moduli.  However,  certain 
exceptions  should  be  noted,  as  observed  under  transverse  shear  loading  in  Figs  15 
and  16. 
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ABSTRACT 

Thermoelastic  response  of  several  discrete  and  homogenized  models  of  unconstrained 
graded  composite  layers  is  examined  for  both  uniform  changes  in  temperature  and 
steady— state  heat  conduction  in  the  gradient  direction.  Detailed  finite  element  studies  of 
the  overall  response  and  local  fields  in  the  discrete  models  are  conducted,  using  large 
plane— array  domains  containing  simulated  skeletal  and  particulate  microstructures. 
Homogenized  layered  models,  with  the  same  composition  gradient  and  effective  properties 
derived  firom  the  Mori— Tanaka  and/or  self-consistent  methods,  are  analyzed  under 
identical  boundary  conditions.  Comparisons  of  temperature  distributions,  and  of  overall 
and  local  stress  and  strain  fields  predicted  by  the  discrete  and  homogenized  models  are 
made  in  the  C/SiC  composite  system,  with  very  different  phase  properties  and  relatively 
steep  composition  gradient,  that  was  used  in  the  first  part  of  this  study  (T.  Reiter,  G.  J. 
Dvorak  and  V.  Tvergaard,  J.  Mech.  Phys.  Solids,  Vol.  45,  pp.  XXX— XXX,  1997) 

Homogenized  models  of  combined  microstructures  which  employ  only  a  single 
averaging  method  do  not  provide  reliable  agreements  with  the  discrete  model  predictions. 
However,  close  agreement  with  the  discrete  models  is  shown  by  homogenized  models  which 
derive  effective  properties  estimates  firom  several  averaging  methods:  In  those  parts  of  the 
graded  microstructure  which  have  a  well-defined  continuous  matrix  and  discontinuous 
reinforcement,  the  effective  moduli,  expansion  coefficients  and  heat  conductivities  are 
approximated  by  the  appropriate  Mori— Tanaka  estimates.  In  skeletal  microstructures  that 
often  form  a  transition  zones  between  clearly  defined  matrix  and  reinforcement  phases,  the 
effective  properties  are  approximated  by  the  self-consistent  estimates.  The  results  do  not 
support  the  proposition  that  nonlocal  or  new  micromechanical  theories  are  required  for 
modeling  of  graded  microstructures. 

Key  words:  Thermomechanical  processes,  fiber— reinforced  composite,  particulate 

reinforced  material,  finite  elements,  averaging  methods. 
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1.  INTRODUCTION 

This  is  a  second  part  of  an  investigation  of  validity  of  micromechanical  averaging 
methods  in  applications  to  graded  elastic  composite  materials  with  particulate  and  skeletal 
microstructures.  As  in  Part  (I)  (Reiter,  Dvorak  and  Tvergaard  1997),  several  discrete 
models  of  such  microstructures  with  a  single  composition  gradient  are  selected  together 
with  certain  replacement  schemes  for  construction  of  corresponding  homogenized  models 
with  layered  mesostructures.  While  Part  (I)  was  concerned  with  comparisons  of  overall 
and  local  stress  and  strain  fields  in  the  discrete  and  homogenized  graded  layers  under 
mechanical  loading  and  deformation  constraints,  the  present  work  compares  these  fields  in 
unconstrained  layers  subjected  to  a  uniform  thermal  change  or  to  different  temperatures 
applied  at  the  layer  surfaces. 

Section  2  describes  the  discrete  model  geometries,  the  finite  element  discretization,  and 
the  thermomechanical  boundary  conditions  applied  to  the  models.  Section  3  presents  the 
replacement  schemes  and  a  summary  of  the  property  estimation  procedures  for  elastic 
moduli,  coefficient  of  thermal  expansion  and  heat  conductivity.  Comparisons  of  discrete 
and  homogenized  model  predictions  are  made  Section  4,  for  the  same  C/SiC  composite 
system  that  was  used  in  Part  (I);  again,  the  large  differences  in  phase  property  magnitudes 
and  steep  composition  gradients  are  adopted,  in  order  to  make  good  agreement  more 
difficult  to  achieve.  In  addition  to  the  thermal  stress  and  strain  fields,  we  also  compare  the 
model  predictions  of  temperature  distributions  during  steady— state  heat  conduction 
through  the  thickness  of  the  graded  layers.  Section  5  concludes  with  the  observation  that 
replacement  schemes  that  combine  self— consistent  property  estimates  in  skeletal  parts  of 
the  microstructure  with  Mori— Tanaka  estimates  in  regions  with  a  weU— defined  matrix, 
provide  homogenized  models  that  closely  approximate  the  response  of  discrete  models  to 
the  same  thermomechanical  loads. 
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References  to  paragraphs  or  equations  in  Part  (I)  are  denoted  as  (I,  §3)  or  (I— (20— 23)). 
As  in  (I),  we  use  the  following  shorthand  notation  to  describe  the  results:  Phase  0  refers  to 
the  graded  composite  material  itself.  Phases  1  and  2  denote  the  carbon  and  SiC 
constituent  materials.  FE'M indicates  that  the  quantity  in  question  was  found  from  one  of 
the  discrete  two-phase  models.  MTMl  denotes  results  that  were  found  by  finite  element 
analysis  of  the  homogenized  model,  with  overall  moduli  and/or  other  properties  estimated 
by  the  Mori— Tanaka  method,  such  that  the  carbon  material  (Phase  1)  was  regarded  as  the 
continuous  matrix  r  =  1.  MTM2  denotes  results  found  as  in  MTMl,  but  with  the  SiC 
phase  (2)  serving  as  matrix  and  the  carbon  phase  (1)  as  reinforcement.  SCS  denotes  results 
found  by  finite  element  analysis  of  the  homogenized  model,  where  the  overall  properties 
were  estimated  by  the  self-consistent  method  which  makes  no  distinction  between  matrix 
and  reinforcement  phases. 

2.  DISCRETE  GRADED  MATERIAL  MODELS 

The  graded  material  models  selected  for  the  detailed  examinations  of  the  local  fields 
were  derived  firom  a  double— layer  planar  hexagonal  array  of  inclusions  in  continuous 
matrices,  described  in  §2.1  of  (I).  Of  the  models  employed  in  (I),  we  utilize  here  the 
Model  1.2  shown  in  Fig.  la,  the  five  randomly  generated  microstructures  of  Model  2, 
illustrated  here  by  the  example  in  Fig.  lb,  and  the  discrete  Model  3  in  Fig.  2,  shown  here 
with  two  different  replacement  schemes  discussed  in  §3  below.  Each  of  the  discrete  models 
consist  of  50  rows  of  hexagonal  cells,  with  40  cells  per  row.  The  five  end  rows  are 
homogeneous,  then  one  inclusion  is  added  in  each  next  row.  The  resulting  composition 
gradient  is  uniform,  equal  to  0.025/row,  of  the  same  magnitude  in  all  three  models.  The 
composition  gradients  observed  in  actually  fabricated  microstructures  are  usually  much 
smaller,  equal  to  about  1/5  to  1/10  of  the  above  magnitude. 
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As  implied  by  the  selection  of  the  planar  arrays,  the  typically  particulate  microstructure 
of  a  graded  material  is  replaced  here  by  a  fibrous  system.  The  mechanical  and  thermal 
fields  in  the  models  of  Figs.  1  and  2  were  obtained  from  two-dimensional  finite  element 
solutions,  using  the  ABAQUS  generalized  plane  strain  elements.  The  underlying  theory 
allows  for  a  domain  bounded  in  the  thickness  direction  by  two  planes  that  are  parallel 
before  deformation.  The  thickness  was  taken  as  equal  to  the  larger  diameter  of  one 
hexagonal  cell.  During  deformation,  the  planes  can  move  as  rigid  bodies  relative  to  each 
other,  and  the  deformation  in  the  thickness  direction  is  assumed  to  be  limited  to  a  uniform 
normal  strain.  The  resultants  of  the  axial  normal  force  and  of  the  moments  about  the  Xj 
and  Xj  axes  on  each  of  the  bounding  planes  are  equal  to  zero  (I,  §2.4). 

Figure  3  shows  the  details  of  the  geometry  of  the  double  layer  array  of  hexagonal  cells, 
and  layers  of  elements  aligned  with  the  Xj— direction;  the  homogenized  layer  properties  are 
discussed  in  §3.  Each  matrix  or  fiber  cell  is  subdivided  into  24  three— noded  triangular 
elements.  Three  rows  of  elements  separate  the  center  lines  of  the  rows  of  hexagonal  fiber 
cells,  hence  a  total  of  150  layers  represent  the  50  hexagon  rows  that  can  be  counted  in  the 
Xj— direction.  With  eight  elements  in  each  intersection  of  the  averaging  layer  with  one  of 
the  40  hexagonal  cell,  a  total  of  320  elements  were  used  within  each  layer,  for  a  total  of 
48,000  elements  in  each  of  the  models  shown  in  Figs.  1&2.  Convergence  with  respect  to  the 
coarseness  of  the  finite  element  discretization  was  established  by  comparisons  of  overall 
stiffnesses  and  also  of  selected  mechanical  loading  results  found  with  the  present  and  a 
96— element  per  fiber  models;  no  significant  deviations  were  found. 

The  thermomechanical  boundary  conditions  applied  to  the  models  are  shown  in  Fig.  4 
for  loading  by  a  temperature  gradient,  the  same  mechanical  boundary  conditions  were 
applied  in  comparisons  involving  a  uniform  thermal  change  in  the  entire  volume.  Each 
model  serves  as  a  unit  cell  representing  a  section  of  a  long,  unconstrained  layer  of  the 
graded  material,  extending  in  the  Xj— direction,  and  subjected  to  either  identical  or 
dissimilar  surface  temperatures. 
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As  in  (I,  §2.1),  volume  averages  of  local  fields  computed  in  finite  element  analysis  of  the 
discrete  graded  material  models  were  found  from  the  actual  values  obtained  in  the  elements 
within  each  layer.  A  three— point  moving  average  of  the  layer  averages  was  employed  to 
reduce  oscillations  caused  by  local  stress  and  strain  concentrations  within  the  layers. 

3.  HOMOGENIZED  GRADED  MATERIAL  MODELS 
3.1  Replacement  schemes 

In  most  applications,  the  discrete  graded  material  models  may  be  replaced  by 
homogenized  models.  A  medium  made  of  many  parallel  homogeneous  layers  with  certain 
effective  properties  can  be  used  for  this  purpose  in  systems  with  a  single  composition 
gradient.  Solutions  of  boundary  value  problems  for  the  homogenized  model  may  again  be 
found  by  the  finite  element  method,  but  with  much  coarser  meshes.  However,  the  mesh 
and  the  boundary  conditions  used  in  analyzing  the  discrete  models  were  retained  in  the 
present  solutions  of  the  thermomechanical  boundary  value  problems  for  the  layered 
systems.  Closed— form  solutions  may  be  available  for  certain  loading  conditions,  e.g.,  in 
two-dimensional  simple  tension/ compress! on,  shear,  or  bending  problems. 

The  layer  thicknesses  were  chosen  as  equal  to  those  of  the  element  layers.  Fig.  3.  The 
constituent  volume  fractions  in  the  layers  are  specified  by  the  single  composition  gradient 
selected  for  the  discrete  models  in  Figs.  1  and  2.  The  overall  effective  properties  of  the 
homogeneous  layers  were  estimated  by  a  suitable  averaging  method.  The  self— consistent 
and  Mori— Tanaka  estimates  were  used  to  evaluate  the  effective  elastic  moduli,  thermal 
expansion  coefficients,  and  heat  conductivities  of  the  composite  materials  within  each 
layer,  in  terms  of  phase  volume  fractions  and  the  respective  phase  properties.  These 
methods  do  not  consider  the  details  of  the  geometry  of  the  graded  microstructure;  however, 
the  self-consistent  method,  which  does  not  distinguish  between  matrix  and  reinforcement, 
appears  appropriate  for  skeletal  microstructures,  and  the  Mori— Tanaka  scheme  for 
microstructures  with  a  well-defined  matrix  phase. 
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To  test  this  proposition,  different  replacement  schemes  were  used.  The  discrete  Models 

1.2  and  the  five  variants  of  Model  2  in  Fig.  1  are  compared  with  homogenized  models 
constructed  using  the  MTMl,  MTM2  and  SCM  estimates  of  thermomechanical  properties 
for  the  entire  thickness  of  the  graded  layer.  This  is  similar  to  the  replacement  schemes 
used  in  (I),  for  model  comparisons  in  graded  layers  constrained  by  prescribed  surface 
displacements  and/or  tractions. 

In  contrast,  Model  3  in  Fig.  2  is  homogenized  in  two  different  ways.  The  COMBS.  1 
variant  applies  the  MTMl  or  MTM2  effective  property  estimates  in  the  surface  regions 
where  there  is,  respectively,  a  well-defined  C  Phase  1  or  SiC  Phase  2  matrix.  Between 
these  two  regions,  in  the  skeletal  part  of  the  microstructure,  the  SCM  property  estimates 
are  applied,  together  with  certain  transition  layers  described  in  §3.3  below.  The  COMBS. 2 
Model  uses  a  similar  replacement  scheme,  without  the  SCM  estimates  in  the  skeletal  part. 

3.2  The  Mori— Tanaka  and  self-consistent  estimates  of  layer  properties 

Only  the  results  actually  needed  in  the  model  comparisons  are  summarized  here,  more 
extensive  descriptions  of  the  general  connections  and  of  self— consistent  method  can  be 
found  in  Hill  (1963,  1965)  and  Walpole  (1969),  and  applications  to  thermomechanical 
problems  in  Laws  (1973).  The  Mori— Tanaka  (1973)  method  formulation  used  here  was 
proposed  by  Benveniste  (1987).  A  unified  form  of  the  two  methods  was  derived  by  Dvorak 
and  Benveniste  (1992),  and  conditions  limiting  their  validity  by  Benveniste,  Dvorak  and 
Chen  (1991).  The  correspondence  between  mechanical  and  thermal  local  fields  was  found 
by  Benveniste  and  Dvorak  (1990). 

Each  layer  is  considered  as  a  representative  volume  of  composite  material  subjected  to 
certain  uniform  overall  stress  a  or  strain  c  ,  and  to  a  uniform  change  in  temperature  9 
from  some  reference  magnitude.  The  volume  averages  of  the  local  fields  in  the  constituent 
phases  (r  =  1,  2)  are  denoted  as  <t^  and  In  either  case,  the  respective  field  vectors  have 
the  generic  form. 
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T 

<7  =  {(7^  O22  O33  O23  0^3  0^2} 

T 

^  “  {^11  ^22  ^33  ^^23  2^13  2^12}  • 

(1) 

The  thermoelastic  response  of  the  composite  and  phases  is  written  as. 

a  =  Lt\ie 

0  0 

€  =  M  0  +  m  ^ 

(2) 

+  4  ^ 

fp  =  Mp  Op  +  mp  ^ 

(3) 

where  the  L,  Lj.  and  M  =  L  \  Mj.  =  Lj.^  are  the  (6x6)  overall  and  local  stiffness  and 
compliance  matrices,  and  /  =— Lm,  m  =  — M/are  the  thermal  stress  and  strain  vectors; 
for  example,  the  m  vector  lists  the  linear  coefficients  of  thermal  expansion.  The 
magnitudes  of  the  overall  elastic  moduli  used  in  finding  the  overall  stiffness  L  of  the 
homogenized  layers  can  be  evaluated  using  either  Mori— Tanaka  or  self— consistent 
estimates,  both  for  particulate  (I-{20— 23))  and  fibrous  systems  (Chen,  Dvorak  and 
Benveniste  1992). 

The  overall  and  average  local  fields  can  be  related  by  the  (6x6)  mechanical  and  (6x1) 
thermal  concentration  factor  matrices, 

Cj.  =  Aj.  £  +  aj.  ^  (Tp  =  Bj.  O'  +  bj.  5  (4) 

For  a  two— phase  system,  the  concentration  factors  are, 

C,A,  =  (L,-L,)''{L-L,)  c,B,  =  {M,-M,)'‘(M-M,) 

(5) 

c,A,  =  -  (L,  - 1,)  (L  -  L,)  c,  B,  =  -  (M,  -  M,)  (M  -  M.) 

a,  =  -(I-B,){M,-M,)'‘(m,-in,) 

(6) 

b,  =  (I  -  A,)(L,  -  L,) 

The  local  averages  and  overall  fields  are  connected  by, 

or°  =  S  Cp  Op  e°  =  E  Cp  fp  (7) 

hence  the  concentration  factors  must  satisfy, 

ECpAp  =  I  ECpBp  =  I  ECpap  =  0  ECpbp  =  0.  (8) 
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where  I  is  a  (6x6)  identity  matrix  and  0  is  a  (6x1)  null  vector. 

The  overall  thermal  stress  and  strain  vectors  can  then  be  found  in  the  form  (Levin  1967, 
Laws  1973), 

/=  <,  +  (L-L0(L,-L, )“(<,-/,)  =  Sc,(4  +  L,a,) 

(9) 

m  =  m,  +  (M  -  M,)(M,  -  M,)  (mi  -  m,)  =  S  c,  (m,  +  M,  b,) 

Note  that  the  validity  of  (3)  to  (9)  does  not  depend  on  the  method  used  in  obtaining  L  or 
M;  several  different  approaches  are  admissible,  including  experimental  measurements. 

The  effective  thermal  conductivity  k  of  the  layers  was  found  with  the  same  method  used 
in  approximating  the  elastic  moduli,  under  the  assumption  of  zero  thermal  resistance  at 
interface  boundaries.  The  Mori— Tanaka  estimates  for  particulate  and  fibrous  composites 
with  isotropic  phases  were  found  by  Hatta  and  Taya  (1986),  in  terms  of  phase 
conductivities  «j.  and  volume  fractions  Cj..  For  an  isotropic  two— phase  composite  with 
reinforcement  (r  =  2)  by  spherical  particles  in  a  matrix  (r  =  1),  the  results  is, 

K  =  «i-[3C2(«i-/C2)«ij/[Ci(«i-«2)  +  3kJ  (10) 

For  the  two-dimensional  fiber  array  models  of  Figs.  1  and  2,  the  effective  conductivities 
in  the  axial  and  transverse  directions  were  found  from, 

=  Ci«i+C2/t2  =  «i-[2Ci(/Ci-/C2)«i]/[C2(«i-«2)  +  (H) 

The  self-consistent  counterpart  to  (10)  was  derived  by  Hashin  (1968),  in  the  implicit 
form, 

Ci(«i  -  «)/(«!  +  2k)  +  C2(«2  -  «)/(«2  +  2«)  =  0  (12) 

For  the  fiber  systems,  we  have  used  Davies’  results  (Hale  1976,  eqns.25,  27), 


^2^2 


«T  =  -  2C2«^(«i  -  «2)/(«x'  +  ^^2) 


(13) 
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3.3  Transition  functions 

To  accommodate  the  discontinuities  in  the  homogenized  material  properties  predicted  at 
the  boundaries  between  the  different  regions  of  the  COMBS.  1  and  COMBS. 2  models  in  Fig. 
2,  the  following  transition  functions  were  defined.  Let  ^  (|)p  denote  the  magnitudes  of  a 
certain  effective  material  parameter  predicted  by  two  different  averaging  methods  (a)  and 
(/3)  at  a  given  volume  fraction  Cj  =  02^  of  reinforcement  (r  =  2)  in  a  matrix  (r  =  1)  at  a 
such  region  boundary.  Moreover,  let 

<t>  =  <}>a  +  (1  -  /^Cj))  (j)p  (14) 

define  the  value  of  the  material  parameter  within  a  small  interval  Cj^  ±  S/2,  such  that, 

=  1  for  C2  <  Cjb  -  5/2 

Kcj)  =  F(c2)  for  C2b  -  5/2  <  Cj  <  Cjb  +  5/2  (15) 

=  0  for  C2  >  Cjb  +  5/2 

A  linear  transfer  function  F(c2)  would  assume  the  form, 

F(C2)  =  l/2-(c2-C2b)/5  (16) 

while  the  third— order  transfer  function  actually  used  herein  was  taken  as, 

F(c,)  =  2((c,  -  Ca)/il’  -  3(c,  -  Ca)/{2i)  +  1/2  (17) 

4.  COMPARISONS  OF  MODEL  PREDICTIONS 
4.1  Phase  and  overall  properties 

The  composite  material  selected  for  the  comparative  studies  was  the  C/SiC  system 
(Sasaki,  et  al.,  1991).  Both  phases  were  regarded  as  isotropic,  with  the  following  phase 
elastic  moduli  Ej.  and  coefficients  of  thermal  expansion  Oj.,  and  heat  conductivity  k^: 
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Table  1  Phase  properties  of  the  Cj SiC  system 


Material 

Er 

“r 

(GPa) 

(lO-a/oC) 

(Wm-i/oC) 

(Phase  1)  Carbon 

28 

0.3 

9.3 

9.5 

(Phase  2)  Silicon  carbide 

320 

0.3 

4.2 

135 

This  system  appears  to  be  particularly  suitable  for  comparisons  of  different 
micromechanical  models  because  of  the  large  differences  in  the  Young’s  modulus,  thermal 
conductivities  and  expansion  coefficients.  Together  with  the  relatively  steep  composition 
gradients  used  in  the  models,  the  choice  of  dissimilar  phase  properties  serves  to  enhance  the 
heterogeneity  of  the  model  materials,  and  thus  makes  satisfactory  comparisons  between  the 
discrete  and  homogenized  model  predictions  more  difficult  to  achieve. 

The  phase  properties  were  used  to  estimate  effective  properties  of  homogenized  layers  of 
constant  composition,  this  effective  medium  is  referred  to  as  Phase  0.  The  stress  or  strain 
in  a  layer  is  the  volume  average  (7)  in  one  layer  of  elements,  as  shown  in  Fig.  3.  We  recall 
from  §1  that  MTMl  denotes  results  that  were  found  with  overall  modub  and/or  other 
properties  estimated  by  the  Mori— Tanaka  method,  such  that  the  carbon  material  (Phase  1) 
in  Table  1  was  regarded  as  the  continuous  matrix  that  was  labeled  as  r  =  1  in  §3.  MTM2 
denotes  results  found  as  in  MTMl,  but  with  the  SiC  phase  (2)  serving  as  matrix  (r  =  1  in 
§3)  and  the  carbon  phase  (1)  as  reinforcement  (r  =  2  §3).  SCS  denotes  results  found  by 
finite  element  analysis  of  the  homogenized  model,  where  the  overall  properties  were 
estimated  by  the  self— consistent  method  which  makes  no  distinction  between  matrix  and 
reinforcement  phases. 

Estimates  of  the  overall  in— plane  Young’s  modulus  E22,  linear  CTE  a,  and  thermal 
conductivity  /c  are  plotted  in  Figs.  5  to  7  as  functions  of  the  SiC  volume  fraction  in  the 
graded  C/SiC  system,  represented  by  the  several  homogenized  counterparts  of  the  discrete 
models  shown  in  Figs.  1  and  2.  The  plotted  magnitudes  were  evaluated  using  the 
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expressions  in  §3.2.  The  COMBS.  1  and  COMBS. 2  plots  for  the  model  of  Fig.  2  utilized 
also  the  transition  function  (15),  (16)  and  (17). 

4-2  Uniform  change  in  temperature 

Here  we  compare  selected  results  obtained  with  the  discrete  and  homogenized  models 
under  the  mechanical  boundary  conditions  shown  in  Fig.  4  combined  with  a  uniform 
thermal  change.  Figure  8  shows  the  overall  strain  2e22(x3)  computed  for  a  uniform  change 
in  temperature  with  the  discrete  Models  1.2,  2,  and  3,  and  the  homogenized  Mori— Tanaka 
(MTMl,  MTM2)  and  self-consistent  (SCS)  models.  Note  that  the  linear  variation  of  the 
overall  normal  strain  is  required  by  the  mechanical  boundary  conditions  in  Fig.  4.  The 
predictions  of  the  three  discrete  models  are  quite  similar,  however,  as  expected,  the  three 
homogenized  models  provide  rather  different  predictions  of  the  overall  response;  the 
self— consistent  model  shows  best  agreement  with  response  of  the  discrete  models, 
particularly  with  Model  2,  while  the  Mori— Tanaka  estimates,  with  a  single  phase  1  or 
phase  2  representing  the  matrix  everywhere,  deviate  significantly. 

Figures  9  and  10  present  the  average  local  strains  2€22(x3)  the  C  and  SiC  Phases  1 
and  2,  computed  from  the  three  discrete  and  three  homogenized  models.  The  MTMl  and 
MTM2  estimates  are  not  useful,  however,  the  self-consistent  model  approximates  closely 
the  strain  averages  found  from  the  five  computer— generated  Models  2,  which  have 
predominantly  skeletal  microstructures.  Figure  11  extracts  from  Figs.  8  to  10  the  discrete 
Model  3  overall  and  local  strain  averages  2e22[x3)  in  Phases  p  =  0,  1,  2,  and  compares 
them  with  those  predicted  by  the  homogenized  model  COMB3.1  of  Fig.  2a.  Figure  12 
compares  the  same  Model  3  strain  averages  with  those  predicted  by  the  homogenized  model 
COMB3.2  of  Fig.  2b.  Both  homogenized  models  provide  a  dramatic  improvement  in  the 
predictions  of  the  said  local  strain  averages;  COMB3.1  appears  to  be  a  better  choice.  It 
will  be  appreciated  that  the  improvement  is  made  possible  by  the  close  approximation  of 
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the  variable  overall  properties  of  the  homogeneous  layers  that  the  COMBS— type  models 
provide  through  the  thickness  — c  <  Xj  <  c.  These  comparisons  suggest  that  under  the 
uniform  temperature  change,  the  self-consistent  model  provides  good  predictions  of  both 
the  overall  and  local  strain  averages  for  the  discrete  Model  2,  while  the  COMBS  models 
offer  close  predictions  of  such  strains  for  the  discrete  Model  S. 

Figure  13  refers  again  to  the  uniformly  heated  graded  layer,  and  illustrates  very  good 
agreement  between  discrete  and  homogenized  model  predictions  of  the  overall  and  local 
average  stresses  crjjilxj)  in  phase  0  (composite),  and  in  Phases  1  (C)  and  2  (SiC).  A 
similar  comparison  was  obtained  with  the  COMBS. 2  model.  The  results  were  extracted 
from  a  broader  set,  much  like  that  shown  in  Figs.  8—10,  which  also  included  a  satisfactory 
comparison  of  the  Model  2  results  with  self— consistent  estimates  of  the  local  averaged 
fields.  The  MTMl  and  MTM2  models,  when  applied  alone,  were  again  not  useful. 

In  conclusion,  the  COMB— type  models  predictions  of  the  overall  and  local  fields  in  the 
uniformly  heated  layer  compare  very  favorably  with  those  of  the  discrete  Model  3.  Similar 
agreement  should  be  expected  between  Model  1.2  and  a  corresponding  COMB— type  model. 
In  the  the  five  Models  2,  the  self-consistent  scheme  provides  satisfactory  predictions. 

In  comparing  the  strain  distributions  in  Figs.  11  and  12  with  the  stresses  in  Figs.  13,  one 
may  consult  Table  1  for  the  magnitudes  of  the  linear  expansion  coefficient  of  the  two 
phases.  The  large  expansion  in  the  carbon— rich  layer  accounts  for  the  positive  total  strain 
in  this  layer.  Figs.  11  and  12.  However,  the  constraint  by  very  stiff  SiC— rich  layer  causes 
compressive  stress  and  elastic  strain  in  the  carbon  (Phase  1),  Fig.  13.  Note  the  expected 
stress  changes  in  the  bent  SiC  (Phase  2)  layer,  the  sharp  increases  at  the 
percolation  threshold,  and  the  drop  into  negative  territory  models  as  Xj/c  — >  1. 

4-3  Different  surface  temperatures 

When  the  graded  composite  layer  is  subjected  to  the  thermomechanical  boundary 
conditions  of  Fig.  4,  solution  of  a  steady— state  heat  conduction  problem  for  the 
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temperature  field  in  the  crossection  — c  <  Xj  <  c  precedes  evaluation  of  the  local  and 
overall  stresses  and  strains  thermomechanical  fields.  In  the  discrete  models,  the  actual 
phase  heat  conductivity  (Table  1)  was  prescribed  in  the  elements.  In  the  homogenized 
models,  the  respective  model  estimates  of  the  heat  conductivities  of  the  homogenized  layers 
(Fig.  7)  were  specified  for  the  finite  element  solution.  Also,  adjoint  solutions  of  the 
multilayer  homogenized  models  were  constructed  for  comparison  (Ozisik  1968,  §6.2).  The 
stress  and  strain  fields  were  then  evaluated  in  each  homogenized  model  for  the  temperature 
distribution  predicted  by  that  model. 

Figure  14  compares  the  discrete  Model  3  results  with  the  homogenized  model  solutions 
of  the  steady— state  heat  conduction  problem.  Since  the  conductivity  of  the  graded 
material  depends  on  the  composition  gradient.  Fig.  7,  the  temperature  distribution  in  the 
layer  thickness  is  not  linear.  The  discrete  Model  1.2  and  Model  2  solutions  of  the  heat 
conduction  problem  are  similar  to  that  of  Model  3,  indicating  that  the  composition 
gradient  rather  than  details  of  phase  geometry  influence  the  temperature  distribution. 
Among  the  homogenized  models,  the  Model  3.1  and  SCS  estimates  of  the  heat  conductivity 
yield  temperature  distributions  that  are  in  close  agreement  with  those  of  the  discrete 
models.  The  Mori— Tanaka  estimates  deviate  significantly  firom  the  discrete  model 
predictions. 

Evaluations  and  comparisons  of  the  transverse  strain  average  caused  by  the  temperature 
gradient  in  all  phases  was  made  as  in  Phase  1  are  shown  in  Figs.  8—10.  The  self— consistent 
prediction  was  again  in  good  agreement  with  the  transverse  strain  average  of  the  five 
Model  2  microstructures.  A  similar  agreement  holds  for  the  two  discrete  Models  1.2  and  3, 
but  only  in  the  region  Avith  Phase  1  matrix.  In  the  Phase  2  matrix  region,  the  Models  1,2 
and  3  show  agreement  with  the  MTM2  strain  estimate. 

Figure  15  presents  the  comparisons  of  the  overall  and  phase  averages  of  the  transverse 
normal  strains  2e22(x3),  which  were  found  between  the  discrete  Model  3  and  the 
homogenized  model  COMB3.1.  Note  that  the  overall  strain  average,  denoted  here  as  that 
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in  Phase  0,  is  nearly  uniform  through  the  thickness,  indicating  that  the  selected 
composition  gradient  cancels  the  effect  of  temperature  variation  through  the  thickness,  so 
that  in  the  Xj— direction,  the  graded  layer  responds  as  a  homogeneous  layer  subjected  to  a 
uniform  change  in  temperature.  This  behavior  is  often  desired  in  graded  materials. 
Somewhat  different,  but  also  approximately  linear  overall  strain  predictions  were  found 
with  the  MTMl,  MTM2  and  SCS  models. 

Figure  16  shows  the  distribution  of  transverse  normal  stress  averages  in  the 

composite  (Phase  0)  and  in  the  two  constituent  phases  according  to  Model  3  and  COMBS.  1 
The  agreement  is  very  good.  A  good  agreement  was  also  found  between  the  Model  2 
predictions  and  self— consistent  estimates  of  the  transverse  normal  stress. 

5.  CLOSURE 

The  average  local  and  overall  thermomechanical  elastic  fields  generated  in  the  graded 
microstructures  of  the  discrete  models  by  a  uniform  change  in  temperature  are  well 
predicted  by  homogenized  models  which  combine  several  averaging  methods  in  estimating 
graded  material  behavior.  In  systems  with  a  single  composition  gradient,  the  discrete 
microstructure  can  be  replaced  by  a  layered  material  with  certain  effective  properties.  In 
those  parts  of  the  graded  material  which  have  a  weU— defined  matrix,  the  effective 
properties  can  be  estimated  by  the  respective  Mori— Tanaka  models.  In  parts  with  a 
skeletal  structure,  self— consistent  estimates  appear  to  be  appropriate.  Suitable  transition 
functions  can  be  used  to  assure  continuity  of  the  effective  properties  at  interfaces  between 
different  model  territories. 

The  temperature  distribution  corresponding  to  unidirectional  heat  conduction  through 
the  thickness  a  graded  layer  appears  to  depend  primarily  on  the  phase  volume  fractions 
rather  than  microstructural  geometry.  It  was  well  predicted  by  a  homogenized  layered 
model,  where  the  effective  heat  conductivities  of  the  layers  were  estimated  by  either 
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Model  3.1  or  the  self-consistent  method.  In  modeling  the  overall  and  phase  stress  and 
strain  averages,  good  agreement  between  discrete  and  homogenized  models  was  again  found 
with  the  combined  models,  particularly  with  COMBS.  1  model,  but  often  also  with  the 
COMB3.2  model. 

The  results  suggest  that  the  standard  averaging  methods,  when  applied  to  the  respective 
parts  of  the  graded  microstructure,  should  provide  accurate  estimates  of  overall  and  local 
stress  and  strains  fields,  as  well  as  temperature  distributions  in  thermomechanically  loaded 
graded  materials.  They  do  not  support  the  proposition  that  either  nonlocal  or  higher— order 
micromechanical  theories  are  required.  A  higher-order  theory  appears  appropriate  only  in 
those  locations  where  the  field  averages  are  very  low  and  the  gradients  very  high  (Dvorak 
and  Zuiker  1995). 
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(a)  The  two— phase  graded  material  Model  1.2.  (b)  One  of  the  five 

computer— generated  random  microstructures  of  Model  2.  Both  models  have 
the  same  linear  volume  fraction  gradient  in  the  Xj— direction. 
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Fig.  2  The  two-phase  graded  material  Model  3,  with  homogenization  subdivisions 

(a)  C0MB3.1  and  (b)  COMB3.2.  MTMl  denotes  a  Mori-  Tanaka  model 
with  Phase  1  (C)  as  matrix.  SCS  is  the  self-consistent  scheme,  and  MTM2 
stands  for  a  Mori— Tanaka  model  with  Phase  2  (SiC)  serving  as  matrix. 


Fig.  3  A  double-layer  array  of  hexagonal  cells,  and  finite  element  discretization 

with  24  triangles  per  cell.  A  single  layer  of  elements  is  used  in  replacements 
by  homogenized  models  and  in  evaluations  of  volume  averages  of  local  fields. 


Fig.  4  Boundary  conditions  applied  to  the  graded  material  models  subjected  to  a 

temperature  gradient.  The  same  mechanical  boundary  conditions  were 
applied  for  the  uniform  change  in  temperature  by  lOQOC. 


Fig.  5  Estimates  of  the  overall  Young’s  modulus  E22(x3)  by  various  methods. 

The  COMBS.  1  and  COMB3.2  correspond  to  the  subdivisions  shown  in  Fig.  2. 
The  transitions  in  COMBS. 1  are  centered  at  Cj  =  0.5  and  Cj  =  0.66,  and  in 
COMBS. 2  at  Cj  =  0.65.  The  width  of  the  transition  layers  is  equal  to  0.05  on 
the  Cn  scale;  c-  is  volume  fraction  of  SiC. 


Estimates  of  the  overall  heat  conductivity  k^x^)  by  various  methods,  as 
functions  of  the  volume  fraction  Cj  of  SiC.  The  subdivision  dimensions  are 
described  in  Fig.  5. 


Fig.  8  Overall  transverse  strain  2e2j(x3)  computed  for  a  uniform  change  in 

temperature  with  the  discrete  Models  1.2,  2,  and  3,  and  homogenized  models 
MTMl,  MTM2  and  SCS. 


Fig.  11  Comparison  of  the  average  transverse  strains  2e2j(x3)  caused  by  a  uniform 

change  in  temperature,  computed  in  the  composite  (Phase  0)  and  in  Phase  1 
(C)  and  Phase  2  (SiC)  using  the  discrete  Model  3  (solid  lines),  and  the 
homogenized  model  COMB3.1  (dashed  lines). 
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Fig.  12  Comparison  of  the  average  transverse  strains  2f2j(X3)  caused  by  a  uniform 

change  in  temperature,  computed  in  the  composite  (Phase  0)  and  in  Phases  1 
(C)  and  2  (SiC)  with  the  discrete  Model  3  (solid  lines),  and  the 
homogenized  model  COMB3.2  (dashed  lines). 


Fig.  13  Comparison  of  the  average  transverse  stresses  tr22(x3)  caused  by  a 
uniform  change  in  temperature,  computed  in  the  composite  (Phase  0)  and  in 
Phases  1  (C)  and  2  (SiC),  using  the  discrete  Model  3  (solid  lines),  and  the 
homogenized  model  COMB3.1  (dashed  lines). 
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Fig.  14  Temperature  distributions  in  the  graded  layer  subjected  to  different  surface 
temperatures,  evaluated  from  discrete  and  homogenized  models. 
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Fig.  15  Compaxison  of  the  average  transverse  strains  2e22(x3)  caused  by  different 

surface  temperatures,  computed  in  the  composite  (Phase  0)  and  in  Phases  1 
(C)  and  2  (SiC)  with  the  discrete  Model  3  (solid  lines)  and  homogenized 
model  COMB3.1  (dashed  lines). 
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Fig.  16  Average  transverse  stress  o'32(^3)  caused  by  caused  by  different  surface 
temperatures,  computed  in  the  composite  (Phase  0)  and  in  Phases  1  (C) 
and  2  (SiC)  using  the  discrete  Model  3  (solid  lines)  and  the  homogenized 
model  COMB3.1  (dashed  lines). 
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Abstract 

For  conceptual  design  and  improving  the  process  of  metal  matrix  fibrous  compos¬ 
ite  laminates,  qualitative  understanding  of  the  evolution  and  interaction  of  the  yield 
surfaces  under  thermo- mechanical  loadings  is  essential.  For  this  sake,  a  visualization 
tool  is  developed  by  using  IBM  Visualization  Data  Explorer.  It  is  based  on  bimodal 
plasticity  theory  of  Dvorak  and  Bahei- El-Din  in  which  two  distinct  deformation  modes 
are  considered.  The  overall  yield  surface  is  the  inner  envelope  of  the  two  yield  surfaces 
corresponding  to  two  deformation  modes  among  all  laminae.  By  this  evaluation  tool, 
the  two  yield  surfaces  for  two  modes  and  their  combined  surface  for  each  ply  as  weU 
as  the  overall  yield  surface  among  aU  layers  can  be  visualized  freely  in  any  2D  or  3D 
subspace  of  the  6-dimensional  overall  stress  space,  for  individual  layer  or  all  layers. 
Also,  some  interesting  features  of  the  bimodal  theory,  that  have  not  been  reported, 
are  found  with  this  tool.  In  this  paper,  the  theories  behind  are  reviewed,  the  technical 
aspects  of  the  program  are  discussed  and  some  examples  are  given. 


1  Introduction 


It  has  been  reported  that  inelastic  deformations  are  not  unusual  in  many  actual  metal  matrix 
composite  systems  in  the  course  of  fabrication  and  processing  [6];  moreover  temperature 
changes  in  service  may  lead  to  yielding  and  raise  the  dimensional  stability  problem,  it  has 
been  shown  that  some  composite  systems  can  be  dimensional  unstable  under  certain  thermo¬ 
mechanical  loadings  [19].  However,  the  yield  strains  are  usually  small  relative  to  the  failure 
strain  because  of  the  high  strength  of  fibers  and  the  good  ductility  of  the  metal  matrix 
phase.  Therefore,  it  is  critical  to  understand  and  design  the  metal  matrix  composite  systems 
considering  inelastic  behavior. 

For  the  sake  of  a  better  understanding  of  the  behavior  of  the  mathematical  model  and 
to  more  fully  utilize  the  strength  of  materials,  a  visualization  tool  that  gives  qualitative 
insight  to  the  thermo-mechanical  behavior  of  metal  matrix  fibrous  composite  laminates  is 
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developed.  In  the  conceptual  design  stage,  with  the  help  of  the  visualization  tool,  designers 
can  examine  different  design  strategies,  simulate  different  thermo-mechanical  loading  paths 
for  the  process  and  fabrication,  and  gain  an  understanding  of  the  evolution  and  interaction 
of  the  yield  surfaces.  As  a  result,  a  better  design  of  the  laminates  and  improvement  of  the 
fabrication  and  processing  are  expected. 

It  is  assumed  here  that  the  composite  systems  consist  of  transversely  isotropic  elastic  fibers 
with  circular  cross  section  and  an  isotropic  elastic-plastic  matrix.  The  laminates  are  symmet¬ 
ric  but  the  thickness  of  the  layers  can  be  varied.  The  visualization  tool  based  on  the  bimodal 
plasticity  theory  is  developed  by  using  IBM  Visualization  Data  Explorer  [15,  16).  The  bi¬ 
modal  plasticity  theory,  due  to  Dvorak  and  Bahei-El-Din  [7,  2],  provides  a  good  estimation 
to  the  yield  surface  of  metal  matrix  fibrous  composites  [8].  Furthermore,  the  computational 
effectiveness  of  the  bimodal  theory  has  been  shown  in  reference  [19]. 

In  the  bimodal  plasticity  theory,  the  plastic  deformation  of  a  composite  lamina  can  be 
described  in  terms  of  two  deformation  modes,  namely  matrix  dominated  mode  and  fiber 
dominated  mode.  The  two  deformation  modes  give  different  branches  of  the  overall  yield 
surface  which  identify  the  state  of  stress  that  activates  a  particular  mode,  and  indicate  the 
conditions  for  mode  transition  in  a  given  composite  system.  The  overall  yield  surface  for  the 
laminated  composite  is,  therefore,  the  inner  envelope  of  the  combined  yield  surface  among  all 
layers.  The  thermal  shift  of  the  yield  surface  is  determined  by  using  Dvorak’s  decomposition 
procedure  [4,  5]  which  converts  a  uniform  thermal  loading  to  a  mechanical  one.  Application 
of  the  bimodal  theory  to  symmetric  laminated  plates  can  be  found  in  [1]  which,  basically, 
distributes  the  external  loading  into  individual  layers  in  layers’  local  coordinates  and  then 
bimodal  plasticity  applies. 

In  the  present  visualization  tool,  the  yield  functions  are  calculated  over  a  uniform  grid  within 
a  bounding  box.  Afterwards  the  isosurfaces  at  which  the  yield  functions  equal  to  zero  are 
established  by  the  IBM  Visualization  Data  Explorer  [15,  16],  Data  Explorer  for  short.  The 
two  yield  surfaces  for  two  deformation  modes  and  their  combined  surface  for  each  layer,  as 
well  as  the  overall  yield  surface  among  all  layers,  can  be  visualized  freely  in  any  2-dimensional 
or  3-dimensional  subspace  of  the  6-dimensional  overall  stress  space,  for  individual  layer  or 
all  layers.  Also,  the  branches  from  different  layers  in  the  overall  yield  surface  are  represented 
by  different  colors.  It  is  accomplished  by  mapping  different  values  to  the  yield  surfaces  of 
the  layers,  and  the  colors  of  the  overall  yield  surface  for  different  branches  depend  on  their 
own  values  of  colors. 

The  user  interface,  composed  of  four  control  panels  and  an  image  manipulation  panel,  is 
constructed  with  a  set  of  visual  program  modules  supplied  by  the  Data  Explorer.  With  the 
control  panels,  users  interactively  input  the  description  of  the  laminates,  degree  of  temper¬ 
ature  changes  and  the  visualization  options.  Also,  a  small  material  database  is  used  so  that 
the  constituent  properties  are  not  explicitly  needed  in  the  user  interface.  The  fundamental 
view  options  of  Data  Explorer,  such  as  zooming,  changing  the  view  points,  rotation  of  the 
images  etc.,  are  controlled  through  the  image  manipulation  panel. 

Section  2  describes  the  theory  of  bimodal  plasticity  and  the  decomposition  procedure.  Also, 
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some  interesting  features  of  the  bimodal  theory  that  have  not  been  reported  are  discussed. 
In  section  3.  the  application  of  the  bimodal  theory  and  the  decomposition  procedure  to 
symmetric  laminated  plates  are  summarized.  A  general  description  of  the  visualization  tool 
and  the  technical  aspects  are  discussed  in  section  4.  Finally,  e.xamples  for  different  composite 
systems  are  given,  in  section  5,  to  show  the  capabilities  of  the  tool  and  indicates  how  the 
information  given  by  the  program  can  be  used  to  help  making  design  decisions. 


2  Bimodal  Plasticity 


The  bimodal  plasticity  theory  is  a  semi-phenomenological  model  [7,  2]  which  describes  the 
plastic  deformation  of  the  metal  matrix  fibrous  composite  systems  consisting  of  elastic  fibers 
and  elastic-plastic  matrix.  This  theory  has  been  shown  in  good  agreement  with  the  exper¬ 
iments  performed  by  Dvorak  and  associates  [8]  for  boron/aluminum  at  room  temperature. 
Also,  it  has  been  implemented  into  ABAQUS  —  a  commercial  finite  element  package  and 
its  computational  effectiveness  has  been  shown  by  Wu  [19].  Moreover,  this  theory  applies  to 
thermo- viscoplasticity  [13]  and  damage  analysis  of  laminates  [10]. 

Two  deformation  modes  exist  in  such  composite  systems,  namely,  the  matrix  dominated 
mode  (MDM)  and  the  fiber  dominated  mode  (FDM).  The  shape  of  the  MDM  yield  surface 
is  material  independent  but  its  size  depends  on  the  magnitude  of  the  yield  stress  of  the 
matrix.  In  this  mode,  the  plastic  deformation  is  caused  by  slipping  on  matrix  planes  which 
are  parallel  to  the  fiber  axis,  in  a  way  analogous  to  the  deformation  of  single  crystals.  This 
mode  can  only  be  activated  in  those  composite  systems  where  the  axial  shear  moduli  of 
the  fibers  are  substantially  larger  than  that  of  the  matrix.  In  the  FDM,  both  phases  deform 
together  in  the  elastic  and  plastic  ranges.  It  is  treated  as  a  general  case  of  plastic  deformation 
of  a  heterogeneous  medium.  In  contrast  to  the  MDM,  the  FDM  is  always  activated  except  for 
a  particular  loading  direction  that  generates  a  hydrostatic  state  of  stress  in  the  matrix.  The 
stresses  in  both  phases  are  calculated  with  the  help  of  stress  concentration  factors.  They  are, 
as  well  as  the  overall  stiffness  of  the  composite,  approximated  by  the  Mori-Tanaka  averaging 
method  [17]. 

The  yield  surface  predicted  by  this  theory  is  somewhat  different  from  that  by  micromechan¬ 
ical  models.  It  has  open  ends  in  the  overall  stress  space  if  von  Mises  criterion  is  adopted. 
This  feature,  as  well  as  the  material  independency  of  MDM  yield  surface  mentioned  above, 
have  not  been  reported  in  previous  work  and  the  physical  interpretation  of  such  features  are 
discussed  in  this  section.  The  overall  yield  surface,  at  this  point,  is  the  envelope  combined 
by  the  MDM  and  FDM  yield  surfaces. 

Since  the  actual  yielding  happens  when  one  of  the  yielding  modes  be  activated,  the  combined 
yield  function  can  be  calculated  by  comparing  the  function  values  of  the  MDM  and  FDM 
and  adopting  the  one  with  larger  numerical  value  which  implies  the  stress  state  for  that 
deformation  mode  is  closer  to  the  actual  yield  stress. 
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Figure  1:  Geometry  of  Slip  Systems 


2.1  Matrix  Dominated  Mode 

The  mechanism  of  the  MDM  is  characterized  by  the  plastic  shear  deformation  in  the  matrix 
on  slip  planes  which  axe  parallel  to  the  fiber  orientation,  and  in  certain  slip  direction  on 
these  planes.  The  shape  of  the  MDM  yield  surface  is  material  independent  but  its  size 
depends  on  the  magnitude  of  the  yield  stress  of  the  matrix  phase;  i.e.  the  shape  of  the  yield 
surface  corresponding  to  this  mode  does  not  change  with  the  material  moduli  and  the  volume 
fractions  of  both  phases.  This  mode  can  only  be  activated  in  those  composite  systems  where 
the  axial  sheax  moduli  of  the  fibers  are  substantially  larger  than  that  of  the  matrix,  such  as 
boron/aluminum  (B/Al)  and  silicon-carbide/titanium-aluminum  (SiC/TiaAl). 

Consider  a  thin  layer  of  a  fibrous  composite  under  macroscopically  uniform  state  of  plane 
stress.  The  fibers  are  aligned  in  the  direction  of  the  Cartesian  coordinate  xi,  the  xiX2  plane 
coincides  with  the  midplane  of  the  layer.  Figure  1  shows  the  geometry  of  the  two  slip  systems 
A:  =  1, 2,  that  may  become  active  under  a  macroscopic  state  of  plane  stress.  The  Uk  denotes 
the  unit  vector  normal  to  the  slip  plane  k,  Sk  is  the  slip  direction,  ^k  is  the  angle  between 
the  slip  plane  k  and  the  X1X3  plane  and  9k  is  the  angle  between  3k  and  xi  axis.  Notice  that 
the  symbols  now  do  not  with  subscript  k  for  simplicity,  so 
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n  =  [0,  cos/5,  —  sin,i5]^ 
s  =  [cos0,  sin /5  sin  cos /5  sin  0]^ 

For  a  specific  overall  stress  state  <t  =  [<7ii,  cr22,  (J33,  <^23,  ctis,  (^12]^  with  the  center  of  yield 
surface  a  =  [an,  a22, 0:33, 0:23,  0^13,  0^12]^,  the  resolved  shear  stress  on  a  slip  plane  of 
normal  n  in  slip  direction  of  s  is 

'^ns  — 

The  resolved  shear  stress  Tns  can  further  be  resolved  on  the  slip  plane  with  components  Ti 
and  T2  by  setting  5  =  0  and  7r/2  respectively,  in  the  above  equation, 

Ti  =  cos  /5  (<712  -  an)  -  sin  /5  (<731  -  aai) 

T2  =  -  sin  2/5  [((722  -  Q!22)  -  (<7-33  -  ass)]  +  cos  2/3  (0-32  -  0:32) 

hence 


2  2  I  2 

=  ^1+^2 


Among  all  the  possible  slip  systems,  the  active  slip  planes  are  those  have  maximum  resolved 
shear  stress  r„3,  in  words,  the  derivative  of  Tns  with  respect  to  the  angle  /5  is  equal  to  zero 


[Tna(/?)]r 


dTns 

dl3 


=  0 


and 


dTn 


a/5 


A  sin  4/5  +  5  cos  4/5  —  6*  sin  2/5  —  Z?  cos  2^ 


(1) 


where 


A  —  -  [((722  ~  0:22)  —  (cr33  ~  asa)]^  —  ((723  —  a23)^ 

B  —  (C''23  ~  0:23)  [(c’’22  ~  0:22)  ~  (0'33  ~  0(33)]  • 

C*  =  -  [((7i2  —  ai2)^  —  (i7i3  —  ais)^] 

D  =  ((7i2  —  ai2)(<7i3  —  ais) 
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This  equation  can  be  arranged  as  the  following  form, 

2B  cos^  2/S  -  Dcos20  -  B  =  (C  -2A  cos  2/3)  sin  2/3 

By  squaring  the  both  sides  of  this  trigonometric  ec[uation,  it  can  be  converted  to  a  quartic 
equation,  which  can  be  solved  analytically, 

y  +  +  0.3  y^  +  ^4  y"^  =  0  (2) 

where 


y  =  cos  2/3 


and 


ao  =  B^-C^ 

(i\  =  AAC  "b  2B D 
02  =  -A  {A^  +  B^)  A 
03  =  -4  (AC  +  BD) 
04  =  4  +  5^) 


Details  of  solving  this  quartic  equation  can  be  found  in  standard  mathematics  handbooks  or 
in  [19].  Since  this  quartic  equation  is  obtained  by  squaring  the  trigonometric  equation  1,  it 
can  be  easily  shown  that  not  all  the  roots  of  equation  2  are  roots  of  the  original  trigonometric 
equation.  A  verification  by  back  substitution  of  the  roots  into  equation  1  is  needed.  Then 
the  slip  planes  are  defined  as 


/3  =  ±  i  cos  ^  y 

Thus,  the  yield  function  of  the  matrix  dominated  mode  is  defined,  for  the  case  of  kinematic 
hardening,  as  the  following 


[TnsMmax  “  Tq  =  0 


(3) 


where 
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['rns(,i?)]mai  IS  the  maximum  resolved  shear  stress 

To  is  the  matrix  yield  stress  in  simple  shear  test 

2.2  Fiber  Dominated  Mode 

In  the  FDM,  both  phases  deform  together  in  the  elastic  and  plastic  ranges.  It  is  treated  as 
a  general  case  of  plastic  deformation  of  a  heterogeneous  medium.  In  contrast  to  the  matrix 
dominated  mode,  the  fiber  dominated  mode  is  always  activated  except  for  a  particular  loading 
direction  that  generates  a  hydrostatic  state  of  stress  in  the  matrix  phase  (see  section  2.4) 
which  does  not  initiate  plastic  deformation  in  von  Mises  sense.  Accurate  micromechanical 
models  for  such  deformation  process  are  too  complicated  and  computational  inefficient  for 
interactive  visualization.  It  is  useful  to  assume  that  the  overall  yield  condition  for  onset  of 
macroscopic  plastic  deformation  is  defined  in  terms  of  local  stress  averages  [7];  therefore, 
averaging  models,  for  instance,  self  consistent  model  and  Mori-Tanaka  method  [17],  can  be 
adopted  to  find  the  local  stress  in  the  phases.  In  this  evaluation  tool,  we  use  the  Mori-Tanaka 
averaging  scheme  to  estimate  the  overall  stiffness  as  well  as  the  stress  concentration  factors. 
Recalling  that  the  fiber  is  assumed  to  be  elastic  and  the  matrix  is  elastic-plastic,  the  yield 
function  of  this  mode  in  the  overall  stress  space  can  be  defined  by  making  use  of  the  matrix 
stress  concentration  factor.  The  Mori-Tanaka  scheme  is  discussed  in  next  section. 

The  fiber  dominated  yield  function  can  be  written  in  the  following  functional  form 

®m)  ~  0 

where  is  a  generic  function  that  satisfies  the  well  known  Drucker’s  postulate  and  the 
subscript  m  stands  for  the  matrix.  This  equation  can  be  transformed  into  the  overall  stress 
space  by  the  connection  of  matrix  stress  concentration  factor  Bm 

(<T  -  a)  =  -  OCm) 

in  which  <r  and  ct  are  the  stress  and  the  center  of  yield  surface  in  the  overall  stress  space. 
Then  the  fiber  dominated  yield  function  can  be  written  as 

g{cr  -  a)  =  0 

In  this  effort,  we  select  gm  in  the  von  Mises  form  of  yield  criterion  for  the  isotropic  matrix, 
so  the  yield  function  is  written  as 

9m  =  ^  -  rj  =  0 
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where 
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Q  = 


1 

I 

3 

0 

0 

0 


-i  -i  0  0  0  \ 

I  0  0  0 

-i  I  0  0  0 

0  0  2  0  0 

0  0  0  2  0 

0  0002/ 


and  To  is  the  matrix  yield  stress  in  simple  shear  test  cls  in  MDM.  The  yield  function  in  overall 
stress  space  is 


g  =  ^(<T-afB^QBm((T-a}-T^  =  0  (4) 

with  a  =  0  for  an  initial  yield  surface  of  a  stress  free  composite. 

Note  that,  since  the  constant  matrix  Q  in  the  above  equations  is  singular,  the  matrix 
B^QBm  is  also  singular.  This  implies  that  the  yield  surface  of  the  FDM  is  an  open  surface 
in  the  six  dimensional  overall  stress  space.  This  is  discussed  in  detail  in  section  2.4  and 
an  example  is  giveri  in  section  5.  Particularly,  the  rank  of  Q  in  criicr220'33  subspace  is  two, 
therefore,  the  yield  surface  in  this  subspace  is  an  open  elliptical  cylinder. 


2.3  Mori- Tanaka  Method 

The  Mori-Tanaka  method  [17]  is  one  of  the  most  popular  methods  for  estimation  of  overall 
elastic  moduli  and  phase  concentration  factors  of  composite  materials.  For  the  Ccise  consid¬ 
ered  here,  a  binary,  matrix  ba.sed  composite  system,  the  method  assumes  that  the  stress  or 
strain  in  the  fiber  can  be  evaluated  from  a  solution  of  the  Eshelby’s  inclusion  problem  [11]. 

This  suggests  four  partial  concentration  factors  T,  t,  W  and  w,  they  connect  the  local  strain 
and  stress  fields  as  follows. 


€f  =  T  Crn  +  t  9,  (Tf  =  W  (Tm  +W  9 

where  T  and  t  are  stress  concentration  factors  and  W  and  w  are  strain  concentration  factors 
relate  to  single  fibers  (or  particles)  in  an  infinite  matrix,  the  Eshelby’s  problem,  and  9  is 
the  temperature  increment  with  respect  to  the  reference  temperature.  Also,  they  relate  to 
materials  moduli  as 


W  =  LjTM^ 
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w  =  Lf  T  rUm  +  Lf  t  +  If 
T  =  [I  +  P{Lf-Lm)]-^ 

t  =  {I-T){L^-Lf)-^{lf-lrr,) 


where  Lr  and  Mr  =  L~'-  are  the  stiffness  and  compliance  tensor;  Ir  is  the  thermal  stress  ten¬ 
sor  and  TTir  is  the  thermal  strain  tensor  of  the  expansion  coefficients,  such  that  lr  =  —Lririr 
and  J  is  a  6  by  6  identity  matrix.  Throughout  the  paper,  the  subscript  or  superscript 
r  =  m,  f  stands  for  the  matrix  and  the  fiber  phases,  respectively. 

The  matrix  P  is  a  constant  matrix  which  depends  only  on  the  matrix  elastic  moduli  and  the 
shape  of  the  inclusion.  In  our  case,  unidirectional  composite  with  cylindrical  fibers  aligned 
parallel  to  Xi, 


P  = 


fo 

0 

0 

0 

0 

vO 


0 


0 

0 


0 


STYlrnikm'^’TTlm  ) 
_ ^22 _ 

0 


8771  rn(fcm  4*^771) 


fern  +4m 


87nm(^m4*77lTn  ) 
0 


0 

0 


0 

0 

fern  4~2771ti 


2  771  TTj  (  fern  +  771  m  ) 

0 


0 


in  which  km,m.m,Pm.  are  Hill’s  elastic  moduli  of  matrix. 
Therefore  stress  concentration  factors  can  be  obtained  as 


0  0  \ 
0 
0 
0 
0 

2pm  j 


0 

0 

0 

1 

2pm 

0 


Bf  =  W  [Crr^I  A  CfW]-^ 

Bm  =  -{I-CfBf) 

where  Cm,Cf  are  volume  fractions  of  matrix  and  fiber,  respectively.  Once  Bm  is  found,  the 
yield  surface  governed  by  fiber  dominated  mode  is  well  defined  in  equation  4. 

The  explicit  expressions  of  the  overall  elastic  Hill’s  moduli  by  Mori-Tanaka  method  as  defined 
by  Chen  and  Dvorak  [3]  are 


“^CfPmPf  d~  CmjPmPf  ~b  Pm) 

‘^^fPm  A  ^rn{pj  A  Pm) 

mmmfjkm  +  2mm)  A  kmmmjcfmf  +  c^m^n) 

km^^m  “b  (^m  ”b  ‘^^m){^f^^m  “b  ^^m^f) 
Cfkf{km  A  rrim)  A  Cmkmjkf  -b  mm) 

^f(^km  "b  THm)  "b  Cm{kf  A  TT^m) 
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^/(^m  “1”  ^m)  “i"  Y  ^m) 


^m'^m  "I" 


^m^rn) 


h-L 
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where  p,  m,  k,  I  and  n  are  elastic  Hill’s  moduli. 


Then  the  overall  elastic  stiffness  matrix  is 


{ ^ 

1 

0 

0 

0  \ 

1 

k  +  m 

k  —  m 

0 

0 

0 

— 

1 

k  —  m 

k  +  m 

0 

0 

0 

L  = 

0 

0 

0 

m 

0 

0 

(5) 

0 

0 

0 

0 

p 

0 

0 

0 

0 

0 

0 

p ) 

This  matrix  is  needed  to  construct  the  distribution  factor  in  section  3.  In  this  matrix,  k,  I 
and  n  are  not  independent,  they  are  related  by  a  universal  connection  [14], 


^  _  k  km  km  kj 

n  CmTT'm  ^ 

between  overall  and  phase  moduli  as  well  as  volume  fractions.  Therefore,  only  three  of  the 
five  overall  Hill’s  moduli  are  independent. 


2.4  Open  Ends  of  the  Yield  Surface 

For  certain  micromechanical  models  of  composites,  such  as  the  periodic  hexagonal  array 
model  [18],  the  predicted  overall  yield  surface  is  always  closed  in  stress  space.  This  is  not 
the  case  for  the  bimodal  theory  since  it  uses  the  average  stresses  for  the  phases  instead  of 
the  actual  local  stresses.  The  overall  yield  surface  predicted  by  the  bimodal  theory  is  open 
along  a  particular  loading  direction  that  depends  on  the  stress  concentration  factor  of  the 
matrix  phase  Bm  if  von  Mises  criterion  is  used. 

It  is  easy  to  show  that  the  rank  of  the  constant  matrix  Q  in  section  2.2  is  five  and  the  matrix 
Bm  is  of  full  rank.  By  the  theory  of  linear  algebra,  the  rank  of  the  matrix  B^QBm  is  also 
five,  that  is,  one  of  the  eigenvalues  of  the  matrix  B^QBm  is  zero.  Following  the  principal 
axis  theorem  [12],  one  can  conclude  that  the  length  of  one  of  the  semi-axes  of  the  hyper¬ 
elliptical  surface  in  the  six  dimensional  overall  stress  space  is  infinity  along  the  direction  of 
the  eigenvector  corresponding  to  the  zero  eigenvalue.  Such  the  eigenvector  represents  the 
loading  direction  that  produces  a  hydrostatic  stress  in  the  matrix  phase,  that  stress  state  will 
not  generate  any  plastic  deformation  in  the  von  Mises  sense.  The  same  conclusion  can  be 
drawn  by  a  more  engineering  approach  as  following.  The  general  form  of  Bm  for  transversely 
isotropic  fibers  embedded  in  isotropic  matrix  is 
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where  6i  to  67  are  functions  of  material  moduli  of  both  phases  and  their  volume  fractions. 
If  the  assumption  that  initial  yielding  of  the  composite  is  governed  by  the  average  matrix 
stress  is  accepted,  then  it  follows  from  the  above  formulation  that  there  exist  certain  stress 
ratio  for  which  yielding  does  not  take  place.  To  seek  an  external  overall  stress  that  induces 
hydrostatic  stress  in  matrix,  implying  no  yielding  in  Ccise  of  von  Mises  yield  criterion,  one 
can  make  use  the  following  equation 
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The  left  hand  side  of  the  equation  represents  a  hydrostatic  stress  in  matrix  phase  and  the 
right  hand  side  is  the  overall  stress  that  generates  the  hydrostatic  matrix  stress.  It  is  easy 
to  find  that  when 


(«) 

the  above  equation  holds.  So,  loading  by  this  ratio  of  overall  stress,  the  resulting  average 
stress  in  the  matrix  phase  is  hydrostatic  and  yielding  does  not  occur.  In  other  words,  the 
yield  surface  is  open  along  the  direction  of  such  ratio  of  overall  stress.  An  example  for 
SiC/TisAl  in  crii<T22<T33  overall  stress  space  is  given  to  show  this  case  in  section  5. 


2.5  Decomposition  Procedure 

By  using  Dvorak’s  decomposition  procedure  [4,  5],  one  can  convert  a  uniform  temperature 
change  on  a  two-phase  composite  medium  to  an  equivalent  mechanical  loading  and  a  uni¬ 
form  stress  field  which  is  hydrostatic  in  the  matrix  phase  and  transversely  isotropic  in  the 
fiber  phase.  Since  the  uniform  stress  field  generated  by  the  temperature  change  is  hydro¬ 
static  in  the  matrix  phase,  it  has  no  effect  to  the  yield  surfaces.  Therefore,  the  rigid  body 
translation  (thermal  shift)  of  the  yield  surfaces  of  the  composite  that  depends  solely  on  the 
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Figure  2:  Decomposition  Procedure 

equivalent  mechanical  loading  can  then  be  found.  Figure  2  shows  schematically  the  steps  in 
this  procedure.  It  is  summarized  as  follows: 

1.  The  composite  is  separated  into  fiber  and  matrix  phases  which  are  subjected  to  surface 
tractions  to  maintain  local  phase  stresses  and  strains. 

2.  A  uniform  temperature  change  d9  is  applied  to  both  phases  which  causes  different  local 
thermal  strains  and  makes  the  phases  incompatible  if  they  are  reassembled.  To  assure 
compatibility  of  phases,  uniform  tractions,  dcr[  in  axial  direction  and  in  transverse 
direction,  are  applied  to  the  phases  simultaneously  with  temperature  change. 

3.  d&l  and  da^  are  found  from  the  compatibility  of  phases  and  equilibrium  of  tractions 
at  phase  interfaces  and  on  the  surface  of  the  composite. 

4.  The  dSA  and  dSj  are  auxiliary  uniform  surface  stresses  which  are  added  on  the  surface 
of  the  composite  to  preserve  overall  equilibrium  while  da[  and  ddj  are  applied  to  the 
phases. 

5.  The  phases  are  reassembled  and  the  surface  stresses  are  removed. 


2  BIMODAL  PLASTICITY 


13 


Readers  can  refer  to  the  original  work  of  Dvorak  [4,  5]  for  detail  derivations,  only  the  rel¬ 
evant  results  are  given  here.  The  stress  increments,  dcr/  and  dcm,  caused  by  simultaneous 
application  of  a  overall  stress  increment  do"  and  a  uniform  temperature  change  d6  are: 


do-f  =  sj'^dd  +  Bf{da  —  Sad6),  da-m  =  srldO  +  Bm{d(T  —  Sad9)  (7) 


where 


and 
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[1,1,7, 0,0,  Of 

[1,1, 1,0,0,  Of 

■9^  ~  CmST 
CfST 


Sa  = 


Cl  = 


CL^bi  —  0163 
0462  —  02^1 
2 


k  = 


kfEif 

h 


+ 


+ 


kjEif  ZKm  (^fEif' 


St 


a^hz  ~  0,3^2 
(l\b2  —  0‘2b\ 


h 


02  =  - 


CfkfEif' 
1 


bo  = 
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az  =  2  [atf  -  ctm) 
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in  which 


Km  is  the  matrix  bulk  modulus 

am  is  the  matrix  thermal  expansion  coefficient 

Elf  is  the  fiber  axial  Young’s  modulus 

aif  is  the  fiber  axial  thermal  expansion  coefficient 

atf  is  the  fiber  transverse  thermal  expansion  coefficient 

In  the  above  equations,  the  term  srldd  is  hydrostatic  in  the  matrix,  in  words,  the  yield 
surfaces  are  not  affected  by  this  term.  So,  from  the  second  term  of  the  above  equations, 
the  equivalent  overall  stress  for  a  temperature  change,  d6,  is  —SadO.  Therefore,  it  can  be 
regarded  as  a  rigid  body  movement  of  the  center  of  the  yield  surfaces  in  overall  stress  space 
with  the  magnitude  of  SadO  with  respect  to  their  original  location. 
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Figure  3:  Geometry  of  a  Fibrous  Laminate 

3  Bimodal  Theory  and  Decomposition  Procedure  for 
Laminates 

The  bimodal  plasticity  theory  and  the  decomposition  procedure  have  been  extended  and 
applied  to  symmetric  composite  laminates  by  Bahei-El-Din  [1].  Consider  a  symmetric  lami¬ 
nated  plate  consisting  of  2n,  perfectly  bonded,  identical  fibrous  laminae  in  which  the  matrix 
is  isotropic  and  the  fiber  is  transversely  isotropic,  and  their  thermo-mechanical  properties 
do  not  vary  with  temperature  and  time.  The  fiber  volume  fraction  is  assumed  equal  in  all 
layers  but  layer  thickness  can  be  different.  The  ply  volume  fractions  are  defined  as  c,  =  tj/t, 
where  t,-  are  the  ply  thicknesses  and  2t  is  the  laminate  thickness. 

This  arrangement  can  be  regarded  as  macroscopically  orthotropic,  with  three  mutually  per¬ 
pendicular  planes  of  symmetry  such  that  one  of  these,  the  XiX^  plane,  is  the  midplane  of 
the  plate  and  is  parallel  to  the  ziX2  planes  associated  with  the  laminae.  The  xi  direction  is 
referred  to  as  the  0®  direction.  Fiber  orientation  of  lamina  i  is  specified  with  the  angle  <f)i 
between  the  zi  axis  and  the  xi,  as  shown  in  figure  3. 

The  laminated  plate  is  assumed  to  be  subjected  to  the  general  in-plane  mechanical  loadings 
and  uniform  changes  in  temperature.  Both  the  plate  and  each  of  the  plies  are  under  the 
state  of  plane  stress.  The  procedure  of  solving  this  problem  is  summarized  as  follows: 

1.  Distribute  the  overall  loadings  to  the  individual  layers  by  using  the  distribution  factors 
in  global  coordinate  system. 
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2.  Convert  the  ply  loadings  to  their  ply-coordinate  systems,  Xj,  then  the  bimodal  theory 
for  unidirectional  lamina  can  be  applied. 

3.  Apply  a  modified  decomposition  procedure  to  find  the  thermal  shift  of  the  layers. 


3.1  Distribution  Factors 


Denoting  the  stress  and  strain  for  ply  i  in  the  global  coordinate  system,  Xj,j  =  1,2,3  by 

and  e,-  =  [e{^,ei^2^ei2,2ei^,2s[2,2s{2]'^-,  ply  stiffness  and 
compliance  by  £,■  and  iW,-;  and  the  symbols  with  an  overbar  are  their  counterparts  in  local 
coordinate  systems,  in  which  £,•  is  found  by  using  Mori-Tanaka  method  with  equation  5. 
Therefore,  the  constitutive  equations  for  ply  i  are 


—  jDj’Sj,  £i  — 


where 


Li  =  T-^LiRTiR-^ ,  Mi  = 
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The  inverse  of  matrix  T  can  be  found  by  replacing  <f>i  by  —<f)i.  The  overall  constitutive 
equations  of  the  laminated  plate  are 


cr  =  Le 


s  =  M<t 
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where  <t  and  e  are  the  overall  stress  and  strain;  L  and  M  denote  the  overall  stiffness  and 
compliance.  Since  all  the  layers  are  perfectly  bonded  and  subjected  to  in-plane  loadings  and 
uniform  thermal  loadings  (the  thermal  loadings  are  converted  to  the  equivalent  mechanical 
loadings  as  explained  in  next  section),  the  strains  must  be  equal  in  all  plies: 

e  =  =  •  •  •  =  Sn 

and  the  stresses  in  individual  layers  must  be  in  equilibrium  with  the  overall  stress: 

<T  =  +  C20'-2  -|-  +  Cn(Tn 

From  these  equations,  one  can  obtain  the  overall  stiffness  as  follow: 

L  =  CiLi  C2L2  +  ■  •  •  +  CnLfi 

Defining  the  stress  distribution  factors,  Hi,  which  relate  the  ply  stresses  to  the  overall  stress 
as 

<T,  =  Hi<T 

with  the  following  property: 

Cl  Jifi  +  C2H-2  -t-  ■  •  •  +  CnHn  =  I 

Then  the  distribution  factors  are  found  as 

Hi  =  LiM 

These  results  maJce  it  possible  to  find  the  phase  stresses  for  individual  layers  in  the  local 
coordinate  systems  [9],  for  instance,  the  matrix  stress  of  layer  i,  erm(i),  is 

O-mii)  =  Bm(i)TiHi(T  (9) 

in  which  jBm(t)  are  the  stress  concentration  factor  of  the  matrix  phase  for  layer  i. 
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3.2  Equivalent  Thermal  Loadings 

The  decomposition  procedure  discussed  in  section  2.5  was  extended  and  applied  to  symmetric 
laminates  by  Bahei- El-Din  [1].  The  extension  consists  of  treating  the  individual  layer  of 
the  laminate  as  the  phases  of  the  unidirectional  lamina.  The  layers  are  separated  and  the 
procedure  in  section  2.5  applies.  The  auxiliary  uniform  tractions  (thermal  shift  of  the  MDM 
and  FDM  yield  surfaces)  for  layer  i  in  local  coordinates  are  transformed  to  global  coordinates 
by  the  transformation  matrices  Ti  defined  in  equation  8.  By  considering  the  compatibility 
of  the  plies  and  the  equilibrium  of  the  auxiliary  tractions,  one  can  get  the  equivalent  stress 
increment  corresponding  to  a  uniform  change  of  temperature  for  the  laminate  in  global 
coordinates  as 

=  —[si,S2,ST,0,0,sz]^d9  (10) 

where 

•Sl  =  ^aCi  +  StC2,  S2  =  SaC2  +  s^Ci,  ~  2  ~ 

n  71  n 

Cl  =^Ci  cos^  <f)i,  C2  =  ^  Ci  sin^  </>,-,  Cz  =  'Y^Ci  sin  2(/»,- 

i=l  t=l  1=1 

and  sa,  St  are  found  in  section  2.5. 

Once  is  obtained,  one  can  combine  it  with  the  mechanical  loading,  and  transform  the 
combined  loading  for  individual  plies  in  local  coordinate  systems  by  equation  9.  Thus,  the 
MDM  and  FDM  yield  surfaces  for  each  ply  can  be  found  from  the  equations  mentioned  in 
section  2.  The  overall  yield  surface  for  the  laminated  plate  is  the  most  inner  portion  of  the 
MDM  and  FDM  surfaces  among  all  layers. 

4  Visualization  Tool 

The  present  visualization  tool  is  designed  for  users  to  gain  qualitative  insight  to  the  thermo- 
mechanical  behavior  of  metal  matrix  fibrous  composite  laminates  and  therefore  fully  utilize 
the  strength  of  materials.  It  is  especially  useful  in  the  conceptual  design  stage  where  designers 
can  examine  different  design  strategies,  simulating  different  thermo-mechanical  loading  paths 
for  the  process  and  fabrication.  Ba.sed  on  the  understanding  of  the  evolution  and  interaction 
of  the  yield  surfaces,  a  better  design  of  the  laminates  and  improvement  of  the  fabrication 
and  processing  are  expected. 

As  a  qualitative  evaluation  tool,  the  visualization  tool  is  designed  to  be  flexible  so  that  users 
can  easily  isolate  the  behavior  of  interest,  for  instance,  one  can  isolate  a  particular  layer 
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Figure  4:  Constituent  Panel 

in  a  laminated  plate  and  inspect  the  yield  surfaces  of  the  two  deformation  modes.  On  the 
other  hand,  one  can  turn  off  the  deformation  modes  and  display  their  combined  surface  of  all 
layers,  and  see  the  yield  surface  interactions  between  the  layers.  At  the  same  time,  one  can 
increase  the  temperature  and  see  the  evolution  cis  well  cls  the  interaction  among  the  surfaces. 
The  visualization  tool  is  written  in  C  on  a  IBM  RISC  System/6000  workstation  under  the 
AIX  operating  system  using  the  X  Window  System  and  Motif  window  manager. 

This  tool  has  two  main  modules,  the  bimodal  module  and  the  user  interface  module.  The 
latter  module  is  based  on  the  IBM  Visualization  Data  Explorer  [15,  16]  which  provides  a 
standard  set  of  functional  and  visualization  modules,  such  as  selector,  interactor,  isosurface, 
streamline  and  autocolor  etc.  With  such  modules,  one  can  select  particular  data  objects 
from  the  whole  data  set  and  visualize  them  in  variety  ways.  The  interactor  module  is  a  data 
acquisition  module  that  interacts  with  the  user  and  therefore  is  used  to  define  the  material 
system  and  loading  states.  The  operation  of  the  program  is  interactively  controlled  by  four 
control  panels  and  a  image  manipulation  panel. 

The  bimodal  module  consists  of  a  set  of  routines  that  calculate  the  yield  functions  over  a 
uniform  grid  based  on  the  theories  discussed  in  the  sections  2  and  3.  It  is  driven  by  the 
user  interface  module  from  where  it  obtains  the  needed  information,  such  as  the  name  of 
constituent  materials,  volume  fractions,  stack  sequence  of  layers,  display  options  etc.  Two 
typical  control  panels  that  interact  with  the  user  are  shown  in  figures  4  and  5.  They  make  use 
of  the  interactor  module  that  is  basically  standard  widgets  of  Motif  window  manager,  such 
a.s  stepper,  dial  and  slider  widgets.  The  material  properties  of  the  constituents  are  stored 
in  a  small  materials  database  that  new  materials  can  be  added  easily.  Once  the  calculation 
of  the  yield  functions  are  performed,  they  are  passed  back  to  the  user  interface  module  and 
then  the  isosurfaces,  where  the  yield  functions  axe  equal  to  zero,  are  constructed  by  the 
appropriate  visualization  modules. 

The  colormap  of  branches  from  different  layers  of  the  overall  yield  surface  is  set  in  such  a 
way  that  the  branch  from  the  first  layer  is  red  and  the  branch  from  the  last  layer  is  blue. 
A  color  bar  is  accompanied  with  the  image  of  the  yield  surfaces  that  indicates  what  color 
stands  for  which  layer. 
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Figure  6:  Program  Flow  Chart 


4.1  Program  Flow 

The  flow  chart  of  the  visualization  tool  is  shown  in  figure  6.  It  starts  from  the  user  interface 
module  that  obtains  the  laminate  descriptions  and  display  options  from  the  user;  then  the 
bimodal  module  calculates  the  MDM  and  the  FDM  yield  functions  for  each  ply  over  the 
uniform  grid  in  a  bounding  box.  Both  the  these  two  modules  are  built  on  top  of  Data 
Explorer,  making  use  of  its  functional  modules  and  data  flow  capabilities.  The  size  of  the 
bounding  box  depends  on  the  size  of  the  largest  FDM  surface.  Afterwards,  the  values  of  the 
yield  functions  are  passed  back  to  Data  Explorer  to  generate  the  yield  surface  images. 


4.2  User  Interface  Module 


The  user  interface  module  is  composed  of  four  control  panels  and  a  image  manipulation  panel 
where  they  are  linked  with  a  visualization  control  module,  as  shown  in  figure  7.  Users  input 
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Figure  7:  Structure  of  User  Interface 


the  design  parameters  and  display  options  with  the  control  panels.  A  materials  database  is 
used  to  minimized  the  input.  Such  information  is  passed  to  the  bimodal  module  through 
the  data  flow  channels  of  Data  Explorer,  in  which  the  data  set  of  the  yield  functions  are 
computed.  Then  the  visualization  control  module  selects  information  from  the  data  set  and 
generates  the  yield  surface  images  which  is  chosen  by  the  users  through  the  control  panels. 
Users  can  manipulate  the  yield  surface  images  by  the  manipulation  panel. 


4.2.1  Control  Panels 

The  four  control  panels,  namely  constituent,  layer,  visualization  and  display,  respectively, 
is  constructed  by  a  set  of  interactor  modules  supplied  by  Data  Explorer.  The  constituent 
panel  and  the  visualization  panel  are  shown  in  figures  4  and  5,  the  other  panels  are  similar. 
The  interactor  module  is  basically  a  standard  widget  of  Motif  window  manager  in  X  window 
system,  therefore,  users  familiar  with  basic  X  window  system  will  not  have  diflficulty  using 
this  tool.  The  functionality  of  the  panels  are: 


Constituent  Panel:  The  names  of  the  constituents  and  the  fiber  volume  fraction  are  in- 
puted  in  this  panel,  as  in  figure  4.  The  elastic  moduli  and  thermal  expansion  coefficients 
of  the  constituents  are  stored  in  the  database,  this  minimizes  the  input  needed  from 
the  user. 
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Layer  Panel:  In  this  panel,  the  number  of  layer,  the  thickness  ti  and  the  orientation  (pi  of 
each  ply  are  given.  Since  it  is  assumed  that  the  laminate  is  symmetric,  information  for 
only  one  half  of  the  layers  is  needed. 

Visualization  Panel:  This  panel,  shown  in  figure  5,  allows  users  to  input  visualization 
parameters  and  thermo-mechanical  situations  of  the  laminate: 

1.  Density  of  the  grid  points  in  which  the  yield  functions  are  evaluated. 

2.  Magnification  factor  for  the  bounding  box. 

3.  Chose  of  any  2-D  or  3-D  subspace  in  the  6-D  stress  space  to  display. 

4.  Temperature  increment  with  respect  to  the  original  state. 

5.  Initial  stress  components  that  are  not  in  the  displayed  subspace. 

Display  Panel:  There  are  four  switches  in  this  panel.  This  switches  control  which  yield 
surface  of  which  layer  is  displayed.  Users  can  pick  a  particular  layer  of  interest  and 
display  the  yield  surface  for  the  individual  deformation  mode  or  display  all  of  them  at 
the  same  time;  or  show  the  combined  surface  with  different  colors  represent  different 
branches  of  two  modes.  Also,  users  can  display  all  the  yield  surfaces  from  all  layers 
and  change  the  temperature  at  the  same  time  to  evaluate  the  evolution  of  the  surfaces 
and  their  interaction  between  the  layers. 

Image  Manipulation  Panel:  Fundamental  view  options,  such  as  zooming,  changing  the 
view  points,  rotation  of  the  images  etc.,  can  be  controlled  through  this  panel. 


4.2.2  Visualization  Control  Module 

The  visualization  control  module  is  basically  a  module  that  contains  a  data  object  selector 
and  a  set  of  primitive  visualization  modules,  such  as  isosurface,  autoaxis  and  autocolor  etc. 
The  primitive  visualization  modules  and  the  data  object  selector  are  supplied  by  the  Data 
Explorer. 

This  control  module  controls  the  flow  of  the  information  obtained  from  the  control  panels  and 
directs  the  selected  data  objects  from  the  bimodal  module  to  a  particular  set  of  visualization 
modules  to  generate  the  yield  surface  images  on  which  are  isosurfaces  of  zero  value.  Also,  it 
identifies  the  branches  of  the  yield  surface  that  come  from  different  layers  and  gives  ordinal 
color  indexes  to  the  branches.  The  autocolor  module  (a  primitive  visualization  module) 
assigns  the  appropriate  colors  for  them.  The  color  is  set  in  such  a  way  that  the  branch  from 
the  first  layer  is  red  and  that  from  the  last  layer  is  blue. 


4.3  Bimodal  Module 

The  procedure  of  the  bimodal  module  is  shown  in  figure  6.  The  bimodal  module  solves  a  set 
of  eigenvalue  problems  that  give  the  size  of  the  FDM  surface  for  each  layer  as  discussed  in 
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Properties 

SiC 

(982°C) 

TiaAl 

(950°C) 

B 

A1 

Young’s  modulus  (MPa) 

413000 

46000 

400000 

72500 

Poisson’s  ratio 

0.25 

0.3 

0.2 

0.33 

Coefficient  of  thermal  expansion  (10~®/°C) 

6.3 

18 

4.7 

0.234 

Initial  yield  stress  in  simple  shear  test  (MPa) 

115.47 

13.65 

Table  1:  Material  Properties 

section  2.4.  According  to  the  largest  size  of  the  FDM  surface,  the  size  of  the  bounding  box 
is  defined  and  the  uniform  grid  is  constructed.  Equation  10  is  used  to  calculate  the  global 
thermal  shift.  Then  combining  with  the  initial  stress  components  of  the  non-displayed  stress 
subspace,  it  distributes  the  overall  stress  to  the  plies  and  transforms  the  ply  stresses  to  their 
local  coordinates  with  equation  9.  Afterwards,  the  MDM  and  FDM  yield  functions  for  each 
layer  are  found  by  equation  3  and  4. 


5  Examples 


In  this  section,  two  examples  are  given  to  show  the  yield  surfaces  of  which  different  design 
parameters  are  specified  for  two  composite  systems.  The  interaction  of  the  deformation 
modes  between  layers  and  the  evolution  under  temperature  change  are  shown.  Also,  a 
figure  is  shown  the  open  ends  of  the  yield  surface  that  is  different  from  those  obtained 
from  micromechanical  models.  The  constituents  properties  are  listed  in  table  1,  the  fiber 
orientation  is  along  xl.  In  the  following  figures,  the  green  surfaces  represent  the  MDM 
surfaces  while  the  FDM’s  are  in  yellow. 

The  first  example  shows  the  yield  surfaces  of  a  SiC/TiaAl  composite  laminated  plate  consist¬ 
ing  of  six  layers  and  the  stack  sequence  is  (0°/  ±  45°)s  and  contains  a  fiber  volume  fraction 
0.55.  All  layers  have  the  same  thickness.  Since  the  plate  is  symmetric,  only  three  set  of 
yield  surfaces  are  distinct.  The  MDM  and  FDM  yield  surfaces  of  all  layers  is  displayed  in 
<Tncr22<Ti2  overall  stress  space,  as  shown  in  figure  8.  For  this  composite  system,  the  MDM 
is  activated  due  to  the  large  difference  between  the  shear  moduli  of  the  phases.  The  set  of 
surfaces  oriented  along  an  direction  represent  the  0°  layer  and  it  interacts  with  the  other 
two  set  of  surfaces  orient  to  different  directions.  The  overall  yield  surface  for  the  laminated 
plate  is  shown  in  figure  9.  In  this  figure,  the  blue  branch  comes  from  the  0°  layer;  green  from 
the  —45°  layer  and  red  represents  the  45°  layer.  Figure  10  shows  the  laminate  subjected  to 
a  temperature  change  of  500° C.  It  is  clear  that  the  overall  yield  surface  shifts  in  cru  and  <T22 
direction  and  the  —45°  layer  becomes  more  critical  since  the  green  area  becomes  larger  than 
the  former  one. 

The  second  example  shows  the  difference  of  the  yield  surfaces  of  a  B/Al  unidirectional 
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Figure  8:  Yield  Surfaces  of  a  SiC/TiaAl  Laminate 


lamina  between  different  fiber  volume  fractions.  Figure  11  shows  the  composite  of  fiber 
volume  fraction  of  0.7  and  figure  12  shows  that  of  0.4.  The  MDM  surface  for  both  Ccises  are 
exactly  the  same  because  the  MDM  surfaces  are  independent  of  material  moduli  and  volume 
fractions  as  discussed  in  section  2.  The  FDM  surface  of  the  one  of  Cf  —  0.7  is  substantially 
larger  than  the  other  one  in  cru  direction  but  close  in  the  other  directions.  Finally,  figure  13 
shows  the  open  ends  of  the  yield  surfaces  in  (Tiicr220'33  space. 


6  Closure 


In  this  paper,  a  visualization  tool  for  the  evaluation  of  the  interaction  and  evolution  of 
the  yield  surfaces  for  metal  matrix  fibrous  composite  system  is  developed.  With  the  help 
of  the  tool,  users  can  obtain  qualitative  insight  to  the  thermo-mechanical  behavior  of  the 
composite  system;  furthermore,  interesting  features  of  the  bimodal  theory  that  have  not  been 
reported  are  found.  Detail  computation  procedures  and  technical  aspects  of  the  program  are 
discussed. 
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SL^IMARY 

This  paper  considers  recent  developments  in  specific  areas  needed  to 
support  reliable  automated  engineering  modeling  tools.  TTie  areas  discussed 
are  the  integration  of  finite  element  modeling  and  geometric  modeling  using 
functional  operators,  the  management  of  analysis  attribute  information,  and 
the  framework  of  an  engineering  analysis  idealization  control  system. 

1  INTRODUCTION 

The  availability  of  inexpensive  computational  power,  generalized  numer¬ 
ical  analysis  procedures  and  geometric  modeling  systems  have  prompted  a 
number  of  researchers  and  developers  to  consider  the  addidonal  capabilities 
needed  to  effectively  combine  and  extend  these  tools  to  provide  a  powerful 
computational  environment  supporting  engineering  design.  TTie  emirts  car¬ 
ried  out  in  this  area  range  from  developing  data  models  to  transfer  geometry 
to  finite  element  applications,  to  a  posteriori  error  estimation  techniques  to 
predict  the  mesh  discretization  errors.  This  paper  discusses  a  selected  set  of 
developments  which  are  a  part  of  providing  engineers  with  reliable  tools  to 
support  the  application  of  finite  element  analysis  during  design. 

A  key  focus  in  the  development  of  finite  element  tools  must  be  ensuring 
their  ability  to  reliably  determine  the  retmested  performance  parameters  given  a 
computerized  definition  of  the  artifacL  Technologies  that  contribute  to  reliable 
finite  element  analysis  in  a  design  environment  include: 

1.  Links  between  the  geometric  definiaon  of  an  artifact  and  the  discretization 
procedures  which  generate  the  finite  element  model 

2.  Procedures  for  specifying  the  analysis  attribute  information  needed  to 
define  a  physical  problem  and  linking  it  to  the  geometric  representation 
of  the  domain. 

3.  Analysis  idealization  procedures  to  transform  the  computerized  represen¬ 
tation  of  the  artifact  into  an  idealized  model  appropriate  for  finite  element 
analysis.  These  procedures  must  also  be  able  to  operate  within  the  feed¬ 
back  loop  of  an  adaptive  analysis  process. 

4.  Automatic  finite  element  mesh  generation  procedures  which  can  interact 
with  the  geometric  model  to  generate  the  mesh,  and  interact  with  the 
adaptive  analysis  procedures  to  update  the  mesh  as  needed. 

5.  A  posteriori  error  estimation  procedures  to  measure  the  approximation 
errors  introduced  by  the  idealization  steps. 

6.  Idealization  update  procedures  for  automatically  improving  the  analysis 
idealizations. 
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request  b^ic  topological  associadvides.  The  geometric  interrogations  used 
are  Imiited  to  determining  poinrAdse  quantities  such  as  the  intersection  points 
^d  surface  normals.  Most  geometric  modeling  systems  provide  basic  sets  of 
interrogation  operators  in  terms  of  callable  routines.  More  recent  geometric 
modeling  systems  are  built  using  a  tool  kit  of  such  routines  maldng  it  easy 
for  applications  such  as  fimie  element  mesh  generators  to  access  the  needed 
functionality.  The  Finite  Octree  operators  have  been  successfully  developed 
for  multiple  geometnc  modeling  systems  including  Parasolid  (Fig.  1). 


Figure  1.  Finite  Octree  meshes  of  Parasolid  models. 

2.1  Example  of  Operator  Driven  Approach  to  Construct  and 
Discretize  Geometric  Models  for  Multi-Chip  Modules 

An  example  application  of  the  use  of  an  operator  driven  approach  to  ^th 
define  and  <&cretize  models,  is  the  thennomecnanical  analysis  of  local  regions 
of  ^multL-chy)  modules  using  automated  adaptive  finite  element  techniques  [1, 

A  multi-chip  module  (MCM)  is  a  complex  three-dimensional  object  con¬ 
structed  of  a  number  of  substrate  layers  with  embedded  wires,  which  are 
connected  between  layers  to  make  the  appropriate  electrical  connections  [19]. 
The  most  commonly  used  description  of  an  MCM  is  a  QF  file  [7,  8].  The 
CIF  file  is  not  a  complete  geometric  r^esentation,  but  it  provide  a  con¬ 
venient  structure  for  the  specification  of  microelectronic  components  and  is 
easy  to  interpret 

The  automated  adaptive  finite  element  procedures  used  to  analyze  the 
MCM  rMuire  a  3-D,  multi-material  solid  model.  Assuming  the  information 
in  the  Cir  files  corresponds  to  a  valid  geometry,  a  viable  approach  to  construct 
toe  solid  model  is  to  use  a  specific  knowledge-base  to  parse  and  translate  toe 
information  into  commands  to  automatically  drive  a  solid  modeling  system 
through  available  modeling  operators. 
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Figure  3.  An  example  mesh  of  a  Parasolid  model  of  a  chip  component 

3  ANALYSIS  ATTRIBUTE  SPECIFICATION  STRUCTURE 

J^chne  to  support  the  specification  of  analysis  attributes 
must  1)  aUow  for  the  specification  of  any  attribute  information  ii)  house 
me  organiMtion  of  attnbut^  to  support  a  particular  analysis  process,  and 

maintain  the  associativity  of  the  attributes  with  the  geometric  domain. 
Therefore,  the  structure  to  support  attributes  consists  of  three  major  groups  of 
formation:  physical  information,  organizational  information,  and  relational 
intormatton.  m  general,  attributes  are  tensorial  in  nature  and  possess  spatial 
distnbutions  [13]. 

The  physical  information  used  to  prescribe  an  attribute  is  i)  tensor  order, 
u)  coordinate  system,  iii)  tensor  symmetry,  and  iv)  distribution  information  of 
each  tensOT  component  (Fig.  4).  A  s^cture  with  considerable  flexibility  for 
the  specification  of  attribute  information  has  been  developed  based  on  these 
generalities.  For  example,  distributions  can  be  in  terms  of  other  distributions, 
or  they  can  be  results  of  a  previous  an^ysis.  A  key  to  this  flexibility  is  the 
equation  parser  which  reads  in  an  equation,  parses  it,  and  stores  it  in  a  binary 
tree  array  iii  reverse  Polish  form.  the  irrformation  needed  for  ti»  evaluation 
of^the  tr^  IS  also  stored.  Depending  on  the  components  of  the  equation,  the 
information  can  be  values  cf  the  predefined  constants,  pointers  to  built-in 
or  usCT  functions,  pointers  to  the  predefined  distributions,  or  pointers  to  the 
predefined  attributes.  An  evaluation  routine  then  evaluates  me  binary  tree 
amy,  takir^  v^ues  from  the  appropriate  places.  To  handle  the  complexity 
of  genial  distributions  and  the  manipulation  of  data  and  attributes  &om  one 
analysis  to  another,  J&cc,  a  program  that  generates  a  parser  based  on  a  set  of 
grammatical  rules  of  the  desired  language,  is  used  to  generate  die  parser. 

The  organization^  part  of  the  attribute  structure  defines  the  groupings  of 
the  sets  of  attributes  in  relation  to  aU  working  analysis  cases.  To  support  the 
various  levels  of  groupings  of  attributes  required  in  a  design  environment, 
a  multi-leyel  grouping  sttucture  coniplete  with  multipliers  has  been  defined. 
Figure  5  gives  a  general  indication  of  the  type  of  groupings  the  organizational 
structure  supports.  In  actual  implementation  this  hierarchy  is  generalized  intn 
an  efficient  Link  structure. 

The  relational  utformation  ties  the  attribute  information  to  the  domain 
description  through  links  to  the  appropriate  topological  entities.  For  example. 


FigTOT  4.  Basic  stnictiire  to  support  the 
physical  information  defining  an  attribute. 


Figure  5,  Organizational  groupings  supported  by  the  attribute  structure. 

a  surface  lo^  will  be  linked  to  the  model  face  corresponding  to  that  surface.  If 
an  attribute  is  defined  to  act  over  the  complete  topological  entity  the  relational 
information  is  straightforward.  However,  attributes  may  act  on  portions  of 
topological  entities,  or  they  may  defined  in  terms  ot  amdliary  geometric 
entities  defined  solely  for  the  specification  of  the  attribute.  In  these  cases  the 
origmal  geometric  representation  of  the  domain  must  be  augmented  by  the 
au^ary  geometric  entities  and  the  appropriate  relational  information  must  be 
stored  to  produce  the  representation  appropriate  for  the  analysis  discretization 


Figme  6.  Relationship  between  the  original  model,  the 
auxiliary  geometry  and  edge  load,  and  augmented  model. 

procedure.  This  process  is  depicted  in  Figure  6  for  the  simple  case  of  an  edge 
load  over  a  portion  of  an  eoge. 

A  set  of  64  operators  have  been  defined  to  support  the  required  augmen¬ 
tation  proc^ses.  These  operators  are  separated  into  categories  of  (i)  defStion 
of  geometric  and  topolo^cal  entities,  (n)  interrogation  of  existing  geometric 
and  topolomcal  dam  bases,  (iii)  manipidation  ot  geometric  and  topological 
entities,  (iv)  definition  of  attributes,  (v)  interrogation  of  attribute  information, 
and  (vi)  manipulation  of  attributes. 

4  ENGINEERING  ANALYSIS  IDEALIZATION 
CONTROL  SYSTEM 

The  abihty  to  apply  idealization  control  during  engineering  H«»«rign  re- 
quires  a  framewoA  which  can  house  various  levels  of  analysis  idealization 
control  with  intelligent  design  methodologies  and  engineering  analysis  tools. 
The  framework  of  a  system  that  is  specifically  structoed  to  support  the  ideal¬ 
izations  used  in  engineering  modeling  and  analysis  is  described  in  references 
[18,  21].  The  system  architecture  ri  consistent  wi±  the  architectures  being 
considered  to  support  design  modeling  systems  in  reference  [4]. 

The  heart  of  the  system  is  the  representation  of  the  object  being  designed 
and  the  modelers  th^  support  that  representation.  To  support  the  functions 
necessary  in  the  design  evolution  of  an  object,  its  representation  is  housed 
in  linked  functional  and  geometric  model  structures,  each  of  which  are  con¬ 
trolled  by  the  appropriate  modelers.  The  other  operational  components  of  the 
modeling  system  are  the  applications.  The  apphcations  include  analysis  pro¬ 
cedures  to  answer  performance  questions,  algorithms  to  alter  the  design  based 
on  aiialysis  results,  and  procedures  to  plan  the  manufacturing  processes,  etc. 
Applications  ire  separated  into  two  groups  based  on  the  technology  u^er- 
lying  their  implementation,  not  on  the  functions  addressed.  The  mst  group 
is  analytically-b^ed  applications.  The  majority  of  the  applications  in  thus 
group  are  numerical  analysis  and  optimization  procedures.  The  second  group 
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Figure  7.  Functional  and  geometric  model  for  an  example  bracket 


[2].  However,  their  effective  application  in  design  requires  the  development 
of  procedures  to  control  the  idealization  errors'  associated  with  geometric 
and  boundary  condition  simplifications  present  during  the  design  process. 
Techniques  to  control  these  ioealizations  are  particularly  important  during  the 
design  process  since  it  is  often  desirable  to  perform  analyses  at  times  when 
geometry  and  bounda^  conditions  are  not  yet  fully  known.  It  is  typically  the 
purpose  of  the  analyse  to  aid  in  the  determination  of  the  values  or  acceptable 
limits  of  those  quantities. 

Rule-based  ide^i  ration  procedures  to  control  geometric  simplifications 
consider  the  analysis  goal  and  the  state  of  the  design  in  making  the  prelinai- 
nary  idealizations  for  the  initial  analysis  step.  The  functional  model  uses  its 
links  to  ±e  geometric  model,  and  imormation  on  the  state  of  the  design,  to 
commumcate  the  feasibility  of  the  idealization  procedures  undff  considera¬ 
tion,  and  to  indicate  if  the  analysis  goal  can  be  addressed  at  the  current  point 
in  the  design  process.  The  functioi^  modeler  also  interrogates  the  geomet¬ 
ric  representation  to  determine  needed  geometric  parameters,  or  to  perform 
required  geometric  reasoning. 

The  procedure  for  determining  when  circular  holes  can  be  neglected  uses 
the  results  from  an  analysis  in  combination  with  analytic  solutions.  The  first 
step  is  to  geometrically  determine  candidate  holes.  A  candidate  hole  is  one  that 
is  assum^  to  be  small  enough  to  cause  only  local  variations  in  the  load  paths 
through  the  structure.  A  candidate  hole  must  be  far  enough  from  a  boundary 
that  Imown  analytic  expressions  may  be  used  as  meaningfiuindicators.  For  the 
sample  bracket  (Fig.  8\  &e  three  sm^  holes  (LH-1,  LH-2,  LH-3)  are  selected 
as  candidate  holes,  creating  an  idealized  functional  representation  (Fig.  8). 

The  second  step  is  to  perform  a  stress  analysis  with  all  candidate  holes 
neglected.  This  is  accomplished  by  the  automated  adaptive  analysis  proce¬ 
dures.  The  topological  model  entities  associated  with  the  loops  defining  the 
candidate  holes  are  flagged  to  be  neglected.  The  mesh  generation  process 
then  simply  does  not  use  these  (Fig.  9). 

The  third  step  is  to  use  the  stresses  from  the  finite  element  analysis  to 
estimate  the  peak  stress  around  each  neglected  hole  and  update  the  idealiza¬ 
tion  if  necessary.  The  peak  stresses  are  found  by  multiplyina  the  stresses 
determined  in  the  area  of  the  hole  by  a  stress  concentration  factor  derived 
from  analytic  solutions  [11]. 

If  the  peak  stress  around  a  neglected  hole  is  below  a  threshold,  that 
idealization  is  accepted,  if  it  is  above,  the  idealization  must  be  improved. 
The  next  mesh  is  generated  using  the  updated  model  idealization.  Subsequent 
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Figure  9.  Discretization  of  idealized  bracket 
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Figure  10.  Idealized  geometry  and  functional  model  with  final  idealizations. 


Figure  11.  Discretization  of  the  improved  idealized  bracket 
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Automatic  construction  of  3-D  models  in  multiple  scale  analysis 

M.  S.  Shephard,  M.  W.  Beall,  R.  Garimella,  R.  Wentorf 


Abstract  This  paper  discusses  techniques  tor  the  automatic 
construction  of  numerical  analysis  models  for  multiple  scale 
analyses  which  employ  interacting  models  at  two,  or  more, 
physical  scales.  Consideration  is  given  to  the  methods  to  define 
the  geometric  representations  and  generate  the  discretizations 
needed  by  the  numerical  analysis  procedures.  The  application 
of  the  techniques  to  multichip  modules  and  composite 
structures,  with  interacting  macromechanical  and 
micromechanical  level  analyses,  is  demonstrated,  in  the 
multichip  module  analyses  both  heat  conduction  and 
thermomechanical  analysis  are  performed  using  different 
numerical  analysis  techniques,  and  the  two  interaction  of  the 
analyses  at  the  through  levels  is  through  a  basic  global/local 
methodology'.  The  composite  structure  analysis  considers  crack 
propagation  at  the  micromechanical  level  interacting  with  the 
macromechanical  analysis  through  finite  element  based 
adaptive  multiscale  analysis.  In  both  example  applications  the 
focus  of  the  discussion  is  on  the  automatic  construction  of  the 
required  geometric  models  and  their  automatic  discretization. 

1 

Introduction 

The  need  for  more  accurate  determination  of  quantities  ot 
interest  has  led  to  an  increased  use  of  interrelated  analyses  in 
which  the  discretization  processes  are  perfomed  at  multiple 
physical  scales.  For  example,  in  the  two  applications  considered 
in  this  paper,  the  thermomechanical  analysis  of  multichip 
modules  and  the  fracture  analysis  of  composite  structures, 
analyses  performed  at  a  macromechanical  level  are  coupled  to 
analyses  performed  at  the  micromechanical  level  over  critical 
portions  of  the  domain  of  interest.  In  addition  to  the 
development  of  the  analysis  procedures  required,  it  is  necessan" 
to  provide  the  appropriate  modeling  and  discretization 
environment.  The  focus  of  this  paper  is  on  the  development 
of  automated  techniques  to  support  these  modeling  and 
discretization  procedures. 
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In  today’s  engineering  environment,  the  amount  of  time  and 
effort  involved  in  performing  an  analysis  using  numerical 
analysis  techniques  is  often  dominated  by  the  construction  of 
the  discrete  representation,  the  mesh,  of  the  domain  of  interest 
as  needed  for  the  analysis  at  hand.  Since  it  is  becoming  more 
common  for  a  computerized  representation  of  the  problem 
domain  (a  geometric  model)  to  be  available  to  the  analyst, 
procedures  to  efficiently  discretize  these  domains  are  being 
developed.  The  use  of  such  geometric  models  provides 
a  common  basis  to  support  multiple  related  analyses  where 
different  discretization  methodologies  can  be  used.  Performing 
an  engineering  analysis  also  requires  information  on  materials, 
loads,  boundary  conditions  and  initial  conditions.  The  support 
of  automated  analysis  procedures  requires  that  this 
information,  referred  to  as  analysis  attributes,  be  defined  in 
terms  of  the  geometric  model. 

The  generation  of  a  discrete  representation  of  a  given  domain 
and  its  numerical  analysis  constitute  only  two  of  the  steps  in 
performing  an  engineering  analysis.  A  critical  step  performed 
before  these  steps  is  the  process  of  determining  an  idealization 
of  the  physical  problem  appropriate  for  the  analysis.  For 
example,  in  the  case  of  a  composite  structure  it  is  common  to 
assume  that  the  information  of  interest  can  be  determined  by 
replacing  the  microstructurai  detail  by  a  homogeneous 
macrostructure.  In  the  applications  considered  in  this  paper,  at 
least  two  levels  of  idealization  are  used  in  a  complete  analysis 
process.  Since  the  goal  is  to  provide  automated  procedures 
to  control  all  steps  in  these  analyses,  the  procedures  must 
include  a  gener''.'  idealization  control  framework.  The  inclusion 
of  such  a  frame'. VO rk  has  the  immediate  benefit  of  providing 
a  feedback  loop  which  can  support  adaptive  idealization  control 
processes.  Section  2  discusses  the  techniques  used  to  support 
the  general  definition  of  the  problem  which  is  used  in  the 
automatic  construction  of  the  analysis  models.  Section  3 
discusses  the  idealization  control  framework  used  by  the  model 
construction  processes  for  multiple  scale  analyses. 

To  demonstrate  the  application  of  this  methodolog}s  two 
multiscale  analysis  applications  are  described.  Section  4 
discusses  a  set  of  procedures  developed  to  support  global/local 
heat  conduction  and  the  thermomechanical  analysis  of 
multichip  modules  where  the  local  level  analysis  employs  the 
detailed  microstructure  in  that  area.  Section  5  overviews  the 
application  of  the  methods  to  the  multiscale  adaptive  analysis  of 
the  fracture  of  composite  structures. 

2 

Problem  definition  to  support  automated  model  construction 

Automation  of  a  set  of  engineering  analyses  requires  that  all 
analysis  models,  and  their  discretizations,  be  derived  from 


a  single  problem  delinition.  The  two  key  components  of  this 
deftnition  are  the  domain  description  (the  geometric  model), 
and  the  analysis  and  idealization  attributes  denned  in  terms  of 
it.  This  single  problem  derinition  is  used  to  support  the 
construction  ot  ail  the  models  emploved  in  performing  the 
analysis.  For  sake  ot  discussion  this  single  problem  deiinition, 
from  which  all  other  models  are  derived,  is  referred  to  as  the 
primar/  problem  derinition. 

2.1 

Geometric  model 

The  geometric  models  constructed  from  the  primar/  oroblem 
dehnition,  in  support  of  muitiscale  anaivses,  van*  from 
a  representation  of  the  middle  surface  of  a  composite  structure, 
to  one  containing  multiple  volumes  representing  the 
micromechanical  structure  of  a  composite  material.  The 
representations  used  must  also  be  able  to  support  the 
requirements  of  automated  discretization  construction 
procedures,  such  as  automatic  3-D  mesh  generators  which 
perform  a  large  number  ot  interrogations  on  a  geometric 
representation.  The  primar/  model  must  be  structured  such 
that  the  various  idealized  engineering  analysis  models  can  be 
constructed,  and  the  interactions  between  those  interactions 
controlled.  For  example,  at  the  highest  level,  a  comoosite 
structure  may  be  idealized  geometrically  as  a  surface,  while  at 
a  second  level  a  portion  is  represented  as  a  multi-layer  volume 
or  surface,  while  on  a  third  level  a  local  region  of  the 
microstructural  components  are  represented  as  volume 
elements. 

Over  the  years,  geometric  model  representations  and 
associated  software  systems  have  been  developed  which  can 
support  these  various  forms  of  geometric  representations.  Of 
the  various  forms,  only  the  general  non-manifold  geometric 
representations  (Weiler  1988)  are  capable  of  representing  the 
general  combinations  of  v'olumes,  surfaces  and  curves  required 
by  the  various  forms  of  analyses.  Geometric  modeling  svstems 
that  can  support  the  full  range  ot  geometric  operations 
required  to  support  engineering  analysis  idealization  and 
discretization  processes  are  highly  complex,  requiring  a  massive 
development  effort.  Since  a  number  of  commercial  software 
packages  have  been  developed  that  provide  at  least  the  base 
geometric  modeling  capabilities,  the  analysis  idealization  and 
discretization  procedures  developed  in  this  work  directly 
employ  those  functionalities.  The  obvious  advantage  of  this 
approach  is  that  those  development  efforts  are  not  repeated. 
There  are,  in  addition,  important  technical  advantages  to  this 
approach  since  the  geometric  calculations  can  directly  employ 
the  tolerances  employed  in  the  geometric  modeler  (Shephard 
and  Georges,  1992). 

The  specific  requirements  placed  on  the  primary  geometric 
model  representation  depend  on  the  analysis  model  idealization 
and  discretization  procedures  used.  One  approach  is  to  assume 
a  detailed  geometric  representation  at  the  lowest  physical 
scale  is  available.  This  is  not  an  advantageous  approach  since 
the  model  sizes  would  be  unacceptably  large,  the  construction  of 
the  higher  level  models  can  be  more  complicated  than  the 
automatic  construction  ot  low  level  models,  and  the  user 
construction  of  detailed  lower  level  models  can  be  burdensome 
to  the  design  process.  The  approach  taken  here  is  that  the 
representation  stored  has  enough  information  so  that  all  the 
required  idealized  geometric  models  can  be  automatically  built. 


As  demonstrated  in  the  two  applications  considered,  the  actual 
forms  used  can  vary,  however,  in  both  cases  there  is  sufficient 
information  to  automatically  construct  the  complete 
non-manifold  geometric  models  required  for  the  automatic 
discretization  generation  procedures. 

The  most  geometrically  demanding  processes  typically 
involve  the  construction  of  the  idealized  geometric  models  for 
specific  analyses  from  the  primary  geometric  model.  One  class 
ot  such  operations  are  dimensional  reductions  where,  for 
example,  the  middle  surface  of  a  complex  three-dimensional 
solid,  which  is  thin  in  some,  through  the  thickness  direction 
is  needed  for  a  macromechanicai  level  analysis.  Another 
example  is  the  construction  of  a  muiti-materiai  solid  model  of 
a  representative  unit  cell  rrom  basic  composite  construction 
specifications.  Such  models  are  required  when  micromechanical 
models  are  included  in  the  analysis  process.  The  approach  used 
to  address  these  needs  is  to  employ  the  geometric  construction 
functionalities  of  commercial  solid  modelers,  driven  bv 
appropriate  knowledge  housed  in  the  primary  model  and  the 
analysis  strategy  being  executed.  Figure  la  shows  the  unit  cell 
for  a  composite  weave  automatically  constructed  in  the 
Parasolid  non-manifoid  solid  modeling  procedure  using  basic 
manufacturing  parameters  that  define  the  weave. 

Automatic  discretization  procedures,  such  as  automatic 
finite  element  mesh  generators,  must  also  interact  with  the 
geometric  model,  interrogating  it  to  determine  information  not 


Fig.  U,b.  Automatically  constructec  and  meshed  unit  cell  model 


directly  stored  in  the  data  structures  of  the  geometric  model. 
Since  most  commercial  geometric  modelers  provide  libraries  of 
basic  geometric  interrogations,  it  is  possible  to  develop  the 
automatic  discretization  generation  procedures  employing 
operators  built  on  those  libraries.  An  example  of  one  such  mesh 
generator  is  Finite  Octree  (Shephard  and  Georges,  1991)  which 
interacts  with  the  geometric  modeling  system  through  a  specific 
set  of  21  geometric  operators.  The  integration  of  Finite 
Octree  with  a  new  geometric  modeling  system  only  requires 
the  creation  of  those  geometric  operators  with  respect  to  that 
modeler.  This  requires  no  knowledge  ot  the  operation  of  the 
mesh  generator,  or  the  data  structures  internal  to  the  geometric 
modeling  svstem.  What  is  required  is  a  knowledge  ot  the  basic 
interrogation  operators  available  from  the  geometric  modeling 
system  which  can  be  used  to  build  the  specific  Finite  Octree 
geometric  operators.  Using  this  approach  Finite  Octree  has  been 
integrated  with  four  geometric  modeling  systems  including 
Parasolid,  ACIS,  SHAPES  and  an  in-house  modeler.  Figure  lb 
shows  an  automatically  generated  Finite  Octree  mesh  of  the  unit 
cell  in  Fig.  la. 

One  complexity'’  in  the  use  of  commercial  solid  systems 
modeling  to  support  multiple  scale  analysis  is  that  they  have 
historicsdly  been  limited  to  2-manifold  geometric  models, 
which,  put  simplys  limited  the  objects  represented  to  faces  which 
have  solid  material  on  one  side,  and  edges  with  only  two  faces 
coming  into  them.  However,  a  careful  examination  of  the 
detailed  functionalities  of  commercial  2-manifold  geometric 
modelers  indicates  that  although  they'’  cannot  properly'’  represent 
non-manifold  geometric  models,  they  can  often  perform  the 
basic  geometric  operations  required  to  define  the  entities 
needed  for  specific  classes  of  non-manifold  models.  For 
example,  there  are  operators  to  support  modified  union 
operations  needed  to  combine  individual  material  assemblies. 
These  operations  create  sets  of  coincident  faces,  edges,  and 
vertices  at  each  of  the  contact  faces.  Such  redundant  topology 
represents  inconsistencies  which  will  cause  the  automatic  mesh 
generator  to  fail.  By  maintaining  an  understanding  of  the 
redundant  relationships,  the  model’s  topological  representation 
is  postprocessed  to  eliminate  the  redundant  entities  and 
construct  the  correct  topological  use  needed  by  a  proper 
non-manifold  representation.  One  method  to  store  this 
information  is  the  radial-edge,  non-manifold,  topological 
structure  (Weiler  1988).  Seeing  the  need  for  non-manifold 
representations,  commercial  solid  modeling  systems  are 
altering  their  internal  data  representations  so  they  can  properly 
represent  non-manifold  objects. 

2.2 

Analysis  and  idealization  attributes 

Analysis  attributes  are  the  information  past  the  geometric 
model  needed  to  specify  an  anah'sis  model.  Analysis  attributes 
include  material,  boundary  condition,  load,  and  initial 
condition  information.  Idealization  attributes  define  the 
information  needed  to  convert  a  primary'  model  to  the  idealized 
model  used  in  an  analysis  process.  Examples  of  idealization 
information  are  specification  of  the  use  of  the  middle 
surface  for  an  overall  deformation  analysis,  and  the  information 
defining  the  microstructure  of  a  unit  cell. 

The  specification  of  attributes  is  ty'pically  done  employing 
ad-hoc  processes  specific  to  the  analysis  procedure.  Such 
approaches  do  not  properly  support  an  automated  environment 


when  a  number  of  different  analysis  techniques  may  be  applied. 

To  support  an  automated  environment,  the  analysis  and 
idealization  attributes  must  be  defined  directly  in  terms  of 
the  physical  parameters  and  associated  directly  with  the 
geometric  representation  of  the  primary'  geometric  model 
When  defined  in  this  manner  they  can  be  properly  transferred 
to  the  idealized  analysis  models  and  their  discretizations.  An 
attribute  manager,  following  the  basic  approach  outlined  in 
Shephard  (1988),  has  been  developed  to  support  these 
requirements  (Wong  1994). 

Since  the  physical  description  of  all  analysis  attributes  are 
in  terms  of  tensoriai  quantities,  their  effective  specification 
must  be  in  terms  of  various  order  tensors  and  their 
distribution.  The  most  convenient  means  to  score  a  tensor  is 
in  terms  of  its  components  defined  in  a  particular  coordinate 
svstem.  Since  many  of  the  tensors  used  to  define  phy'sical 
quantities  possess  various  forms  of  symmetry,  it  is 
advantageous  to  account  for  these  symmetries  to  minimize 
the  amount  of  information  required  to  specify'  an  attribute. 
Based  on  this,  the  components  of  the  structure  used  to  define  the 
attributes’  physical  information  are  (i)  the  order  of  the 
tensor,  (ii)  an  indication  of  the  coordinate  system  the  attribute 
is  defined  in,  (iii)  the  symmetries  possessed  by  the  attribute, 
and  (iv)  the  distribution  information  defining  each  component 
of  the  tensor  in  the  given  coordinate  system. 

The  specification  of  a  particular  analysis  requires  the  proper 
grouping  of  a  number  of  individual  attributes.  Since  a  number 
of  basic  attributes,  such  as  material  parameters,  are  likely  to 
be  used  in  multiple  analyses,  it  is  advantageous  to  allow 
the  single  specification  of  an  attribute  and  to  collect  the 
attributes  appropriate  for  an  analysis  into  the  specific  analysis 
case  desired.  A  hierarchical  organization  structure  that  allows 
the  convenient  collection  of  attributes,  including  the  application 
of  multipliers,  has  been  put  into  place. 

The  third  major  component  of  the  attribute  manager  is 
the  association  of  the  attributes  with  the  geometric  description 
of  the  domain.  At  the  primary'  model  level,  this  is  the  association 
of  the  attributes  with  entities  in  the  primary'  geometric  model. 
When  the  primary'  model  is  defined  in  a  solid  modeling 
system,  a  scheme  of  associating  the  attributes  with  the  correct 
topological  entities  in  the  geometric  model,  including  basic 
augmentation  functions  to  support  when  an  attribute  is 
defined  over  a  portion  of  an  entity,  is  sufficient  (Shephard 
and  Finnigan,  1989).  Additional  complications  are  introduced 
in  the  case  of  multiple  scale  analyses  because  it  is  necessary' 
to  properly  transfer  the  appropriate  attribute  information 
from  the  primary  attribute  definition  to  the  idealized  modes 
used  in  the  analysis  process.  The  transfer  of  the  attributes  must 
correctly  deal  with  such  processes  as  dimensional  reductions 
and  replacement  of  a  set  of  heterogeneous  constituents 
with  a  homogeneous  continuum.  The  case  of  dimensional 
reduction  is  complicated  by  the  geometric  operations  required. 
Determining  average  material  properties  is  complicated  by 
the  fact  that  it  is,  in  itself,  an  analysis  process  and  consideration 
of  the  range  of  procedures  available  to  determine  them 
with  their  relative  cost  versus  accuracy  trade-offs.  In  a  properly 
controlled  multiple  scale  analy'sis  structure,  this  process  must 
be  adaptively  controlled  in  the  same  manner  as  all  the  analysis 
steps. 

A  specific  set  of  procedures  within  the  attribute  manager 
have  been  developed  to  support  the  definition  of  attributes,  their 


grouping  into  analysis  cases  and  their  association  with  both 
the  primary  geometric  model  and  the  various  idealized 
geometric  models  (Wong  1994).  These  procedures  are  used 
in  conjuction  ^Wth  the  analysis  idealization  control  procedures 
described  in  the  next  section  to  support  the  multiple  scale 
analysis  applications  described  in  this  paper. 

3 

Control  of  analysis  idealizations  processes 

Given  a  primary  problem  definition  and  the  modeling  tools 
required  to  convert  the  information  into  the  input  required  for 
the  various  analysis  processes,  an  overall  structure  is  needed 
to  control  the  execution  of  each  of  the  idealization  and 
discretization  steps  perrormed.  Since  the  range  of  analysis 
idealization  and  discretization  processes  var\^  widely,  this 
overall  structure  must  be  quite  general. 

By  combining  specific  methodologies  developed  for 
controlling  engineering  decision  processes,  with  the  feedback 
loop  structure  of  adaptive  procedures,  an  analysis  idealization 
control  mechanism,  called  an  analysis  strategist,  has  been 
developed  (Shephard,  et  ai.  1990;  Wentorfand  Sheohard,  1993). 
The  analysis  strategist  considers  an  engineering  analysis  as 
a  stepwise  process  ot  reducing  the  physical  description 
and  behaviors  of  the  system  into  a  set  of  solvable  algebraic 
equations  representing  one  or  more  of  the  behaviors  of  interest 
of  a  design,  object  or  process.  At  each  step  decisions  must  be 
made  as  to  what  specific  idealizations  to  employ.  The 
selection  ot  a  specific  idealization  must  consider  the  goal  of 
the  analysis  and  the  interaction  of  this  idealization  step  with 
others.  The  analysis  goal  specifies  the  domain  of  interest,  the 
type  of  result  desired,  the  limiting  time  (cost)  and  the 
desired  reliability  of  the  results.  The  reliability  and  accuracy 
of  an  analysis  is  a  function  of  the  approximation  errors  created 
by  each  idealization  step.  Since  it  is  often  possible  to  obtain 
better  estimates  of  the  error  introduced  by  a  particular 
idealization  based  on  a  posteriori  evaluation,  the  analysis 
strategist  employs  a  feedback  loop  where  the  influence  of 
idealization  steps  can  be  examined  and  the  idealization 
improved  in  a  re-analysis  loop  until  the  desired  level  of  accuracy 
is  obtained. 

The  strategy  is  an  abstract  plan  or  template  which  is  selected 
from  a  library  and  then  refined  into  a  detailed  sequence  of 
software  operations.  The  strategy  is  represented  by  a  network 
of  frames  (Minsky  1981),  where  each  frame  represents 
a  computational  component  which  performs  a  frinction.  A  frame 
groups  information  about  the  entity  which  it  represents  using 
slots,  where  each  slot  has  a  label,  one  or  more  values,  and 
data  which  characterizes  the  type  of  the  value  and  its  source 
caOed  “facets”.  The  values  may  also  be  linked  with  other  frames, 
called  “relationships”.  The  relationships  connecting  the 
computational  components  represent  the  characteristics  of 
the  information  which  is  input  and  output  by  the  component. 
Naturally,  the  characteristics  of  the  output  of  one  component 
must  match  with  the  input  characteristics  of  the  next. 

Each  component  of  the  strategy  can  be  refined,  in  a  recursive 
manner,  into  a  sub-network  of  more  specific  components, 
where  the  total  inputs  and  outputs  of  the  refined  network  are 
inherited  from  the  less  refined  “parent”  component.  The 
refinement  stops  when  the  plan  is  sufficiently  detailed  to  be 
implemented  by  a  modeling  operation,  database  query, 
execution  of  an  analysis  package,  etc.  As  a  last  resort,  if  no 


source  for  information  critical  to  the  analysis  can  be  found, 
the  user  is  queried.  In  essence,  the  refined  strategy  is  a  functional 
model  of  an  analysis  “machine”  which  takes  the  given  domain 
as  input  and  creates  the  desired  results  of  the  analysis  goal. 
Reasoning  based  solely  on  this  information  flow  net  is  only 
one  aspect  of  refining  and  implementing  an  analysis  strategy. 

The  physics  of  the  design  must  also  be  used  to  create  suitable 
models  for  achieving  the  desired  analyzed  results.  This  is 
done  by  using  a  functional  model  of  the  artifact  being  analyzed, 
which  specifies  the  required  physical  phenomenon,  the 
geometr/  and  attributes  used  to  implement  each  functional 
component  and  the  physical  relationship  benveen  functional 
components  (Wentorf,  Shephard  and  Korngold,  1989).  For 
example,  if  the  purpose  or  function  is  to  transfer  load  as  part  of 
a  load  path,  and  the  refinement  of  that  function  is  specified 
in  terms  of  flanges,  holes,  bolts,  pre-tensioning  torcues, 
etc.  (functional  components,  geometric  forms  and  attributes), 
then  the  basic  modeling  ingredients  for  idealizing  the 
connection  between  domains  in  the  analysis  model  are  available. 
The  iunctional  model  Is  represented  using  frames  and  has 
additional  relationship  slots  which  link  the  corresconding 
geometric  and  attribute  entities  with  each  component.  The 
network  is  processed  with  rules,  some  of  which  traverse  the 
physical  relationship  slots  of  the  network,  performing  graph 
based  operations,  while  other  rules  match  with  specific 
component  slot  values.  An  example  of  the  former  rules  are  that 
which  establish  “load  paths”  in  a  functional  nenvork  by  using 
“structurally  connected”  type  relationships.  The  rules  produce 
a  network  of  idealized  components,  also  with  additional 
relationships  pointing  to  the  corresponding  idealized  geometric 
and  attribute  entities.  The  processes  used  to  create  the  idealized 
model  are  complex  and  involve  interactions  benveen  the  three 
modelers-  For  example,  the  proximity  or  extent  of  a  geometric 
feature  may  need  to  be  evaluated  in  order  to  determine 
whether  it  should  be  included  in  the  idealized  model.  If 
a  component  has  a  slot  value  used  for  idealization  and  it  is 
modeled  explicitly  in  the  primary  model,  e.g.  geometric 
proximity,  then  the  value  is  filled  by  an  external  procedure  call 
to  the  geometric  modeler  automatically  when  the  component 
is  created. 

As  a  minimum,  the  idealization  control  process  must 
consider  the  physics  envisioned  for  the  design.  Extra 
intelligence  is  added  if  the  system  can  automatically  deduce 
physical  phenomenon  beyond  the  original  design  intent.  For 
example,  a  structural  connection  can  also  imply  a  thermal 
connection  relevant  to  heat  transfer  analysis. 

A  third  category  of  knowledge  used  to  refine  and  implement 
an  idealization  control  strategy  is  analysis  expertise.  Thev 
may  be  based  upon  knowledge  of  the  theory  used  to  formulate 
the  computational  component  (e.g.  a  linear  elastic  model)  or 
may  be  based  upon  experience  matching  modeling  technique 
with  empirical  results.  This  knowledge  is  used  to  estimate 
and  evaluate  the  time  (cost)  and  reliability  of  the  results,  and 
can  determine  the  next  best  computational  component  or 
idealized  model  constituent  to  use  for  feedback  strategies. 
Mathematical  modeling  and-applicability  description  slots  in 
each  computational  component,  combined  with  access  to 
cost/error  estimation  procedures  provides  the  representations 
needed  for  reasoning. 

The  mechanism  for  control  of  idealization  processes  must 
be  able  to  reason  about  what  must  be  recomputed  if  the  problem 


definition  parameters  change.  For  example,  when  examining 
ceramic  composite  material  failure  by  cracking,  using  a  linear 
elastic  theor\s  a  change  in  material  processing  temperature 
does  not  require  reanalysis  for  determining  the  applied 
stresses.  This  can  be  deduced  from  the  detailed  strateg)’’  network 
and  increases  the  apparent  performance  of  the  strategy  in 
this  case. 

4 

Application  to  global/local  analysis  of  multichip  modules 
200  4.1 

Global/local  analysis  procedures 

A  multichip  module  (MCM)  is  characterized  by  having 
a  number  of  layers  containing  wires  and  vias  in  various 
configurations,  in  conjunction  with  a  general  chip  and  cooling 
structure  layout.  The  prediction  of  a  mechnical  failure,  such 
as  a  wire  fracture  due  to  thermomechanical  loading,  is 
critical  to  ensuring  the  abilin^  of  a  multichip  interconnect  to 
perform  its  intended  electrical  functions.  The  accurate 
prediction  of  these  failures  must  involve  the  local 
microstructural  details  of  the  MCM  at  a  potential  failure  site,  in 
an  analysis  accounting  for  nonlinear  behavior.  However, 
analyzing  a  finite  element  discretization  of  the  entire  MCM 
microstructure  would  produce  a  set  of  equations  with  orders  of 
magnitude  and  more  unkno^vms  than  can  be  realistically  solved 
on  today’s  computers. 

An  alternative  methodoiog}'  to  analyze  MCMs  is  to  employ 
global/local  procedures,  in  which  cost  effective  global  analyses 
are  performed  to  provide  the  boundar}"  condition  information 
needed  for  an  accurate  local  analysis  of  the  critical  regions 
where  the  wires,  vias,  etc.  are  fully  represented.  Both  the  global 
and  local  analyses  employ  continuum  models  to  provide 
a  mathematical  description  of  the  heat  conduction  and 
thermomechanical  behavior.  In  addition,  it  is  assumed  that 
the  heat  conduction  and  thermomechanical  problems  are 
uncoupled. 

To  be  computationally  efficient,  the  global  analyses 
procedures  employ  a  more  extensive  set  of  idealizations  on 
both  the  physical  scale  of  the  analysis  and  the  behavior  of  the 
governing  continuum  equations.  To  limit  the  size  of  the  systems 
required,  the  detailed  geometr}"  of  the  interconnect  is 
eliminated  by  employing  averaging  techniques  to  convert 
each  layer  in  the  MCM  into  an  equivalent  homogeneous 
medium.  In  the  global  analysis  problems  it  is  sufficient  to 
employ  linear  constitutive  relationships. 

The  global  analysis  procedures  are  based  on  a  variational 
technique  in  which  the  differential  equations  and  certain 
interface  and  boundan^  conditions  are  satisfied  exactly. 
Therefore,  the  numerical  solution  process  must  only  perform 
area  integrals,  as  opposed  to  full  volume  integrals  and  the 
number  of  unknowns  in  the  procedure  does  not  increase  as 
the  number  of  interconnect  layers  increases.  See  Sham,  et  al. 
(1993)  and  Tiersten,  et  al.  (1993)  for  a  description  of  the  specific 
procedures  developed  for  the  global  heat  conduction 
and  thermo  mechanical  analysis  of  MCMs. 

Because  the  interconnect  is  idealized  in  a  layerwise  fashion 
for  the  global  analyses,  the  based  domain  information  needed 
includes  the  “in-plane”  dimensions,  the  thickness  and  volume 
fractions  for  each  layer.  In  addition,  knowledge  of  the 
chip  arrangements  on  the  upper  surface  is  required.  Because 


it  does  not  need  any  information  from  other  analyses,  the 
global  heat  conduction  analysis  is  the  first  analysis  performed. 

It  provides  the  global  thermomechanical  analysis  \\ith  the 
global  temperature  field. 

The  local  heat  conduction  analysis  is  performed  using 
a  stochastic  for  solving  Laplace’s  equation  based  on  the  floating 
random-walk  method,  (Le  Coz  and  Iverson,  1992). The  local 
heat  conduction  analysis  employs  the  temperature  defined 
by  the  global  heat  conduction  analysis  on  the  boundary  of 
the  local  window. 

Since  the  details  of  the  local  stress  fields  are  critical  to  the 
prediction  of  failure  quantities,  the  local  thermomechanical 
analysis  procedure  must  accurately  represent  the  local 
geometric  detail  in  an  analysis,  including  nonlinear  material 
behavior.  The  most  effective  means  to  meet  these  goals  is  to 
employ  an  automated  adaptive  finite  element  methodology 
(Shephard,  et  al.  1993).  The  local  thermomechanical  analysis 
obtains  displacement  boundary  conditions  from  the  global 
thermo  mechanical  analysis  and  a  temperature  field  from 
the  local  heat  conduction  analysis. 

4.2 

Construction  of  idealized  geometric  models  and 
their  discretization 

The  four  analysis  procedures  employ  three  different  idealized 
geometric  and  discrete  representations  which  must  be  generated 
from  the  available  primary*  definition.  The  most  appropriate 
unique  geometric  representation,  from  which  to  generate 
the  numerical  analysis  discretizations,  is  a  non-manifold  solid 
model.  However,  consideration  of  the  design  and 
manufacturing  representations  employed  for  MCMs  indicates 
a  more  commonly  used  domain  description  is  a  GIF  file  (Mead 
and  Conway,  1980).  Although  convenient,  a  GIF  file  is  not 
a  complete  and  unique  geometric  representation  of  the 
non-manifold  geometry^  of  an  MCM.  Therefore,  the  approach 
taken  in  this  work  is  to  use  the  GIF  file,  attributed  with  a  limited 
amount  of  additional  needed  information,  as  the  basis  of  the 
MCMs  primary^  definition,  and  to  develop  the  procedures 
required  to  interpret  the  GIF  files  to  construct  the  idealized 
geometric  model  needed  by  the  automated  discretization 
generation  procedures. 

The  current  assumptions  and  associated  limitations  on  the 
GIF  file  are:  (i)  entities  are  defined  on  a  layer-by-layer  basis 
with  all  layers  being  explicitly  represented,  (ii)  entities 
wdthin  a  laver  are  rectangular  parallelepipeds  with  edges  aligned 
with  the  edges  of  the  interconnect,  (iii)  all  entities  defined  in 
the  GIF  file  are  associated  with  a  specific  layer,  and  (iv) 
neighboring  material  regions  must  share  one  or  more  faces. 
These  assumptions  and  limitations  can  be  altered  by  the 
application  of  new  GIF  file  interpretation  rules,  combined  with 
the  appropriate  construction  procedures. 

The  global  heat  connection  and  thermoelastic  analyses 
employ  a  layerwise  discrete  representation  of  the  overall 
interconnect  configuration,  where  each  layer  is  assigned  the 
appropriate  averaged  material  properties.  The  procedure  to 
determine  this  information  employs  the  attributed  GIF  file  to 
construct  models  of  each  layer  from  which  the  calculation 
of  layerwise  volume  fractions  can  be  determined  for  use  in 
the  material  property*  averaging  procedure.  The  size  and 
position  of  the  chips  on  the  top  surface  of  the  MGM  is  also 
obtained  from  the  information  in  the  GIF  file. 


The  idealized  geometric  representation  for  the  local  thermal 
analysis  must  represent  the  microstructure  in  the  local  window 
as  a  set  of  materially  homogeneous  rectangular  parallelepipeds 
with  ail  edges  in  one  of  the  three  perpendicular  directions. 

The  current  restrictions  on  the  primary  model  match  this 
requirement.  Given  the  set  of  paraileiepipeds,  the  'discretization 
for  the  local  heat  conduction  analysis  is  simply  the  diagonal 
endpoints  and  thermal  conductivirv'  of  the  paraileiepipeds. 
Geometric  and  material  data  for  the  local  heat  conduction 
analysis  are  directly  extracted  from  the  GIF  format,  and 
extended  to  three-dimensions.  Layer  thciknesses,  ^vire 
thicKnesses,  and  corresponding  thermal  conductivities  are 
extracted  from  the  anaiaysis  attribute  information. 

The  goal  or  local  thermomechanicai  analysis  is  to  be  able 
to  predict  the  initiation  of  local  failures  such  as  a  '.vire  fracture. 
Since  failure  phenomena  are  strongly  imiuenced  bv  the  local 
geometric  details  of  the  numerical  analysis,  mode:  generation 
and  discretization  generation  procedures  must  be  able  to 
deal  with  these  details.  Although  current  GIF  hie  restrictions 
limit  the  amount  of  geometric  detail  in  the  primar/  geometric 
model,  the  procedures  developed  for  the  local  thermal 
mechanical  analyses  do  not  surfer  rrom  such  limitations.  Simple 
methods  to  avoid  these  restrictions  are  demonstrated  below. 

The  finite  element  discretizations  for  the  local 
thermomechanicai  analyses  are  automatically  constructed 
using  the  Finite  Octree  mesh  generator  (Shephard  and  Georges, 
1991)  which  is  capable  of  creating  graded  meshes  of  general 
3-D  non-manifold  domains  (Weiler  1988).  However,  to 
operate  Finite  Octree  requires  the  domain  to  be  meshed  to 
be  defined  mthin  a  solid  modeling  system  ^vhich  supports  the 
required  geometric  interrogations.  Since  the  GIF  file  maintains 
only  basic  geometric  parameters,  it  is  incapable  of  supporting 
the  required  geometric  interrogations.  Therefore,  It  was 
necessary  to  develop  a  procedure  to  build,  from  the  information 
in  the  GIF  file,  the  non-manifoid  solid  model  in  a  geometric 
modeling  system  that  can  support  the  mesh  generator’s 
geometric  interrogations.  In  the  current  efforts  both  Parasolid 
and  ACIS  solid  modeling  systems,  with  the  proper  non-manifold 
extensions  tor  multiple  material  domains,  have  been  developed. 

The  procedure  used  to  generate  the  multiple  material  solid 
model  in  an  extended  solid  modeling  system  starts  mth  a  GIF 
file  containing  a  2-D  description  of  the  MCM  layers  in  terms 
of  rectangles,  polygons,  circles,  and  paths.  When  attributed 
with  a  thickness  parameter,  each  such  GIF  entity  can  be 
formed  into  an  appropriate  solid  primitive  in  the  solid  modeling 
system.  The  primitives  of  a  single  material  type  are  intersected 
against  a  box  defining  the  local  window  of  the  analysis  and 
then  unioned  to  form  the  collection  of  solid  bodies  of 
that  material  type  referred  to  as  a  material  assembly.  To  make 
this  process  computationally  efficient,  GIF  file  entities  which 
do  not  interact  with  the  selected  parallelepiped  are  not 
included  in  the  Boolean  operation  processes.  For  example, 
layers  with  z-values  that  do  not  overlap  the  parallelepiped  need 
not  be  considered,  while  entities  in  layers  of  interest  which 
do  not  overlap  the  js^-rectangle  of  the  parallelepiped 
need  not  be  considered.  Pairs  of  material  assemblies  are 
examined  and  their  interactions  defined  by  performing 
appropriate  modified  Boolean  operations.  If  there  is  no 
interaction,  proceed  to  the  next  pair  of  material  assemblies. 

If  their  interaction  is  only  at  common  boundaries,  it  is  resolved 
by  the  elimination  of  the  appropriate  pairs  of  duplicate  entities. 


If  their  interactions  include  domain  overlap,  rules  as  to  how 
to  handle  the  overlay  region  are  invoked  and  the  new  common 
boundary  interactions  are  recorded. 

Figure  2  shows  non-manifold  solid  models  built  using  three 
different  local  ^vindows  defined  in  the  vicinity  of  a  specific 
chip  in  a  seven  layer  .VIGM.  The  largest  window  shows  the 
entire  area  under  the  chip,  while  the  other  two  windows  show 
close-ups  of  a  specific  critical  junction  area. 

Figure  3  shows  a  simple  three-dimensional  test  example, 
the  automatically  generated  initial  mesh,  and  the  adaptively 
refined  mesh  or  a  highly  local  region.  .\s  expected  the  elemental 
error  estimators  predicted  refinement  at  the  juncture  of 
the  via  and  wire. 

An  examination  of  the  results  of  the  adaptive  analysis 
indicate  a  overly  high  stress  concentration  at  the  intersections 
of  the  vertical  and  horizontal  components  of  the  wires  caused 
by  using  a  shape  corner  to  represent  this  region.  To  obtain 
more  realistic  stress  values,  a  geometry  closer  to  that 
which  is  actually  manufactured  is  required  in  the  local 
thermomechanicai  analysis.  Figure  4  shows  the  original  GIF 
level  idealization  and  a  more  realistic  geomeir/  for  the 
intersection  of  two  wires  and  the  area  under  a  solder  connection. 
This  more  realistic  geometry  is  automatically  constructed 
using  the  same  basic  process  as  above,  except  additional 


Fig.  2.  Views  of  a  Parasolid  model  of  a  simple  one  chip  interconnect 
created  from  a  GIF  file 


Wire  3 


Wire  4 
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Fig.  3.  Three-dimensional  test  example 
with  initial  and  adaptively  refined 
finite  element  mesh.  Meshes  show  only 
the  element  faces  on  material 
boundaries 


Fig.  4.  Models  and  meshes  of  wires,  vias  and  solders  in  local  window 
with  sharp  comers  blended 


attribute  information  on  how  the  component  geometries  would 
actually  blend  during  manufacture  has  been  added  and  the 
solid  model  construction  procedures  extended  to  account 
for  that  information. 

5 

Application  to  adaptive  multiscale  analysis  of 
composite  structures 

Composite  structures  are  a  natural  area  for  multiscale  modeling. 
Good  estimates  of  overall  behavior  can  be  obtained  by  analyses 
using  homogenized  microstructures.  However,  the  failure 
processes  that  must  be  taken  into  account  typically  initiate 
at  the  scale  of  the  microstructural  constituents.  Modeling  an 


entire  component  at  the  scale  of  the  microstructural 
constituents  is  not  a  practical  approach  due  to  the  extreme 
size  of  the  resulting  problem.  However  in  areas  where  failure  is 
likely  to  initiate,  it  is  necessar\^  to  perform  analyses  on  the 
microstructural  scale  to  model  the  initiation  of  the  failure 
and  its  effects  on  the  rest  of  the  structure. 

As  the  microscale  damage  evolves,  it  affects  the  behavior 
of  the  composite  at  the  macroscale.  Therefore,  it  is  necessary  to 
perform  the  analysis  in  such  a  manner  that  this  coupling 
between  the  scales  is  represented.  One  technique  that  shows 
much  promise  for  this  t)ipe  of  analysis  is  the  multiscale  analysis 
of  Fish  and  Belsky  (1995a.  b). 

5.1 

Multiscale  composite  analysis 

The  multiscaie  analysis  being  used  for  composites  is  a  three 
level  analysis  .  The  top  level  is  the  component  (macro)  level, 
where  all  the  material  properties  are  considered  to  be 
homogenized.  The  bottom  level  is  the  microstructural  level 
where  all  the  details  of  the  microstructure  and  damage  that  is 
occurring  is  represented.  The  middle  level  serves  as  a  transition 
between  these  two  levels  and  incorporates  any  macro 
level  damage.  During  an  analysis  the  top  level  remains 
unchanged  while  the  second  and  third  level  are  automatically 
created  and  updated  throughout  the  analysis. 

The  analysis  uses  an  iterative  multigrid  procedure  to  solve 
the  problem.  A  homogenization  based  prolongation  operator 
(Fish  and  Belsky,  1995a,  b)  is  used  to  couple  the  solution 
between  the  transition  mesh  (with  homogeneous  material 
properties)  and  the  micro-mesh  (with  heterogeneous  material 
properties).  Further  information  regarding  the  details  of  the 
analysis  can  be  found  in  the  references. 


5.2 

Example-Crack  propagation 

The  example  used  to  demonstrate  the  model  building 
procedures  necessar;  for  multiscale  composite  analysis  is  the 
propagation  or  a  crack  through  the  microstructure  of 
a  composite  plate.  To  predict  the  growth  of  the  crack  it  is 
necessarv  to  have  a  detailed  representation  of  the 
microstructure  near  the  crack  front.  Ho^vever  in  other  areas 
of  the  model,  such  as  far  ahead  of  the  crack  or  sufncientiv  behind 
it,  such  detail  is  unnecessary  and  a  homogenezied 
representation  or  the  microstructure  can  be  used.  Thus  for 
this  analysis  the  .micro- model  will  be  needed  only  in  a  small 
area  around  the  crack  do. 

The  primar/ problem  derinkion  consists  of  a  solid  geometric 
model  of  the  physical  structure  being  analyzed  (the  macro-model) 
with  appropriate  analysis  attributes  and  idealization  attributes 
that  describe  the  layup  and  microstructure  of  the  comoosite. 
These  attributes  include  the  type  of  microstructure,  the 
parameters  needed  to  build  a  unit  cell  as  described  beiou\ 
the  material  properties  or  the  constituents  and  the  orientation  of 
the  unit  ceil  with  respect  to  the  macro- model. 

In  addition,  the  primar/  problem  dehnition  also  includes 
the  initial  geometr/or  the  crack.  It  is  assumed  at  this  point,  for 
the  saKe  of  simplicity,  that  the  initial  crack  geometry  is  a  convex, 
planar  polygon.  As  the  crack  grows  it  is  allowed  to 
become  non-conve.x  and  non-planar.  The  crack  is  assumed 
to  remain  a  single  face  throughout  the  analysis,  although  it  mav 
develop  interior  holes.  The  crack  front  is  the  set  of  edges  that 
bound  this  face  including  any  edges  bounding  interior  holes. 


5.2.1 

Unit  ceil  construction 

Before  anv  analysis  can  be  done,  a  model  of  the  microstnicture 
or  the  composite  must  be  created.  Currently  the  microstracture 
geometr/  is  assumed  to  be  periodic  and,  thus,  can  be 
represented  by  the  repetition  of  a  single  unit  cell.  This  unit 
ceil  is  used  tor  the  calculation  of  homogenized  material 
properties  using  standard  homogenization  procedures 
(Bakhvalov  and  Panasenko,  1989;  Guedes  and  Kikuchi,  1991) 
and  tor  construction  of  the  microscale  model  of  the  composite. 
Both  the  model  and  the  mesh  of  the  unit  cell  must  be  periodic. 

Common  composite  unit  cells  are:  aligned  fibers,  random 
chopped  nbers,  random  particles,  and  woven  fibers.  Samples  of 
unit  cells  or  each  or  these  types  are  shown  in  rig.  5.  The  unit 
cells  tail  into  two  categories:  those  with  prescribed -itructure 
and  those  'vith  random  structure.  The  unit  cells  ^.vith 
prescribed  structure,  such  as  the  aligned  fiber  and  the  woven 
fiber  ceils  in  Fig.  5,  are  created  from  a  parametric  model  of 
the  unit  ceil.  The  parameters  in  the  model  include  fiber 
size,  volume  fraction,  and  other  geometric  properties  of  the 
unit  ceil.  The  unit  ceil  is  constructed  by  first  creating  a  cuboid  of 
the  correct  size  of  its  boundary  and  then  creating  each 
remrorcement  as  specified  by  the  parameter  values  ^’e.g.  for 
the  aligned  fiber  unit  cell,  the  diameter  of  the  fibers  is  calculated 
from  the  fiber  volume  fraction),  then  the  reinforcements  are 
unioned  ^vith  the  boundary  to  create  the  finished  model. 

The  unit  cells  with  random  structure,  such  as  the  chopped 
fibers  and  particles  in  Fig.  5,  are  generated  using  a  stochastic 
procedure  as  follows.  For  each  piece  of  micro  structure  in  the 


Fig.  5.  A  sample  of  the  various  types  of  unit 
cells  that  can  be  created 


unit  cell  a  random  location,  and  orientation,  if  needed,  is 
selected.  A  check  is  then  made  to  determine  if  the  “periodic 
extension”,  described  below,  of  this  piece  of  microstructure  will 
interfere  with  any  already  in  the  unit  ceil.  If  it  does  not  then 
it  is  inserted  into  the  unit  ceil  and  the  process  is  repeated 
until  the  correct  volume  fraction  is  reached. 

Before  each  piece  of  microstructure  can  be  checked  for 
interference  with  others  it  must  be  determined  if  it  intersects 
any  of  the  boundaries  of  the  unit  cell.  If  it  does  intersect  any 
boundar}’  of  the  unit  ceil  then,  to  enforce  periodicity  of 
the  model,  that  piece  of  micro  structure  must  be  duplicated 
so  that  it  enters  the  unit  cell  from  the  opposite  side.  This 
duplication  must  be  done  for  each  boundary  of  the  unit  cell  that 
the  piece  of  microstructure  intersects.  The  union  of  the  original 
piece  of  microstructure  and  all  of  its  periodic  duplicates  is 
called  its  “periodic  extension”.  It  is  this  periodic  extension 
that  must  be  checked  for  interference  with  existing 
microstructure  and,  if  there  is  no  interference,  unioned  with  the 
model.  This  procedure  works  well  as  long  as  the  volume  fraction 
of  the  reinforcement  is  not  too  high.  When  the  volume  fraction 
of  the  reinforcement  is  too  high  (the  volume  of  which 
depends  on  the  shape  of  reinforcement,  but  is  t^^ically  30-40%) 
it  becomes  difficult  to  insert  the  needed  amount  of 
reinforcement  into  the  model  due  to  interference  with  previous 
inserted  reinforcements. 

5.2.2 

Microscale  model 

The  microscale  model  fully  represents  the  geometr}^  of  the 
microstructure  of  the  composite.  It  is  only  created  for  regions 
of  the  macro-model  that  are  a  small  distance  (on  the  order 
of  several  unit  cells)  from  the  crack  front.  The  first  step  in 
creating  the  microscale  model  is  to  determine  its  domain. 

The  basic  idea  to  determine  this  is  to  follow  the  crack  front 
through  a  three  dimensional  regular  grid  where  each  cell  in  the 
grid  represents  the  boundary  of  a  unit  cell.  Each  grid  cell  that 
the  front  intersects  must  be  included  in  the  microscale  model. 
In  addition  several  layers  of  unit  cells  around  those  that  the 
front  passes  through  need  to  be  modeled  to  ensure  the  accuracy 
of  the  analysis  process.  This  procedure  is  described  in  more 
detail  below  and  is  illustrated  for  a  simple  2-D  problem  in  Fig.  6: 

1.  Define  a  regular  grid  over  the  macroscale  model  where 
each  cell  in  the  grid  is  one  unit  cell  in  size  (Fig.  6b).  This 
grid  must  be  defined  so  that  when  the  unit  cells  are  inserted 
in  the  grid  locations  the  correct  microstructure  is 
created.  Thus,  it  is  necessar)'’  for  the  grid  to  be  aligned 
with  the  fiber  direction  for  composites  with  continuous 
aligned  fibers.  The  grid  is  only  defined  not  actually  created 
in  the  geometric  modeler. 

2.  Determine  which  grid  cells  the  curve  that  defines  the 
crack  front  passes  through,  this  is  the  minimal  domain 
for  the  micro-model.  This  is  illustrated  by  the  grey 
filled  cell  in  Fig.  6c.  In  the  2-D  example  shown,  the  crack 
front  is  simply  the  two  ends  of  the  crack,  however  for 

a  3-D  problem  the  front  is  a  closed  curve. 

For  the  3-D  problem  determining  the  grid  cells  that 
the  crack  passes  through  is  done  as  follows:  Pick  a  point  on 
the  curve  and  determine  which  cell  the  point  is  in,  add 
this  cell  to  the  list  of  cells  that  the  crack  front  passes 
through.  Find  which  cell  face,  edge  or  vertex  the  curve 


Fig.  6a-d.  Denning  the  domain  of  the  micro  model 


passes  through  as  it  exits  the  cell  by  intersecting  the 
curve  with  the  planes  defined  by  each  cell  face.  Add  the 
cell  on  the  opposite  side  of  the  face  to  the  list  of  cells 
that  the  crack  front  passes  through,  if  the  crack  front 
passes  through  an  edge  or  vertex  then  add  all  the  cells 
touching  that  edge  or  vertex.  Continue  this  procedure, 
tracking  the  cun'e  as  it  passes  from  one  cell  to  another  until 
the  entire  curve  have  been  traversed. 

3.  Extend  this  minimal  model  by  adding  n  layers  of  cells 
surrounding  the  minimal  cells  to  the  model  (Fig.  6c  shows 
one  layer  of  these  cells  added,  shaded  dark  grey).  This 
defines  the  domain  of  the  micro-model. 

Once  the  domain  of  the  micro-model  has  been  determined 
the  actual  model  can  be  constructed.  The  construction  is  done 
by  duplicating  the  model  for  a  single  unit  cell  and  translating 
and  rotating  it  so  that  it  aligns  with  the  grid.  This  is  done  for 
each  ceil  in  the  grid  that  has  been  determined  to  be 
needed  in  the  micro  model.  The  boundaries  of  adjacent  unit 
cells  are  then  sewn  together  to  make  a  single  model.  This  model, 
when  unioned  with  the  portion  of  the  crack  model  that  is 
interior  to  the  unit  cells,  makes  up  the  microscale  model. 

The  results  of  this  process  in  3-D  are  shown  in  Figs.  7  and 
8.  The  3-D  problem  being  modeled  is  a  flat  plate  with 
a  delamination  as  shown  in  Fig.  7a.  Also  sho\vn  near  the  middle 
of  the  plate  is  the  delamination  crack.  The  simple  unit  cell 
for  an  aligned  fiber  micro  structure,  as  shown  in  Fig.  7b,  is 
being  used.  The  microscale  model  of  the  area  around  the 
delamination  is  shown  in  Fig.  8.  Th model  includes  the  explicit 
representation  of  both  the  micro  structure  and  the  crack. 

The  mesh  that  is  created  for  the  micro-model  has  the 
restriction  that,  for  the  exterior  faces  of  the  model,  the  mesh 
must  be  identical  to  that  which  is  on  theboundar\"oftheunit  cell 
that  was  used  to  calculate  the  homogenized  material  properties. 
This  requirement  on  the  boundar}'  mesh  is  imposed  by 
the  analysis.  The  mesh  on  the  interior  of  the  model  has  no 
restrictions.  To  create  the  mesh  for  this  model  the  faces  on 
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Fig.  7a,  b.  Macro-model  and  unir  ceil 


Fig.  3.  Microscale  model  of  deiamination  crack 


the  boundary  of  the  model  are  first  meshed  using  the  mesh 
from  the  boundary  of  the  unit  ceil.  Then  the  other  (interior) 
faces  of  the  model  are  meshed  using  the  Finite  Octree 
mesh  generator  (Shephard  and  Georges).  Finally  the  interior  of 
the  model  is  meshed  using  an  element  removal  procedure 
that  works  from  the  given  boundary  mesh. 


5.2.3 

Transition  model 

The  transition  model  is  defined  to  tie  the  microscale  model 
to  the  mesh  of  the  macroscale  model.  To  create  the  transition 
model,  the  outer  boundary  of  the  unit  cells  in  the  micro- model 
must  be  found.  This  is  done  in  the  same  manner  as  the 
creation  of  the  micro-model,  except  a  cuboid  of  the  size  of 
the  boundarv"  of  the  unit  ceil  is  used  instead  of  the  model  of 
the  unit  ceil.  The  result  of  this  procedure  on  the  3-D  model  is 
shown  in  Fig.  9a,  note  that  all  of  the  internal  structure  of  the 
model,  as  compared  to  Fig.  8,  has  been  eliminated,  except 
for  the  crack. 

The  outer  boundary  of  the  transition  model  is  the  boundary 
of  the  union  of  all  elements  in  the  mesh  of  the  macro-model 
that  the  micro-model  is  interior  or  close  to.  The  procedure 
for  finding  these  elements  is  as  follows  (illustrated  for 
the  2-D  case  in  Fig.  10.) 

Given  the  domain  of  the  micro-model  as  found  above  and 
the  macro-mesh  as  illustrated  in  Figs.  10a,  b,  first  find  the 
elements  which  have  a  non- null  intersection  with  the 
micro-model  domain.  In  addition  any  elements  which  are 
considered  very  close  to  the  micro-model  domain  is  added 
to  those  that  intersect  it.  The  definition  of ‘close”  in  this  case 
depends  on  the  relative  size  of  the  elements  in  the  macro-mesh 


Fig.  9a,  b.  Boundan'  ot  micro- model 


Fig.  I0a-<L  Construction  of  the  transition  model 


to  the  size  of  the  unit  cells.  The  goal  is  to  ensure  that  the 
transition  mesh  is  a  smooth  change  in  element  sizes  from 
those  in  the  macro-mesh  to  those  in  the  micro-mesh.  Once 
the  elements  of  interest  have  been  found,  a  model  is  constructed 
that  is  the  boundary  of  the  union  of  all  of  these  elements  and 
the  inner  structure  of  the  transition  model  (the  outer 
boundary  of  the  micro-model)  is  inserted. 

This  same  process  carried  out  on  the  3-D  models  shown 
previously  results  in  the  geometry  shown  in  Fig.  11. 

The  mesh  for  the  transition  model  does  not  need  to  be 
compatible  with  the  mesh  of  the  macro-model,  however  there 
should  be  no  elements  on  the  boundary  of  the  transition  mesh 
that  are  in  more  than  one  macro-mesh  element  face.  This  is 
ensured  by  constructing  the  transition  model  so  that  the 
edges  of  the  macro-mesh  are  retained  on  the  boundary  (i.e. 
co-planar  faces  on  the  boundary  are  not  unioned  to  make 
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Fig.  11.  Transition  model 


a  single  face,  the  edges  that  define  the  original  faces  are 
retained). 


5.3 

Mode!  updates 

One  of  the  results  of  the  analysis  is  the  direction  and  distance 
that  the  crack  front  moves  at  each  step.  For  the  next  analysis 
step  to  take  place  the  models  and  meshes  must  be  updated 
to  reflect  this  growth  of  the  crack.  The  steps  in  the  model 
update  are  as  follows: 

1.  Update  crack  representation  in  micro  model  to  reflect 
the  growth  of  the  crack  (Fig.  12a) 

2.  If  the  crack  front  exits  a  unit  cell,  the  micro  and  transition 
models  are  updated  as  follows: 

a.  Update  the  micro  model  domain  (add  unit  ceils  ahead 
of  crack  and  remove  them  behind  (Fig.  12b) )  to  ensure 
that  the  micromodel  exists  for  the  desired  distance 
ahead  of  the  crack  front. 

b.  Update  the  transition  model,  including  adding  the 
domain  of  more  elements  from  the  macro  mesh  if 
micro  model  grows  into  them  as  shown  in  Figs.  12c,  d. 


Fig.  I2a-d.  Micro  and  transition  model  updates 


rig.  13.  Further  update  of  micro  and  transition  models 


One  £oal  is  to  keep  the  updates  as  local  as  possible  to  minimize 
the  amount  of  geometric  manipulation  that  must  be  done 
and  to  minimize  the  amount  of  the  model  that  must  be  remeshed 
at  each  step.  This  step  in  the  3-D  example  is  shown  in  Fig.  9 
which  shows  the  inner  boundar}^  of  the  transition  model 
after  the  update. 

As  the  crack  grows  there  will  be  a  portion  of  the  crack  that 
is  far  enough  away  from  the  front  to  not  need  to  be  modeled 
at  the  micro-scale  as  sho'VMi  in  Fig.  13.  In  this  case  all  of 
the  geometn'  of  the  crack  must  still  be  contained  interior  to 
the  transition  model.  For  these  analyses  this  is  done  by  only 
adding  macro-mesh  elements  to  the  transition  model  and  never 
removing  them  as  the  crack  grows.  Thus,  although  the 
micro-model  domain  only  surrounds  the  area  immediately 
around  the  crack  tip,  the  transition  model  encompasses  the 
entire  crack. 

In  3-D  the  elimination  of  the  unnecessary'  areas  behind 
the  crack  front  from  the  micro-model  keeps  the  problem  size 
reasonable  as  the  crack  front  grows.  Without  this  the  problem 
size  would  quickly  grow  to  be  much  too  large  to  solve.  Figure  9b 
shows  the  3-D  example  after  the  crack  has  grown. 

Meshing  the  update  models  needs  to  be  done  as  locally  as 
possible.  If  the  only  change  is  that  the  crack  has  grown  a  small 
amount  (i.e.  no  new  unit  cells  have  been  added  to  the 
micro-model)  the  mesh  is  only  updated  locally  around  the 
crack  front.  When  new  unit  cells  are  added  to  the  micro-model, 
they  can  be  meshed  using  the  mesh  that  was  created  on  the 
unit  cell  when  the  homogenization  procedure  was  done. 

This  is  a  simple  procedure  since  the  mesh  on  the  boundary' 
of  the  micro-mesh  is  identical  to  the  mesh  on  the  boundary'  of 
the  unit  cell. 

6 

Closing  remarks 

The  successful  application  of  advanced  multiple  scale 
procedures  requires  the  ability'  to  effectively  develop  the 
required  analysis  models.  This  paper  has  presented  a  framework 
and  associated  procedures  for  the  automatic  construction  of 
models  and  meshes  as  required  for  multiple  scale  analyses. 
Specific  sets  of  model  construction  procedures  have  been 
demonstrated  for  two  multiple  scale  analysis  procedures  which 
employ  different  modeling  and  analysis  procedures.  Key 
ingredients  in  these  example  applications  include  the  geometric 
modeler,  automatic  mesh  generator,  attribute  manager,  and 
the  model  building  and  discretization  strategies  used  to 
ensure  the  correct  idealized  analysis  models  are  constructed 
and  discretized. 
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MODERf^  ANALYSIS  APiD  design  is  based  upon  complex  numerical  modeling 
techniques.  These  techniques  typically  decompose  a  problem  into  many 
smaller  pieces,  and  then  solve  the  simpler  but  much  larger  problem  on  a  com¬ 
puter.  The  results  of  such  analysis,  however,  generate  such  large  data  size  as 
to  be  nearly  incomprehensible.  To  address  this  problem,  engineers  and  scien¬ 
tists  have  turned  to  visualization.  In  this  chapter  we  present  an  overview  of 
engineering  analysis  techniques,  and  describe  the  forms  of  data  that  might  be 
expected  from  such  analysis. 


3.1 

INTRODGCTION 

The  goal  of  visualizing  engineering  analysis  is  an  improved  understanding 
of  the  results  of  the  information  generated  in  that  analysis  process.  It 
is  not  difficult  to  imagine  the  potential  advantages  of  using  advanced 
visualization  methodologies  to  convert  masses  of  discrete  numbers,  often  measured 
in  gigabits,  produced  by  a  numerical  analysis  procedure  into  physically  meaning¬ 
ful  images.  What  is  more  difficult  is  the  actual  construction  of  the  visualization 
techniques,  which  can  provide  a  faithful  depiction  of  those  results  in  a  manner 
appropriate  for  the  engineer  or  scientist  who  performed  the  analysis.  The  devel¬ 
opment  of  successful  visualization  techniques  for  engineering  analysis  results 
requires  a  knowledge  of,  (i)  the  basic  analysis  procedures  used,  (ii)  the  informa¬ 
tion  input  and  output  from  the  analysis  procedure,  and  (iii)  the  goals  of  the 
analyst  applying  the  visualization  procedures. 
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This  chapter  provides  a  very  brief  introduction  into  the  ways  commonly  used 
numerical  analysis  techniques  operate,  as  well  as  the  forms  and  methods  used  to 
construct  the  discrete  models  they  require.  Consideration  is  then  given  to  the  form 
of  the  output  information  produced  by  these  procedures.  This  analysis  input  and 
output  information  provides  the  raw  data  to  be  used  for  producing  meaningful 
visualizations.  The  chapter  concludes  with  an  examination  of  how  that  informa¬ 
tion  can  be  visualized. 


3.2 

NGMERICAL  ANALYSIS  TECHNIQUES 

Engineering  analysis  is  the  process  of  taking  given  “input”  information  defin¬ 
ing  the  physical  situation  at  hand  and,  through  an  appropriate  set  of  manipulations, 
converting  that  input  into  a  different  form  of  information,  the  “output,”  which 
provides  the  answer  to  some  questions  of  interest.  The  goal  of  visualization  tech¬ 
niques,  when  used  in  conjunction  with  engineering  analysis,  is  to  provide  the  most 
meaningful  means  for  engineers  to  view  both  the  “input”  and  “output.” 

Although  there  are  several  classes  of  analysis  problems,  this  chapter  focuses  on 
one  class  which  typically  provides  the  greatest  challenges  to  the  visualization  of 
the  output.  In  this  class  of  problem  the  input  consists  of  some  physical  domains 
for  which  there  are  known  boundary  conditions,  initial  conditions  and  loads.  The 
goal  of  the  analysis  is  to  determine  one  or  more  response  variables  over  that 
domain.  The  common  method  to  develop  and  perform  an  analysis  is  to  select,  or 
derive,  a  mathematical  model  appropriate  for  the  physical  problem  that  can  accept 
as  input  the  material  properties,  initial  conditions,  boundary  conditions  and  loads, 
and  produce  as  output  the  desired  response  variables.  The  mathematical  models 
produced  by  this  process  are  typically  sets  of  panial  differential  equations.  In  some 
simple  cases,  the  exact  continuous  solution  to  these  equations  can  be  determined. 
However,  in  most  cases  such  exact  continuous  solutions  are  not  available. 

For  these  classes  of  problems,  where  exact  solutions  are  not  available,  the  intro¬ 
duction  of  the  digital  computer  has  had  a  profound  impact  on  the  way  in  which 
engineering  analysis  is  performed,  and  on  its  role  in  the  engineering  design  process. 
Today,  most  engineering  analyses  associated  with  the  solution  of  partial  differen¬ 
tial  equations  over  general  domains  are  performed  using  generalized  numerical 
analysis  procedures  which  approximate  the  continuous  problem  in  terms  of  a  dis¬ 
crete  system.  This  yields  large  sets  of  algebraic  equations  which  can  be  quickly 
solved  by  the  computer.  Software  to  perform  these  analyses  is  readily  available  in 
the  engineering  community.  Therefore,  these  numerical  analyses  are  now  per¬ 
formed  on  a  routine  basis  during  engineering  design. 

A  major  problem  confronted  by  users  of  these  techniques  is  that  the  volume 
and  form  of  the  discrete  information  produced  does  not  lend  itself  to  simple  inter¬ 
pretation,  particularly  when  an  understanding  of  the  behavior  of  the  parameters 
of  interest  over  the  domain  of  the  analysis  is  desired.  Properly  constructed  visu¬ 
alization  techniques  represent  the  key  technology  needed  to  extract  the  desired 
information  from  the  volumes  of  discrete  data  produced  by  the  analysis  procedure. 
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Figure  3.1.  Solid  model  of  a  mechanical  part 
showing  loads  and  boundary  conditions 


As  a  simple  example  of  the  power  of  the  numerical  analysis  techniques  avail¬ 
able  today,  consider  the  geometric  model  of  a  mechanical  part  shown  in  Figure 
3.1  defined  in  a  commercial  solid  modeling  system.  We  wish  to  determine  the 
deflections  and  stresses  for  this  model  subjected  to  the  loads  and  boundary  con¬ 
ditions  also  shown  in  Figure  3.1.  For  this  example  an  automated  adaptive  analysis 
was  performed  in  which  the  engineer  simply  specified  the  level  of  accuracy  desired. 
Given  the  desired  accuracy,  the  geometric  model  and  analysis  attributes  of  loads, 
material  properties  and  boundary  conditions,  finite  element  procedures  automat¬ 
ically  generated  the  mesh,  analyzed  it,  and  adaptively  improved  it  until  the 
specified  accuracy  was  obtained.  The  final  mesh  for  this  example  is  shown  in  Figure 
3.2.  At  that  point  the  engineer  is  faced  with  the  problem  of  interpreting  the 
results  of  the  analysis  which  for  even  this  simple  example  constitute  many 
megabytes  of  data.  The  visualization  techniques  discussed  in  this  book  are  key  to 
supporting  that  results  interpretation  process. 


Figure  3.2.  Automatically  generated  and  adaptively 
refined  finite  element  model  of  a  mechanical  part 
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3.3 

BRIEF  OVERVIEW  OF  ELEMENT  BASED 
DISCRETIZATION  TECHNIQUES 

The  majority  of  current  numerical  analysis  procedures  for  solving  partial  dif¬ 
ferential  equations  employ  cell-based  discretizations  of  the  domain  of  interest.  The 
commonly  applied  cell-based  discretization  techniques  are  finite  element,  finite  dif¬ 
ference,  boundary  element  and  finite  volume. 

In  finite  difference  methods  the  continuous  differential  operators  are  replaced 
by  difference  equations,  using  the  value  of  the  dependent  variables  at  discrete  loca¬ 
tions.  With  all  differential  operators  replaced  by  difference  equations,  the  solution 
by  finite  differences  consists  of  covering  the  domain  with  a  set  of  evaluation  points 
to  be  used  in  the  difference  equations.  The  values  of  the  dependent  variables  at 
these  locations  are  only  known  at  specific  locations  dictated  by  the  boundary  and 
initial  conditions.  In  a  properly  formulated  problem,  the  substitution  of  these 
known  values  and  the  differenced  load  yields  a  solvable  system  algebraic  equation 
in  terms  of  the  values  of  the  dependent  variables  at  the  difference  locations. 

A  different  set  of  steps  is  employed  in  the  application  of  finite  element, 
boundary  element,  and  finite  volume  techniques.  In  these  techniques  a  two-step 
process  is  performed.  The  first  step  is  to  convert  the  governing  partial  differen¬ 
tial  equations,  the  strong  form,  into  an  equivalent  integral  form,  the  weak  form. 
The  weak  form  is  then  discretized  by  approximating  the  appropriate  terms  in  the 
weak  form  by  given  distributions  written  in  terms  of  unknown  multipliers.  The 
mathematical  manipulations  performed  in  the  construction  of  the  weak  form 
differentiate  the  basic  methods  and  dictate  the  requirements  placed  on  the  distri¬ 
butions  which  can  be  validly  used.  The  details  of  the  specific  method  are  further 
dictated  by  the  methods  used  to  construct  the  distributions.  The  commonly  applied 
methods  employ  piecewise  distributions  which  are  non-zero  only  over  individual 
cells,  typically  called  elements,  written  in  terms  of  values  on  their  boundary.  By 
the  proper  matching  of  the  boundary  values  on  neighboring  elements,  the  valid 
distribution  over  the  entire  domain  is  constructed.  Appendix  3.9  outlines  the  basic 
mathematical  steps  in  the  finite  element  method.  Interested  readers  should  consult 
basic  finite  element  references  for  additional  information  [13,  26,  30]. 


3.3.1  Commonly  Used  Element  Geometry 
and  Shape  Functions 

As  indicated  in  the  Appendix  to  this  chapter,  a  key  ingredient  in  the  con¬ 
struction  of  the  finite  element  equations  is  the  selection  of  element  shape  functions 
and  the  integration  of  the  operators,  equations  (3.13-3.15)  over  the  domain  of 
the  elements.  The  selection  of  the  element  shape  functions  must  satisfy  specific 
requirements  so  that  the  elemental  integrations  and  their  summation  are  mean¬ 
ingful.  Considering  the  generic  second  order  partial  differential  equation 
(Equation  3.9)  which  can  represent  many  of  the  physical  problem  types  of  inter¬ 
est,  the  minimum  requirement  is  that  the  dependent  variable  and  first  partial 
derivatives  are  continuous  within  the  element,  C',  and  the  dependent  variable  be 
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4^2 


^1 


Parent  Element 

Figure  3.3.  Parametric  coordinate  system  for  element  description 

continuous  between  elements  C*^.  Considering  the  use  ot  topologically  simple  finite 
elements,  for  example  three-  and  four-sided  in  2-D,  these  requirements  are  easily 
met  by  selecting  the  value  of  the  dependent  variable’at  locations  on  the  boundary 
cf  the  element  and  using  polynomial  shape  functions.  For  example,  it  is  easily 
shown  that  the  C'  intra-element  and  C'^  inter-element  continuity  tequirements  are 
easily  met  by  selecting  linear  element  shape  functions  written  in  terms  of  the  values 
at  the  triangle’s  vertices.  Considering  a  simple  scalar  field,  the  element  shape 
functions  for  the  linear  triangular  element  can  be  wrinen  as 

[3.1] 

a=l 

where  dl  are  the  values  of  evaluated  at  the  node  a  of  element  e,  and  are  linear 
shape  functions  having  a  value  one  at  node  a  and  zero  at  the  other  nodes. 

If  all  finite  elements  were  constructed  using  linear  shape  functions  acting  over 
simplex^  elements,  the  process  of  visualizing  finite  element  results  would  be  sim¬ 
plified.  This  is  not,  however,  the  case.  It  is  common  in  finite  element  analysis  to 
employ  higher  order  functions  to  represent  both  the  variation  of  the  dependent 
variable  over  the  element  as  well  as  its  shape.  To  support  the  process  of  forming 
the  elemental  integrals  needed  these  higher  order  elements  typically  employ  a  para¬ 
metric  coordinate  system.  Figure  3.3  depicts  a  parent  element  in  the  parametric 
coordinate  system  and  the  real  element  in  a  global  coordinate  system  for  a  2-D 
quadrilateral.  The  3-D  parametric  coordinate  system  for  a  brick  adds  a  coor¬ 
dinate  to  that  shown  in  2-D..  Area  and  volume  coordinates  are  typically  used  for 
triangular  and  tetrahedral  elements  [8]. 

Using  parametric  coordinate  systems  the  variation  of  the  dependent  variables 
and  element  shape  are  written  as 

u’’^'lK(4)d,  [3.2] 

a=l 


1.  Triangles  in  2-D  and  tetrahedra  in  3-D 
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and 


^  =  [3.3] 

J=I 

where  x  represents  the  shape  of  the  element,  N^iy)  are  the  dependent  variable 
shape  functions  wrinen  in  terms  of  the  parametric  coordinate  system,  Njfg)  are 
element  geometry  shape  functions  written  in  terms  of  the  parametric  coordinate 
system,  and  represents  the  discrete  shape  parameters,  such  as  the  global  coor¬ 
dinates  of  points  on  the  boundary  of  the  element. 

The  most  commonly  used  finite  element  shape  functions  are  defined  in  terms 
of  linear,  quadratic  or  cubic  Lagrange  polynomials  interpolated  through  nodes  on 
the  closure  of  the  element  [8,  13,  30].  In  2-  and  3-D  the  individual  shape  func¬ 
tions  are  combinations  of  products  of  1-D  Lagrange  polynomials.  The  use  of 
nodal  interpolation  and  parametric  coordinates  make  it  easy  to  construct  these 
shape  functions  to  satisfy  the  C°  inter-element  continuity  requirements,  since  the 
values  along  a  boundary  are  uniquely  defined  in  terms  of  nodal  values  on  that 
boundary,  and  nodal  values  are  common  to  neighboring  elements  sharing  bound¬ 
aries.  It  is  also  common  in  the  use  of  these  shape  functions  to  employ  the  same 
shape  functions  for  the  dependent  variables  and  element  geometry.  Such  elements 
are  referred  to  as  isoparametric  elements.  Figure  3.4  shows  the  common  forms  of 
these  elements,  from  linear  to  cubic  shape  functions  over  four  sided  2-D  elements. 

Over  the  past  several  years  finite  element  developers  have  expanded  the  classes 
of  geometric  functions  used  in  the  construction  of  finite  elements.  One  of  the  main 
drivers  of  these  developments  is  the  desire  to  employ  p-r/ersion  finite  element  tech¬ 
niques.  Unlike  fixed  polynomial  order  finite  element  methods  where  the  solution 
accuracy  is  increased  by  increasing  the  number  of  finite  elements  (the  so  called  h- 
version),  the  p-version  maintains  a  fixed  mesh  and  increases  the  solution  accuracy 


Quadratric 


Cubic 


Figure  3.4.  Common  isoparametric  element  forms 
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by  increasing  rhe  polynomial  order  ot  the  finite  elements.  It  is  also  possible  to 
combine  the  rwo  technologies  yielding  the  hp-uersion  of  the  finite  element  method 
which  has  been  shown  to  provide  the  greatest  increases  in  solution  accuracy  for 
a  fixed  computational  effort  [26]. 

In  the  p-uersion  the  polynomial  order  of  elements  in  the  mesh  can  become 
quite  high  in  which  case  the  Lagrangian  type  shape  functions  commonly  used  in 
the  h-uersion  are  not  acceptable.  Therefore,  Lagendre  polynomials  are  commonly 
used  for  the  dependent  variable  shape  functions  in  p-uersion  elements  because  they 
are  numerically  well  conditioned,  allow  the  hierarchic  construction  of  element 
matrices,  and  can  be  easily  used  to  construct  meshes  where  the  polynomial  order 
varies  over  the  mesh.  One  minor  drawback  is  that  the  individual  degrees  of 
freedom  (dof)  terms  are  no  longer  just  the  value  of  the  dependent  variable  at  a 
node  point.  Instead,  they  are  often  various  higher  order  derivatives  evaluated  at 
element  mid-edges,  mid-faces  and  at  the  centroid  of  the  element.  These  dof  are 
selected  and  shared  between  elements  such  that  maintaining  the  required  inter- 
element  continuity  is  not  difficult. 

The  finite  elements  employed  in  p-version  meshes  are  typically  quite  large,  and 
cover  sizeable  portions  of  the  boundary  of  the  domain  being  analyzed.  Therefore, 
it  is  critical  that  the  geometry  shape  functions  used  for  these  elements  introduce 
very  little  approximation  error.  For  example,  it  is  common  to  have  only  four 
element  edges  around  a  circular  hole.  Clearly,  a  piecewise  linear  geometry  approx¬ 
imation  which  would  yield  a  square  would  introduce  substantial  errors  into  the 
analysis  results.  One  approach  that  has  been  applied  to  construct  geometric  shape 
functions  is  to  employ  transfinite  mapping  techniques  using  implicit  geometric 
functions  for  the  geometric  boundary  of  the  elements  of  a  high  order  geometric 
approximation  [10,  11]. 

3.3.2  Element  Integration 

With  the  shape  functions  selected  for  the  dependent  variables  and  geometry 
of  the  elements  the  next  task  is  to  perform  integrals  over  the  elements  to  form  rhe 
element  stiffness  matrices  and  load  vectors.  Consider  a  term  in  the  stiffness  matrix 

kl^=a[N,,N,]  =  \;HHK)[g\Nh)]dD.  [3-4] 

where,  for  sake  of  discussion,  we  e.xamine  a  2-D  element  and  a  particular  typical 
integral  as 

[3-3] 

where  in  the  x,  first  partial  derivative  of  N^.  Since  the  element  shape  func¬ 
tions  are  written  in  the  parametric  coordinate  system  the  relationship  between 
the  coordinate  systems  must  be  established.  Consideration  of  Equation  3.3  shows 
it  is  easy  to  form  ,  therefore  the  are  found  by  first  applying  the  chain  rule 
of  differentiation  for  which  in  2-D  can  be  written 
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[3.6] 


and  then  inverting  that  expression  to  yield 
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where  [/]  is  referred  to  as  the  Jacobian  matrix  and  |/|  is  its  determinate.  Note  that 
the  terms  in  Equation  3.7  are  easily  constructed  by  the  use  of  Equation  3.3  and 
the  element  geometry  shape  functions.  The  final  substitution  required  in  Equation 
3.5  is  the  proper  coordinate  change  to  integrate  in  the  local  coordinates.  This  is 
accomplished  by  the  use  of  dx-^dxi  =  |/|  dq^Ci.  Substituting  these  into  the  specific 
case  of  Equation  3.5  yields 


r 


A 


dxi  dN^  dx2 


dq.  dq,  dq,  d^. 


1  ) 


dxydNi,  ^c/x-^  dNh 


3^2  dq,  dq2 


Midq2 


[3.8] 


Since  the  final  form  of  the  element  stiffness  integrals  are  in  terms  of  rational 
polynomials,  they  are  not  easily  integrated  in  closed  form.  Therefore,  numerical 
integration  techniques  are  employed  [13,  26,  30].  Since  the  integrals  are  over  fixed 
domains  in  the  parametric  coordinate  system,  optimal  techniques  such  as  Gauss 
quadrature  are  typically  applied. 


3.4 

METHODS  TO  CONSTRUCT  AND 
CONTROL  ELEMENT  MESHES 

A  key  aspect  of  the  finite  element  method  is  the  construction  of  the  finite 
element  mesh  used  to  represent  the  domain  over  which  the  analysis  technique  will 
be  applied.  Consideration  of  the  type  and  distribution  of  finite  elements  in  the 
mesh  is  key  because: 

•  The  accuracy  and  computational  efficiency  of  the  finite  element  method  is  dic¬ 
tated  by  type  and  distribution  of  finite  elements. 
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•  The  generation  of  the  finite  element  mode  dominates  the  cost  of  application 
of  the  finite  element  method.  Its  construction  typically  reoresents  70-80%  of  the 
total  cost. 

•  The  finite  element  mesh  is  the  appro.ximate  representation  of  the  domain  to 
which  solution  results  will  be  tied.  It  represents  a  basic  component  of  the  infor¬ 
mation  used  for  visualization  processes. 

The  ne.xt  subsection  indicates  the  methods  used  to  generate  finite  element 
meshes.  The  following  subsection  mentions  the  area  of  adaptive  techniques  to 
control  the  mesh  to  provide  the  desired  level  of  accuracy. 


3.4.1  Mesh  Generation 

In  the  early  application  of  the  finite  element  method  there  was  no  computer¬ 
ized  representation  of  the  domain,  and  few  tools  were  available  to  generate  the 
finite  element  mesh.  Therefore,  the  finite  element  meshes  were  manually  drawn 
and  converted  into  the  computer  by  creating  input  “decks”  defining  each  and  every 
finite  element  entity.  As  computing  hardware  began  to  mature,  and  interactive 
graphics  techniques  became  cost  effective,  interactive  finite  element  preprocessors 
became  available.  These  programs  provided  users  with  tools  to  interactively  define 
the  boundaries  of  mesh  patches,  which  could  then  be  filled  with  finite  elements 
using  appropriate  mapping  procedures.  These  programs  had  a  major  impact  on 
the  finite  element  model  generation  process.  However,  they  still  represented  a 
bottom-up  approach  to  the  generation  of  the  domain  to  be  analyzed  in  terms  of 
finite  element  mesh  entities. 

Over  the  years  these  finite  element  preprocessors  have  been  e.xtended  to  allow 
simple  links  with  computer-aided  geometric  modeling  systems.  These  links  allow 
users  to  import  basic  boundary  entities  from  the  geometric  modeling  system, 
which  can  then  be  manipulated  and  used  in  the  construaion  of  the  finite  element 
entities  which  bound  mesh  patches.  Today  the  majority  of  finite  element  meshes 
are  generated  using  these  interactive  graphics  tools  based  on  these  techniques. 

Recently,  fully  automatic  mesh  generators,  capable  of  operating  directly  with 
the  CAD  representation  to  produce  meshes  of  domains  without  user  interaction, 
have  been  introduced  [9,  22].  An  automatic  mesh  generator  can  be  defined  as  an 
algorithmic  procedure  which  can  create  a  mesh,  under  program  control  and 
without  user  input  or  intervention.  All  automatic  mesh  generation  approaches 
must  address  the  same  basic  issues  of 

•  Determining  a  distribution  of  mesh  vertices  to  provide  the  form  of  mesh  gra¬ 
dation  requested. 

•  Constructing  the  higher  order  finite  element  entities  of  mesh  edges,  faces  and 
regions  using  the  node  points,  and 

•  Ensuring  the  resulting  triangulation  represents  a  valid  finite  element  mesh. 

The  primary  differences  in  the  approaches  developed  are  the  manner  in  which 
they  perform  the  steps  above.  At  one  end  of  the  spectrum  are  techniques  which 
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(i)  place  all  the  mesh  vertices  throughout  the  domain  to  be  meshed,  (ii)  apply  a 
criterion  to  connect  the  points  to  create  a  set  of  elements,  and  (hi)  apply  an  assur¬ 
ance  algorithm  to  convert  the  initial  triangulation  into  a  geometric  triangulation. 
At  the  other  end  of  the  spectrum  is  a  technique  that  works  directly  off  the  geo¬ 
metric  model,  carefully  removing  elements  one  at  a  time,  creating  individual  mesh 
vertices  on  an  as  needed  basis,  and  ensuring  that  at  each  step  in  the  process  the 
requirements  of  a  geometric  triangulation  are  satisfied. 

Currently  four  algorithmic  approaches  receiving  considerable  attention  are 
Delaunay  [— ,  d,  —0],  advancing  front  [a,  15],  medial  axis  [12.,  2*7],  and  octree  tech¬ 
niques  [4,  14,  20,  24]. 

An  example  of  an  automatic  mesh  generator  is  the  Finite  Octree  procedure  in 
which  the  mesh  is  generated  as  a  two-step  meshing  process  [24].  In  the  first  step 
the  geometric  domain  is  discretized  into  a  set  of  discrete  cells  that  are  stored  in  a 
regular  tree  structure,  referred  to  as  the  Finite  Octree.  In  the  second  step  the  indi¬ 
vidual  cells  within  the  Finite  Octree  are  discretized  into  finite  elements,  with 
specific  care  to  ensure  the  proper  matching  to  the  elements  in  the  neighboring  cells. 
All  of  the  individual  operations  performed  during  the  mesh  generation  process  are 
performed  in  such  a  manner  to  ensure  the  result  is  a  geometric  triangulation  of 
the  original  domain  [21,  25]. 

The  construction  of  the  Finite  Octree  can  be  easily  visualized  by  first  placing 
the  domain  to  be  meshed  into  a  parallelopiped  cell,  typically  a  cube,  which 
encloses  it.  This  original  cell,  which  represents  the  root  of  the  Finite  Octree,  is  sub¬ 
divided  into  its  eight  octants,  which  represent  the  eight  cells  at  the  first  level  of 
the  tree.  Each  of  these  cells  can  be  recursively  subdivided  into  its  eight  octants  pro¬ 
ducing  the  next  level  in  the  tree  for  that  cell.  Since  the  finite  elements  to  be 
generated  in  the  second  step  are  of  the  size  of  the  individual  cells,  element  size 
and  gradation  are  controlled  by  those  cells  that  are  subdivided,  and  how  many 
times  they  are  subdivided.  The  regular  tree  structure  of  the  Finite  Octree  supports 
efficient  procedures  to  generate  the  resulting  mesh. 

An  important  difference  between  the  Finite  Octree  representation,  and  a  basic 
oaree  decomposition  of  a  domain,  is  that  during  the  generation  of  the  Finite 
Octree  a  cell  level  discrete  representation  of  the  portion  of  the  domain  within  the 
cell  is  constructed.  This  construction  is  simple  for  the  cells  entirely  inside  or 
outside  the  object  being  meshed.  It  is  those  cells  that  contain  portions  of  the 
boundary  of  the  domain  for  which  carefully  structured  geometric  interrogation 
processes  are  required  to  ensure  that  the  discrete  cell  level  representation  is  topo¬ 
logically  equivalent  and  geometrically  similar  to  the  portion  of  the  geometric 
domain  in  that  cell.  The  discrete  geometric  information  generated  during  this 
process  is  stored  in  a  non-manifold  topological  data  structure,  a  compact  form  of 
which  is  also  used  to  store  the  final  mesh  [29].  Figure  3.5  shows  a  Finite  Octree 
decomposition  of  the  model  shown  in  Figure  3.2. 

The  finite  element  mesh  is  generated  on  a  cell-by-cell  basis  using  a  set  of 
element  removal  operators.  The  cell  level  element  removal  procedures  employ  the 
pointwise  geometric  interrogations  to  ensure  that  the  resulting  mesh  is  topologi¬ 
cally  compatible  and  geometrically  similar  to  the  geometric  domain.  When  a  cell 
is  meshed,  the  information  in  the  Finite  Octree,  and  a  non-manifold  topological 
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Figure  3.5  Finite  Octree  decomposition  of  domain  (left),  element  mesh 
after  element  removal  (center),  and  after  mesh  finalization  (right)  for  the 
example  problem. 


data  structure,  is  used  to  ensure  that  it  will  properly  match  the  mesh  in  any  neigh¬ 
boring  cells  that  have  already  been  meshed.  After  the  mesh  has  been  generated  a 
specific  set  of  finalization  procedures  are  applied  to  eliminate  poorly  shaped  ele¬ 
ments  ind  to  reposition  the  node  points  to  improve  the  shapes  of  those  that  are 
maintained.  Figure  3.5  shows  the  mesh  for  the  example  problem  after  the  appli¬ 
cation  of  the  element  removal  procedures  and  after  the  finalization  procedures  are 
applied. 

For  a  more  complete  technical  explanation  of  the  Finite  Octree  mesh  genera¬ 
tion  procedure  the  interested  reader  is  referred  to  Reference  [24]. 

3.4.2  Adaptive  Finite  Element  Mesh  Control 

Since  the  accuracy  of  the  solution  obtained  is  a  function  of  the  finite  element 
mesh,  it  is  critical  that  the  type  and  distribution  of  finite  elements  within  the 
domain  be  controlled.  Broadly  speaking  the  methods  to  control  the  finite  element 
discretization  can  be  grouped  as  a  priori  and  a  posteriori.  In  a  priori  methods,  the 
individual  generating  the  mesh  exercises  explicit  control  on  the  type  and  distrib¬ 
ution  of  finite  elements,  based  on  their  knowledge  of  the  physical  problem  being 
solved.  Since  the  individual  analyzing  the  problem  does  not  have  perfect  knowl¬ 
edge  of  the  problem  (if  they  had  that  knowledge,  they  would  not  need  a  finite 
element  analysis),  the  a  priori  methods  can  pro'-de  a  computationally  efficient 
mesh,  but  the  actual  accuracy  of  the  analysis  is  net  known.  The  goal  of  a  posteri¬ 
ori  mesh  control  is  to  employ  the  results  of  the  previous  analysis  to  estimate  the 
mesh  discretization  errors  and  then  improve,  in  an  optimal  manner,  the  mesh 
until  the  desired  degree  of  accuracy  is  obtained.  Such  a  posteriori  mesh  control 
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capabilities,  referred  ro  as  adaptive  methods,  are  capable  of  generating  efficient 
meshes  for  a  wide  variet>-  of  problems  as  well  as  providing  explicit  error  values 
[1,7,  16,  1~  18], 

The  combination  of  an  automatic  mesh  generator  and  adaptive  analysis 
techniques  allows  the  reliable  automation  of  finite  element  analysis.  The  main  com¬ 
ponents  of  such  an  automated  adaptive  finite  element  procedure  are: 

•  An  automatic  mesh  generator  that  can  create  valid  graded  meshes  in  arbi¬ 
trarily  complex  domains 

•  A  finite  element  analysis  procedure  capable  of  solving  the  given  physical 
problem 

•  An  a  posteriori  error  estimation  procedure  to  predict  the  mesh  discretization 
errors,  and  to  indicate  where  it  must  be  improved 

•  A  mesh  enrichment  procedure  to  update  the  mesh  discretization 

Clearly,  the  a  posteriori  error  estimation  procedures  are  central  to  the  ability 
of  an  adaptive  procedure  to  reliably  control  the  mesh  discretization  errors.  The 
approaches  that  have  been  developed  to  estimate  the  errors  range  from  simple 
indicators  that  indicate  where  the  solution  variables  are  changing  rapidly,  to  pro¬ 
cedures  that  convert  the  residuals  of  the  approximate  solution  to  bounded 
estimates  of  the  errors  in  norms,  e.g.,  measures,  of  interest. 

There  are  also  a  number  of  possible  methods  to  enrich  the  finite  element  dis¬ 
cretization  based  on  the  results  of  the  error  estimation  and  correction  process. 
They  include  (i)  moving  nodes  in  a  fixed  mesh  topology  (r-refinement),  (ii)  sub¬ 
dividing  selected  elements  in  the  mesh  into  smaller  elements  (h-refinement),  (hi) 
increasing  the  order  of  polynomials  (p-refinement),  and  (iv)  superimposing  selec¬ 
tive  enriched  mesh  overlays  (s-refinemenr).  Each  of  these  methods  has  relative 
advantages  and  disadvantages.  Often,  a  combination  of  methods  provides  the  most 
effective  strategy.  For  example,  the  optimal  combination  of  h-  and  p-refinement 
has  been  shown,  both  theoretically  and  numerically,  to  provide  greatly  improved 
computational  efficiency  over  the  application  of  a  single  method. 

Figure  3.6  shows  a  comparison  of  a  priori  and  adaptive  a  posteriori  mesh 
control.  The  mesh  on  the  left  was  defined  using  a  priori  mesh  connrol,  where  the 
user  specified  a  finer  mesh  at  the  common  areas  of  stress  concentration  around 
the  holes.  This  mesh  was  then  used  as  an  initial  mesh  in  an  adaptive  analysis  pro¬ 
cedure,  aiming  for  less  than  the  5%  error,  that  produces  the  mesh  on  the  right.  A 
comparison  of  the  two  meshes  indicates  that  the  initial  mesh  was  not  fine  enough 
around  two  holes  and  at  specific  reentrant  corners,  while  it  was  finer  than  required 
around  the  third  hole. 


3.5 

VISQALIZATION  GOALS 

Since  the  fundamental  goal  of  visualization  is  effective  communication,  it  is 
imperative  to  understand  both  the  audience  of  the  communication  as  well  as  the 
information  that  needs  to  be  communicated.  In  the  following  section  we  describe 
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Figure  3.6  Initial  mesh  (left)  and  adaptively  refined  mesh  (right) 
for  the  second  automated  adaptive  example. 

both  the  potential  users  of  visualization  in  engineering  analysis,  as  well  as  the 
results  data  that  must  be  communicated  to  these  users. 

From  the  most  general  perspective  the  information  available  to  the  visualiza¬ 
tion  process  consists  of  the  geometric  description  of  the  domain,  the  analysis 
attributes  of  loads  material  properties  and  boundary  conditions  defined  in  terms 
of  that  domain,  and  the  distribution  of  the  solution  results  of  interest  over  that 
domain.  What  is  actually  available  to  the  visualization  process  are  two  descrip¬ 
tions:  the  problem  specification  and  attributes  in  terms  of  the  original  geometric 
model  (e.g.,  CAD  model),  and  the  analysis  results  tied  in  a  discrete  manner  to  the 
computational  mesh  (e.g.,  finite  element  mesh). 

The  discussion  given  here  focuses  on  the  computational  mesh  description  of 
the  domain  and  attributes,  and  the  results  defined  in  terms  of  the  mesh.  An  alter¬ 
native  approach  is  to  visualize  results  data  in  terms  of  the  original  geometric 
description  of  the  domain.  Although  we  do  not  discuss  this  approach  here,  the 
basic  idea  is  to  perform  an  inverse  mapping  from  the  results  data  of  the  mesh  to 
the  original  geometry.  In  either  case  the  computational  mesh,  analysis  attributes, 
and  results  data  necessarily  serve  as  the  starting  point  for  visualization. 
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3.5.1  Goals  of  Visualizing  Results 

The  goal  of  the  visualization  process  is  to  effectively  communicate  the  poten¬ 
tially  large  data  available  from  the  engineering  analysis  process.  Typical  users  of 
engineering  analysis  tools  often  fall  into  one  of  two  categories:  the  design  or 
product  engineer,  and  the  methods  engineer  or  analyst. 

The  design  engineer  is  generally  interested  in  synthesis  of  function.  Engineer¬ 
ing  analysis  and  visualization  is  used  to  perform  overall  evaluation  of  the  product. 
The  design  engineer  is  typically  looking  for  an  understanding  of  a  design  or 
product  in  order  to  improve  it.  A  typical  example  is  designing  a  compressor  blade 
in  a  jet  engine.  The  design  engineer  looks  carefully  for  stress  concentrations  and 
vibration  response,  and  may  adjust  the  structure  to  avoid  resonance  conditions  or 
material  fatigue  problems.  Numerical  values  are  often  required  to  characterize  a 
particular  design  point,  such  as  determining  the  peak  magnitude  of  the  stress,  or 
to  compare  the  natural  frequencies  of  the  compressor  blade  to  upstream  stimu¬ 
lus.  The  actual  solution  process  of  the  engineering  analysis  is  of  little  concern  to 
the  design  engineer,  as  long  as  the  solution  is  accurate  enough  for  his  needs. 

In  comparison,  the  analyst  is  generally  interested  in  the  details  of  the  engi¬ 
neering  analysis.  Often  the  analyst  is  responsible  for  creating  analysis  tools  for  the 
design  engineer  to  use,  or  performs  analysis  of  particularly  challenging  analytical 
problems.  Hence  the  primary  concern  of  the  analyst  is  the  accuracy  of  results,  and 
the  sensitivity  of  results  to  variations  in  input  parameters.  This  requires  detailed 
understanding  of  the  solution  process.  The  analyst  may  also  require  information 
to  guide  the  solution  process,  that  is  adjusting  model  and  simulation  inputs  to 
provide  proper  convergence  to  solution.  As  a  typical  example,  an  analyst  might 
evaluate  the  location  of  shock  fronts  in  a  supersonic  flow  analysis  around  a  com¬ 
pressor  blade  in  a  jet  engine.  Effective  visualization  provides  enough  insight  into 
the  solution  process  to  adjust  parameters  controlling  numerical  stability  and 
modify  analytical  models  as  necessary. 

3.5.2  Types  of  Analysis  Variables  to  Be  Visualized 

The  data  available  for  visualization  from  engineering  analysis  can  be  roughly 
categorized  into  mesh  geometry  and  the  solution  data  associated  with  the  mesh 
geometry.  Although  this  classification  is  obvious  in  light  of  the  previous  discussion 
of  engineering  analysis  techniques,  this  distinaion  between  geometry  and  data  is 
blurred  in  many  visualization  applications.  In  volume  visualization  the  geometry 
is  completely  implicit,  and  the  data  available  for  visualization  is  assumed  to  be  a 
series  of  values  implicitly  associated  with  a  regular  array  of  points.  In  finite  dif¬ 
ference  analysis,  the  topology  is  implicitly  assumed;  (i.e.,  a  regular  array  of  points 
in  conjunction  with  i-j-k  dimensions),  and  the  geometry  is  specified  as  an  (implic¬ 
itly)  ordered  sequence  of  coordinate  locations. 

Mesh  geometry  is  the  computational  mesh  including  intermediate  mesh  geom¬ 
etry  and  topology  hierarchy.  For  example,  in  three  dimensions  tetrahedral  or 
hexahedral  elements  are  often  used  to  discretize  the  domain.  IVIany  visualization 
techniques  require  the  triangle  and  quadrilateral  faces  of  these  elements  for 
viewing  results,  or  may  require  the  ability  to  move  across  element  boundaries  (as 


74 


Representation  of  Mesh  and  Results  Data 

in  streamline  generation).  Mesh  geometry  also  includes  intermediate  meshes  from 
any  enriched  mesh  overlays  (s-retinement),  or  may  be  time  dependent  due  to  adap¬ 
tive  solution  techniques  or  a  truly  transient  analysis.  Mesh  geometry  is  generally 
used  to  form  the  viewing  conre.xt  for  visualization  techniques  such  as  mapping 
color  corresponding  to  stress  level  on  the  surface,  or  deforming  the  geometry- 
according  to  the  displacement  field. 

Solution  data  consists  of  both  primary  and  secondary  solution  variables.  The 
primary  variables  result  directly  from  the  solution  process  of  the  system  of  global 
equations  (e.g.,  displacements  in  structural  analysis),  while  secondary  solution  vari¬ 
ables  are  typically  related  to  derivatives  of  the  primary  variables  (e.g.,  stresses  or 
strains).  In  some  cases,  results  data  includes  surface  fluxes  that  may  be  associated 
with  a  particular  face  or  edge  of  the  element. 

Visualization  techniques  are  often  characterized  according  to  the  form  of  solu¬ 
tion  data.  Typical  classifications  include  scalar  data,  vector  data,  and  tensor  data. 
Scalar  data  is  an  array  of  scalar  (i.e.,  single-values,  each  value  uniquely  associated 
with  a  point  in  space.  Examples  include  temperature  or  pressure  data.  Vector  data 
is  an  array  of  n-dimensional  vectors,  where  n  is  the  dimension  of  the  computa¬ 
tional  domain.  Example  vector  data  includes  velocity,  displacement,  or  momentum 
fields.  Tensors  are  generalized  specifications  of  data  in  the  form  of  matrices. 
Common  tensors  include  the  second-order  stress  tensor  (a  3  x  3  matrix  in  3-D) 
and  the  fourth-order  elastic  stress-strain  tensor  (a  9  x  9  matrix  in  3-D).  Scalar  and 
vector  data  are  zero-order  and  first-order  instances  of  tensors,  respectively. 

3.6 

REPRESENTATION  OF  MESH  AND  RESULTS  DATA 

A  major  issue  facing  implementors  of  3-D  visualization  systems  is  the  repre¬ 
sentation  of  data.  On  the  one  hand,  visualization  systems  must  be  as  general  as 
possible,  since  they  must  interface  to  a  broad  range  of  data  sources.  Visualization 
systems  are  also  constrained  by  limitations  on  computer  performance.  Computer 
hardware  vendors  offer  efficient  paths  for  3-D  graphics  by  providing  hardware- 
accelerated  graphics  primitives  such  as  points,  lines,  and  polygons.  Using  these 
primitives  as  compared  to  generating  visualizations  in  software  produces  order  of 
magnitude  differences  in  speed.  On  the  other  hand,  modern  analysis  systems 
depend  upon  sophisticated  mathematical  techniques  for  modelling  complex 
physics.  The  result  is  that  most  visualization  systems  make  significant  compromises 
in  l30th  the  representation  and  mapping  of  results  data  into  visual  representations 
in  order  to  facilitate  the  interactive  e.xploration  of  data. 

This  section  describes  a  data  structure  that  explicitly  represents  computa¬ 
tional  meshes  and  results  data.  This  structure  is  not  typical  of  most  visualization 
systems.  Some  use  structures  quite  similar  to  the  hierarchical  structures  described 
here,  and  require  limited  mapping  from  one  form  to  the  ne.xt.  Other  visualization 
methods  (e.g.,  volume  visualization)  represent  data  in  terms  of  structures  com¬ 
pletely  independent  of  the  computational  mesh.  These  methods  may  be  properly 
referred  to  as  sampling  techniques,  and  the  representation  of  this  data  is  not 
treated  here. 
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3.6.1  Mesh  Geometry 

Representations  of  mesh  geometry  are  dependent  upon  the  particular  analysis 
techniques  employed.  For  example,  finite  difference  techniques  use  a  topologically 
regular  grid  in  conjunction  with  an  ordered  list  of  point  coordinates  to  specify 
geometry.  In  the  discussion  that  follows,  mesh  geometry  is  assumed  to  be  of  a  finite 
element  n'pe.  This  type  is  the  most  general  form,  and  other  geometry  types  can 
be  mapped  into  it. 

Historically,  the  representations  of  a  finite  element  mesh  consisted  of  a  list  of 
element  connectivities  and  node  point  coordinates  (Figure  3.7  (a)).  In  particular, 
a  type  flag  is  used  to  represent  the  topology  of  the  element,  and  an  ordered  list  of 
nodes  in  combination  with  a  list  of  nodal  point  coordinates  is  used  to  specify  the 
geometry  of  the  mesh.  This  information,  combined  with  the  knowledge  of  how 
to  employ  the  element  type  flag,  can  be  used  to  construct  any  information  regard¬ 
ing  the  shape  of  an  element.  Although  it  is  a  compact  structure,  it  lacks  the 
generality  needed  for  some  of  the  more  advanced  finite  elements  and  their  com¬ 
bination  with  adaptive  analysis  procedures.  A  more  general  approach  is  to  consider 
the  hierarchy  of  topological  entities  and  describe  the  finite  elements  in  terms  of 
these  entities  and  their  adjacencies. 

Topological  hierarchies  provide  a  general  framework  for  engineering  analysis 
[23,  28,  29].  This  means  that  topology  is  an  explicit  abstraction,  which  serves  as 
an  organizing  structure  for  data.  In  engineering  analysis,  topology  serves  as  the 
link  between  geometrically  specified  computational  models  (Figure  3.1)  and  the 
numerical  methods  (e.g.,  the  mesh)  necessary  to  solve  these  problems  (Figure  3.2). 
Organizing  data  according  to  topology  shields  the  user  from  the  details  of  the  geo¬ 
metric  representation  (splines,  implicit  surfaces,  etc.)  and  computational  mesh, 
while  providing  a  mechanism  to  map  information  from  one  representation  to  the 
other. 

A  simple  hierarchical  structure  for  mesh  geometry  is  shown  in  Figure  3.7(b). 
The  topology  of  each  M-dimensional  element  is  defined  in  terms  of  its  [n  -  1)- 
dimensional  boundaries.  Each  «-dimensional  topological  entity  may  also  have  a 
geometric  specification  (i.e.,  shape  and  location)  associated  with  it.  For  example, 
a  vertex  is  associated  with  a  position  in  space,  an  edge  with  a  parametric  space, 
and  a  face  with  a  spline  surface. 

Advanced  modeling  of  composite  structures,  evolving  and  or  non-manifold 
geometry,  and  adaptive  analysis  techniques  benefit  greatly  from  the  addition  of 
additional  classification,  adjacency,  and  use  information.  Classification  is  a  nec¬ 
essary  step  for  rigorous  generation  of  finite  element  meshes,  and  is  simply  an 
association  of  each  entity  in  the  mesh  topological  hierarchy  with  a  correspond¬ 
ing  topological  entity  in  the  original  geometric  model  [19,  21].  Classification 
information  is  the  hook  that  allows  mapping  problem  specifications  in  terms  of 
geometry  to  a  discretized  computational  model,  and  then  back  again  to  visualize 
results.  Adjaceny  information  is  the  relationship  in  terms  of  physical  proximity  and 
order  of  one  topological  entity  to  another.  An  example  of  one  adjacency  rela¬ 
tionship  is  the  group  of  faces  in  cyclic  order  around  an  edge.  Use  information  is 
a  modeling  convenience  that  specifies  the  way  one  topological  entity  is  used  in  the 
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(a)  (b) 

Figure  3.7  Traditional  mesh  structure  (a) 
and  hierarchical  structure(b). 

definition  of  another;  (e.g.,  the  direction  or  orientation  of  the  defining  topology). 
Both  adjacency  and  use  information  are  useful  in  complex  analytical  problems  such 
as  evolving  geometry,  where  boundary  contact  occurs  and  modification  to  the 
underlying  geometric  representation  is  required. 

3.6.2  Data  Representation 

.\s  described  previously  the  results  data  from  a  finite  element  analysis  may 
consist  of  scalar  (zero  order  tensor),  vector  (1st  order  tensors),  or  tensor  infor¬ 
mation.  The  location  of  this  information  may  be  on  element  nodes,  within  the 
element  at  interior  points,  or  possibly  on  the  element  boundary. 

The  hierarchical  mesh  geometry  representation  is  a  convenient  structure  in 
which  to  house  this  information.  Scalar,  vector,  or  tensor  data  located  at  element 
nodes  is  associated  with  the  mesh  vertices.  Surface  or  edge  fluxes  are  associated  with 
the  faces  or  edges.  Interior  element  data  are  associated  with  the  region.  In  some  cases 
the  in : .  :ior  element  data  may  be  e.\trapolated  to,  and  stored  with,  the  mesh  vertices. 

A  particularly  important  issue  is  the  native  representational  form  of  the  analy¬ 
sis  results.  That  is,  if  the  analysis  system  generates  results  in  double  precision 
form,  the  visualization  system  should  represent  data  in  native  form  as  well.  This 
is  particularly  important  when  the  results  are  of  small  size  (byte  or  short),  since 
representing  a  small  type  with  a  large  type  can  unnecessarily  consume  enormous 
memory  resources.  Related  to  this  issue  is  computational  form:  visualization  algo¬ 
rithms  should  use  enough  accuracy  to  produce  correct  visualizations. 

Probably  the  overriding  issue  in  representing  analysis  results  is  choosing  a 
compact  representational  form.  Since  the  expressed  purpose  of  visualization  is  to 
effectively  communicate  information,  visualization  systems  are  most  effective 
when  they  can  treat  large  data. 
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3.7 

MAPPING  ANALYSIS  RESGLTS  TO  VISUALIZATIONS 

Producing  visualizations  requires  mapping  results  data  into  visual  representa¬ 
tions.  Typical  procedures  involve  either  sampling  the  results  data  on  a  regular  grid 
(i.e.,  volume  visualization),  or  conversion  of  analytical  forms  (nodes  and  ele¬ 
ments)  into  graphical  forms  (points,  lines,  polygons).  Once  this  mapping  is 
accomplished,  the  techniques  described  in  later  chapters  of  this  book  are  applied 
to  generate  the  visual  images.  The  remainder  of  this  chapter  provides  an  overview 
of  the  mapping  from  results  data  into  forms  necessary  for  visualization.  Particu¬ 
lar  emphasis  is  placed  on  the  approximations  and  potential  errors  involved  in  the 
mapping  process. 


3.7.1  Extrapolation  and  Interpolation 

Because  of  the  nature  of  engineering  analysis,  solution  data  is  available  at  a 
finite  set  of  points  within  the  computational  mesh.  Primary  solution  variables  are 
typically  available  at  node  points  of  the  mesh,  while  secondary  variables  are  often 
calculated  at  points  interior  to  the  element  where  they  are  known  to  be  more  accu¬ 
rate.  The  discrete  nature  of  solution  data  is  of  major  concern  in  the  visualization 
process,  because  information  is  frequently  required  at  locations  other  than  that 
direaly  available  from  the  solution.  Hence  this  information  must  be  derived  by 
performing  both  interpolation  or  extrapolation,  depending  upon  the  location  of 
the  solution  data.  Generally  this  mapping  process  requires  an  intimate  knowledge 
of  the  analysis  technique,  and  should  be  carried  out  using  the  same  element 
approximation  functions  used  for  formulation  of  the  system  equations. 

Extrapolation  is  used  when  results  data  is  available  interior  to  mesh  elements, 
and  a  data  value  is  desired  in  outer  regions  such  as  element  node  locations.  Results 
data  Is  frequently  available  only  at  select  interior  points,  because  solution  accu¬ 
racy  is  known  to  be  greatest  there.  E.\trapolating  stresses  from  integration  points 
to  element  nodes  is  a  typical  example. 

A  simple  extrapolation  scheme  is  based  on  normalizing  the  element  shape  func¬ 
tions  so  that  the  integration  points  are  located  at  the  corners  (i.e.,  at  c  =  (±1)),  and 
then  evaluating  the  data  at  the  element  node  points.  Another  common  extrapo¬ 
lation  scheme  is  based  on  the  least  squares  process.  Typically,  interior  values  are 
known  interior  to  an  element  on  a  small  array  of  points  (e.g.,  2x2x2  or  3x3x3) 
located  in  the  parametric  space  of  the  element.  Stresses  are  assumed  to  vary  as  a 
product  of  low  order  polynomials  (usually  linear  or  quadratic),  and  the  least 
squares  coefficients  are  generated  from  the  integration  point  values  and  evaluated 
at  the  element  nodes. 

There  are  two  major  difficulties  with  extrapolation.  When  extrapolating  from 
the  element  interior  to  the  node  points,  different  values  for  each  node  will  be  gen¬ 
erated  from  each  of  the  elements  that  use  that  node.  The  usual  approach  in  this 
situation  is  to  average  the  contributions  from  each  element  to  generate  a  single 
value.  Extrapolation  may  also  produce  errors  as  a  result  of  the  difference  Between 
the  order  of  the  approximation  function  in  the  element  and  the  actual  physics  of 
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rhe  problem.  In  elliptic  partial  differential  equations  the  maximum  value  will 
always  occur  at  the  domain  boundary  and  extrapolation  techniques  produce 
results  that  underestimate  peak  values.  Analytic  solutions  of  stress  concentrations 
around  geometric  features  clearly  show  polynomial  rates  of  stress  increase  much 
higher  than  the  extrapolation  equations  above. 

Interpolation  is  used  when  results  data  is  available  throughout  a  region  of  the 
element,  and  a  data  value  is  desired  within  that  region.  The  most  common  case 
arises  when  results  data  is  available  at  the  element  nodes,  and  an  interior  element 
data  value  is  required.  Interpolation  is  based  on  the  element  shape  functions  of 
Equation  3.1,  where  in  this  case  U  represents  results  data  available  at  the  element 
nodes. 

A  common  problem  with  both  extrapolation  and  interpolation  techniques  is 
that  they  require  specifying  locations  (where  a  data  value  is  desired)  in  terms  of 
the  element  coordinate  system.  Unfortunately  many  visualization  algorithms 
specify  point  locarion  in  global  coordinates.  Hence  the  use  of  interpolation  and 
extrapolation  techniques  frequently  requires  transforming  a  global  coordinate 
into  an  element  coordinate.  This  process  involves  identifying  the  particular 
element  the  point  is  in,  as  well  as  solving  Equation  3.25  for  the  element  coordi¬ 
nates  g.  Because  the  element  geometry  functions  are  typically  products  of 
polynomials,  closed-form  solutions  are  generally  not  available.  Instead,  numeri¬ 
cal  techniques  such  as  Newton’s  method  can  be  used  to  solve  the  systems  of 
equations  for  the  element  coordinates  [6]. 

3.7.2  Mapping  to  Visualization  Forms 

There  are  two  common  approaches  to  mapping  engineering  analysis  data  into 
visualizations.  These  arc  1)  data  sampling  and  2)  conversion  of  mesh  geometry  and 
results  data  directly  into  graphical  primitives. 

Data  sampling  is  a  conceptually  simple  process  (Figure  3.8(a)).  Results  data  are 
sampled  on  a  structured  array  of  points  using  interpolation  and/or  extrapolation. 
The  user  need  only  specify  the  resolution  and  position  of  the  sampling  array,  taking 
care  to  sample  at  a  high  enough  frequency  to  capture  the  details  of  the  solution. 
Standard  volume  visualization  techniques  (Chapter  6)  are  then  used  to  generate 
the  visual  images. 

Data  sampling  is  particularly  useful  for  visualizing  analysis  results  based  on 
higher-order  shape  functions,  or  for  seleaed  regions  within  the  domain.  A  sig¬ 
nificant  problem  with  this  method  is  that  the  data  size  of  the  sampled  data  grows 
with  the  cube  of  the  sampling  density,  since  current  techniques  are  not  adaptive. 
Hence,  the  danger  is  that  limitations  on  computer  resource  may  result  in  errors 
due  to  undersampling  the  results  data. 

Conversion  of  results  data  to  graphics  primitives  is  another  common  mapping 
technique.  This  process  involves  matching  element  types  to  available  graphics 
primitives  (Figure  3.8(b)).  For  a  small  set  of  linear  element  types  (i.e.,  points,  lines, 
triangles,  and  quadrilaterals)  this  mapping  is  direct,  as  long  as  results  data  is  avail¬ 
able  at  the  element  nodes,  otherwise  extrapolation  needs  to  be  employed.  Other 
linear  3-D  elements  such  as  hexahedra  and  tetrahedra  can  be  decomposed  by 


79 


Analysis  Data  for  Visualization 
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(a)  Regular  sampling  (b)  Conversion  to  graphics  primitives 
Figure  3.8  Sampling  data  (a)  and  primitive  conversion  (b). 


mapping  the  element  faces  to  triangles  and  quadrilaterals.  Higher  order  elements 
are  often  broken  into  many  primitives  depending  upon  the  topology  of  the  ele¬ 
ments  and  possibly  the  nature  of  the  solution  within  the  element. 

Mapping  to  graphics  primitives  is  the  most  common  technique  today,  since  it 
provides  information  that  graphics  hardware  can  efficiently  process.  This  results 
in  highly  interactive  visualization  systems.  The  basic  problem  with  this  approach 
is  that  decomposing  non-linear  elements  into  linear  graphics  primitives  results  in 
significant  loss  of  accuracy.  Decomposition  of  higher  order  elements  is  particulary 
difficult  because  of  the  complex  topology  of  the  element.  The  decomposition 
should  also  be  driven  by  the  particulars  of  the  analytical  solution,  which  is  rarely 
performed  in  practice. 

Another  imponant  effect  during  the  mapping  of  results  data  to  visualizations 
is  due  to  the  linear  interpolation  schemes  employed  during  the  rendering  process. 
This  effect  is  common  to  both  data  sampling  and  primitive  conversion  techniques 
(Figure  3.9).  Data  sampling  techniques  depend  upon  volume  rendering  to  gener- 


1  4 

scan  line  interpolation  error 

Figure  3.9  The  application  of  basic  linear  interpolation 
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ate  the  image.  Volume  rendering  in  turn  uses  nearest  neighbor  or  tri-linear  inter¬ 
polation  methods  to  generate  data  values.  These  methods  generate  interpolated 
values  different  from  that  obtained  by  using  element  shape  functions,  especially 
for  higher  order  elements  such  as  those  employed  in  the  adaptive  p-refinement 
finite  element  method.  The  primitive  conversion  technique  suffers  a  similar 
problem,  since  a  linear  interpolation  scheme  is  employed  during  the  rendering  (i.e., 
scan  conversion)  process.  Also,  because  the  relative  orientation  of  the  graphics 
primitives  may  vary  with  respect  to  the  direction  of  the  scan  conversion,  the 
interpolation  process  will  generate  different  visualizations  depending  upon  the  ori¬ 
entation  of  the  primitives. 

3.8 

SOMMARY 

Typical  modern  engineering  and  analysis  techniques  are  based  upon  discretiz¬ 
ing  a  problem  domain  into  small  pieces,  or  elements.  Over  each  element  an 
approximation  function  is  used  to  represent  the  behavior  of  the  element  in  terms 
of  unknown  solution  variables.  These  variables  are  gathered  into  large  systems  of 
equations  and  then  solved  on  a  computer.  The  results  of  this  computation  can  be 
further  processed  to  yield  derivatives  and  other  related  solution  variables.  The 
forms  of  these  data  are  usually  scalar,  vector,  or  arbitrary  tensor.  Visualization 
techniques  are  then  used  to  map  the  solution  information  back  into  the  original 
problem  domain. 

Visualization  is  a  relatively  young  field,  and  significant  improvements  are 
needed  to  better  support  engineering  analysis.  A  major  problem  is  that  analysis 
and  visualization  are  often  viewed  as  disconnected  activities.  Visualization  tech¬ 
niques  must  be  tightly  coupled  with  engineering  analysis  to  accurately  convey  the 
full  form  and  range  of  results  data.  Computer  graphics  vendors  also  must  be 
encouraged  to  directly  support  advanced  visualization  functionality  such  as  higher- 
order  graphics  primitives  and/or  programmable  interpolation  functions.  New 
visualization  techniques  must  be  developed  to  extend  current  scalar  and  vector 
techniques,  and  to  provide  effective  tensor  visualizatiori. 

3.9 

APPENDIX:  CONSTRUCTION  AND  DISCRETIZATION  OF 
WEAK  FORM  OF  THE  GOVERNING  EQUATIONS 

Weak  forms  representing  the  mathematical  description  of  a  physical  problem 
can  either  be  directly  stated  in  terms  of  some  integral  principal,  or  can  be  con¬ 
structed  from  the  governing  differential  equations.  Assume  the  mathematical 
description  of  a  boundary  value  problem  of  interest  is  given  as  a  second  order 
partial  differential  equation  form  as^: 

2.  Consideration  of  higher  order  partial  differential  equations,  and  initial  value  problems  where  time 
is  also  an  independent  variable,  adds  to  the  terms  considered  here.  However,  the  primary  issues  discussed 
are  the  same.  Specific  comments  on  accounting  for  time  are  given  in  later  sections. 
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Given  ^ :  a  ^  3?,  and  ^  ^  %  find  u  such  char  [3.9] 

f  =  0  on  Q 


«  =  |onrj,  [3.10] 

‘S^u)^  f(g:)  =  h  on  Ft, 

where  u  is  the  primary  dependent  variable,  /  is  the  forcing  function,  g  are  pre¬ 
scribed  boundary  conditions,  h  are  prescribed  flux  conditions,  is  a  second  order 
differential  operator,  3^  is  a  first  order  differential  operator,  !F(0  is  an  algebraic 
operator  acting  on  the  fluxes  a,  Q.  is  the  domain  of  the  analysis,  is  the  portion 
of  the  boundary  on  which  the  prescribed  boundary  conditions  are  prescribed,  and 
i;  is  the  portion  of  the  boundary  on  which  the  prescribed  flux  conditions  are 
prescribed. 

Solid  mechanics  is  one  such  problem  area  where  the  dependent  variables,  u, 

the  displacements,  the  forcing  functions,  f,  are  body  loads,  the  prescribed 
boundary  conditions  are  displacements,  g,  and  tractions,  ^,’and  the  secondarv  vari¬ 
ables  of  interest  are  the  stresses,  a.  As  discussed  later,  the  users  of  the"  finite 
element  analysis  procedures  are  interested  in  visualization  of  both  the  primary  and 
secondary  variables  of  interest. 

A  common  method  to  construct  a  weak  form  of  the  partial  differential  ec]ua- 
tions  (see  Equation  j.9),  begins  by  multiplying  the  domain  equation  by  a  weighting 
funaion,  integrating  over  the  domain,  and  setting  that  to  zero. 

\w[^D-{u)-f^dQ  =  0  [3.11] 

Q 

If  Equation  o.ll  is  satisfied  for  all  admissible  weighting  functions  w,  and  the 
boundary  conditions  of  Equation  3.10  are  satisfied,  the  exact  solution  to  the 
problem  is  obtained.  Obtaining  this  solution  is  as  difficult  as  solving  the  original 
system  Equations  j.9  and  3.10.  The  advantage  of  the  weak  form  comes  when  finite 
dimensional  spaces  are  used  for  the  weighting  and  trial  functions,  M/and  u,  respec¬ 
tively.  In  this  case  the  solution  to  Equation  3.11  provides  only  a  weighted  integral 
solution  to  Equation  3.9,  since  Equation  o.ll,  which  is  only  an  approximate  solu¬ 
tion,  will  not  in  general  be  satisfied  at  all  points. 

Although  it  is  possible  to  directly  construct  approximate  numerical  solutions 
to  the  basic  weighted  integral  form  of  Equation  3.11,  it  is  not  a  convenient  form 
for  two  major  reasons.  It  requires  trial  and  weight  functions  that  must  satisfv  all 
boundary  conditions  as  does  Equation  3.10  in  their  full  and  homogeneous  form, 
respectively.  Commonly  applied  weighted  residual  methods  perform  mathemati¬ 
cal  manipulations  which  yield  more  convenient  integral  forms.  For  example,  by 
the  proper  application  of  integration  by  pans  and  the  divergence  theorem.  Equa¬ 
tion  3.11  can  be  manipulated  to  produce  an  equivalent,  but  more  useful,  weak 
form: 
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Given  /  :  Q  3?  and  ^  :  F,— >  91,  m  =  g  on  F^ ,  [3-12] 

and  ^  =  0  on  Fj ,  find  u  such  that 

I  ^ (ti))dD.  =  J  t^dCl  +  J  i^dF 

«  '  nr* 

for  all  admissible  weight  functions  where  and  are  first  order  differential 
operators  which  depend  on  T)^  and  the  mathematical  manipulations.  In  Equation 
3.12  it  was  assumed  that  the  mathematical  manipulations  were  performed  such 
that  the  last  integral  did  recover  the  natural  boundary  condition  term,  h. 

It  is  convenient  at  this  point  to  introduce  the  commonly  used  abstract  opera¬ 
tors,  with  specific  properties,  for  the  individual  terms  in  Equation  3.12.  This 
allows  the  direct  application  of  the  discretization  procedure  outlined  below  to  any 
class  of  problem  which  satisfies  the  operators’  properties  [13,  26].  For  the  current 
example  define 


«)  =  It/"*  (M)jdn 

n 

[3.13] 

[3.14] 

a 

=  ju>hdr 

[3.15] 

'  ’’  r* 

this  notation  Eq  cion  3.12  becomes 

[3.16] 

Following  Reference  [13],  the  discretization  of  Equation  3.16  to  yield  the 
form  used  by  numerical  methods  begins  by  approximating  the  infinite  dimensional 
spaces  for  u  and  w  with  finite  dimensional  spaces  h*  and  w^.  To  satisfy  non-zero 
essential  boundary  conditions  while  selecting  functions  from  spaces  satisfying  the 
appropriate  boundary  conditions,  it  is  convenient  to  write 

=  +  [3.17] 

The  terms  ^and  must  satisfy  homogeneous  essential  boundary  conditions, 
0  on  r^,  and  g*  must  satisfy,  at  least  approximately,  the  essential  bound¬ 
ary  conditions,  on  F^.  Substitution  of  these  functions  into  Equation  3.16 
yields 

=  [3.18] 

which  must  hold  for  any  admissible  weighting  functions 
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In  the  finite  element  method  the  domain  being  analyzed  is  discretized  into  a 
set  of  finite  elements  over  which  the  functions  y^and  are  written  in  terms  of 
degrees  of  freedom  (dof )  times  piecewise  functions  that  are  nonzero  over  only  a 
small  subset  of  the  finite  elements,  typically  those  that  share  the  dof.  In  equation 
form  these  functions  can  be  written  as^ 

[3.19] 


and 


[3.20] 

A€M-  « 

where  N^are  shape  funaions,  typically  piecewise  polynomials,  c^are  constants  and 
are  the  dof  that  are  to  be  determined.  The  use  of  capital  subscripts  indicates  a 
funaion  or  multiplier  associated  with  the  global  system. 

Since  i/  and  satisfy  only  the  homogeneous  version  of  the  essential  bound¬ 
ary  conditions,  and  the  trial  functions,  must  satisfy  the  essential  boundary 
conditions,  it  is  convenient  to  expand  the  function  ^  as 

[3.21] 


where  N4  and  are  constructed  to  satisfy  the  essential  boundary  exactly,  in  a 
pointwise  sense,  or  in  an  integrated  sense. 

Substitution  of  Equations  3.19,  3.20  and  3.21  into  Equation  3.18  yields 


Ben-ng  ) 


\  r  W 

+  ^NACA,k 


\Aen-r,^ 


I 

ir 


[3.22] 


-a 


\Aen-ng 


B^rtfr 


Based  on  the  properties  of  the  operators  used  Equation  3.22  can  be  rewrinen  as 


[3.23] 

^  ^  ^[^a>^b)8b 

Ben-itf,  Bssj 

=  0 

Since  the  weighting  functions  are  arbitrary,  the  individual  multipliers  in 


3.  In  the  sirriplificd  expressions  given  here  the  vector  expressions  arc  directly  expressed  in  terms  of  the 
element  shape  functions.  In  a  more  detailed  explanation  of  the  finite  clement  method  it  is  common  to  write 
the  expansions  in  terms  of  the  individual  vector  components. 
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Equation  3 .23  can  take  on  any  value.  This  means  the  term  in  the  square  brackets 
must  be  equal  to  zero  for  all  values  of  A.  That  is: 

X  ~  P-24] 

^  , Ns jgs, Aen-n^ 

B^n.f 

which  represents  a  set  of  algebraic  equations  which  can  be  written  in  matrix  form 

Kd  =  F  [3.25] 

where  the  terms  in  the  vector  d  are  the  unknown  degrees  of  freedom,  and  the 
terms  in  the  stiffness  matrix,  K,  and  load  vector,  F,  are  given  by 

K.q  =u(iV^,Nb)  [3.26] 

and 


+  -  X  a[N:,,Ns)gs  [3.27] 

B^Tlq 

The  subscripts  P  and  Q  range  over  the  number  of  dof  in  the  problem  and  are 
related  to  the  subscripts  A  and  B  through  a  mapping  process  that  tracks  the  fact 
that  some  of  the  possible  dof  are  associated  with  dof  in  the  final  problem  and  other 
potential  dof,  A,  B  e  n  are  used  to  account  for  the  essentid  boundary  condi¬ 
tions,  B  €  fig. 

A  key  to  the  effective  application  of  finite  element  methods  is  the  ability  to 
calculate  the  terms  in  the  stiffness  matrix  of  Equation  3.25  with  element  contri¬ 
butions.  To  give  an  indication  of  the  key  aspects  of  that  process,  consider  the  case 
where  the  individual  dof,  dp  corresponds  to  the  nodal  values  of  the  unknown  field, 
the  finite  element  mesh  consists  of  three-noded  triangles,  and  the  global  shape 
function,  is  a  piecewise  linear  function  which  has  a  value  of  one  at  the  node 
of  interest  and  zero  at  the  edges  opposite  the  vertex  (left  side  of  Figure  3.10).  In 


Figure  3.10  Global  shape  function  and  one  of  its  elemental  contributions 
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finite  element  methods  the  global  shape  function  is  constructed  as  the  appropri¬ 
ate  sum  of  elemental  shape  functions,  N‘,  (right  side  of  Figure  3.10)  where  the 
superscript  identifies  an  element  and  the  lowercase  subscript  identifies  the  degrees 
of  freedom  on  the  elemental  level. 

The  integral  operators,  Equations  3.10-3.15,  can  be  written  one  element  at  a 
time  to  yield  the  elemental  stiffness  matrix,  k*  and  load  veaor  f',  where  the  indi¬ 
vidual  terms  are  given  in  terms  of  the  elemental  dof  as 

[3.28] 

and 

/■;  =(N.,/)  +  (N„»)r  -  X  a(N.,Ni)gk  [3.29] 

betttf 

here  the  integrations  are  over  the  domain  of  the  element  and  its  appropriate 
boundary  segments.  Since  the  local  dof  have  an  equivalence  to  the  global  dof,  and 
the  properties  of  the  integral  operators  and  shape  functions  are  such  that  the  inte¬ 
gral  of  a  sum  of  element  contributions  is  equal  to  the  sum  of  the  integrals  of  the 
element  contributions,  the  global  equations  can  be  constructed  by  the  appropri¬ 
ate  summation  of  element  conaibutions  represented  by 

K  =  i:^ikSF  =  I^^if*  [3.30] 

where  the  summation  process  adds  the  terms  for  the  element  matrices  into  the 
correct  locations  of  the  global  matrices  based  on  the  mapping  of  local  to  global 
dof  labeling. 
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ABSTRACT 

Many  micromechanical  methods  estimate  effective 
mechanical  properties  that  relate  average  stress  and  strain  in  a 
heterogeneous  body.  It  is  usually  assumed  that  the  same 
{nopezties  relate  higher  order  variations  (linear,  for  exan^le) 
in  stress  and  strain  and  that  these  higher  order  variatioos  are 
uncoupled  tom  the  average  response.  Here,  we  present  a 
modified  Mori-Tanaka  method  that  provides  estimates  of 
effective  properties  relating  linear  variation  of  the  stress  and 
strain  fields  in  a  heterogeneous  body.  In  general,  the 
modiHed  Mori-Tanaka  stiffness  estimates  that  relate  iLiear 
variation  in  the  stress  and  strain  are  not  equal  to  those 
relating  average  stress  and  strain.  Further,  when  the 
reinforcing  phase  volume  fraction  varies  with  position,  the 
average  and  linearly  varying  response  of  the  representative 
volume  are  coupled.  Results  are  presented  for  the  simple  case 
of  a  particulate-reinforced,  functionally  graded  micxosiructure. 


1.  INTRODUCTION 

Most  techniques  for  estimating  effective  properties  of 
heterogeneous  media  are  based  on  boundary  conditions 
derived  tom  uniform  stress  or  strain  Helds.  The  properties 
thus  obtained  relate  average  stress  and  average  strain  in  the 
body  and  are  usually  assumed  to  relate  higher  order  vaxiadoos 
in  the  stress  and  strain  accordingly,  (i.e.,  linearly  varying 
stress  and  linearly  varying  strain  are  related  by  the  same 
effective  stiffness  as  average  stress  and  strain.)  It  is  a  well- 
esublished  fact  (Margolin,  1967;  Pagano  1974)  that  these 
higher  order  relationships  may  differ  significantly  tom  the 
average  field  relations  in  certain  structures  such  as  fiber 
reinforced  plates.  In  general,  though,  the  average  and  higher 
order  responses  of  the  matmal  are  uncoupled  (with  the 
notable  exception  of  unsymmetric  laminated  plates)  such  that 
if  a  higher  order  applied  Held  is  judged  to  be  small,  it  can 
safely  be  assumed  that  the  higher  order  response  is  equally 
small.  Functionally  graded  materials  (FGMs)  with  continuous 
variation  in  microstructure  do  not  possess  a  statistically 


homogeneous  microstructure.  This  leads  to  coupling  between 
the  average  and  higher  order  responses  of  the  materta]  which 
may  lead  to  significant  errors  in  analysis  if  not  accurately 
accounted  for. 

As  a  first  step  towards  understanding  this  interaction,  the 
standard  Mori-Tanaka  method  (Mori  and  Tanaka,  1973; 
Benveniste,  1987)  or  MTM  has  been  extended  (Zuiker  and 
Dvorak,  1 994a,  1 995)  to  define  effective  mechanical 
properties  relating  the  linear  variation  in  stress  and  strain 
acroM  a  representative  volume  element  or  RVE.  The  standard 
Mori-Tanaka  method  leads  to  accurate  predictions  over  a  wide 
range  of  constituent  material  properties  and  reinforcement 
volume  fractions  (Christensen  et  al.,  1992)  and  possesses  the 
attractive  feature  of  producing  closed -form  estimates. 
However,  the  effective  stiffness  matrix  estimates  are 
gener^y  not  diagonally  symmetric  (Qiu  and  Weng,  1990; 
Ferrari,  1991).  Diagonally  symmetric  estimates  are  obtained 
for  two  phase  systems,  multiphase  systems  in  which  the 
dispersed  inhomogeneities  have  a  similar  shape  and 
^gnment  (Benveniste  et  al.,  1991).  and  multiphase  systems 
in  which  the  alignment  is  random  (Chen  et  al.,  1992). 

Here,  we  employ  the  modified  MTM  to  consider  non- 
statistically  homogeneous  microstructures  and  examine  first 
order  estimates  of  the  coupling  that  occurs  between  the 
average  and  linearly  varying  stress  and  strain  fields.  In 
section  2  we  derive  suiuble  boundary  conditions  and 
introduce  symbolic  (24x24)  matrix  notation.  The  equivalent 
inclusion  method  (Eshelby,  1957,  1961)  is  then  reviewed  for 
linearly  varying  applied  fields  followed  by  introduction  of  a 
least  squares  approximation  to  the  discontinuous,  linearly 
v^ing  stress  and  strain  fields  in  a  heterogeneous  RVE. 
Finally,  mechanical  strain  concentration  factors  and  effective 
stiffness  are  estimated  by  the  modified  Mori-Tanaka  method. 
In  section  3,  problems  particular  to  the  micromechanical 
analysis  of  FGMs  are  discussed  and  stiffness  estimates  are 
presented  for  statistically  homogeneous  and  functionally 
graded  microstructures  of  similar  materials. 


Both  tensor  and  matrix  ootatioa  are  used  herein.  Tensor 
quantities  are  denoted  by  plain  face  upper  case  or  lower  case 
Greek  or  Roman  characters  with  the  number  of  subscripu 
denoting  the  order  of  the  tensor,  and  standard  summation 
notation  is  used.  For  exan^e,  stress  is  denoted  as  Oij.  A 
tensor  or  matrix  followed  by  (x)  indicates  a  function  of 
position.  Vectors  and  matrices  are  denoted  by  boldface  lower 
case  and  upper  case  Greek  or  Roman  letters,  respectively. 
Vectors  and  matrices  with  a  ^  are  (24x1)  and  (24x24) 
respectively;  those  without  are  (6x1)  or  (6x6),  respectively; 
and  those  of  other  sizes  are  denoted  by  boldface  letters 
followed  by  subscripts  indicating  matrix  dimensions.  A 
superscript  T  indicates  the  transpose  of  the  matrix,  and  a 
superscript  *1  indicates  the  inverse.  For  exaiE^le,  A  is  a 
(6x6)  matrix,  is  a  (24x1)  vector,  is  a  (6xlS) 

matrix,  and  L  is  a  (24x24)  matrix.  We  shall  refer  to  this  as 
symbolic  matrix  notation. 

2.  MECHANICAL  RESPONSE  BY  THE  MODIFIED 
MORI-TANAKA  METHOD 

2.  1  Firrt  Orcter  Boundary  Value  Probim* 

A  homogeneous  elastic  medium  of  volume  V,  defined  in 
Cartesian  coordinates  xt,  is  loaded  on  the  surface  S  of  V  by 
tractions  derived  from  a  linearly  varying  stress  field, 

T^®^*)  «  o^?\*)n/x),  (1) 

where  x  €  S  and  n^<x)  is  the  outward  unit  normal  to  S.  The 
iineariy  varying  stress  field. 


consisting  of  average  strains  and  strain  gradients 

in  the  Xq  direction.  It  can  be  verified  chat  the  Underlying 
displacement  field  is  (Muskhelishvili,  1953,  page  44) 

(5) 

and  that  this  creates  an  equilibrated  stress  field  if,  in  the 
absence  of  body  forces, 

(6) 

where  Liju  •  Miyu  ^  ^  stiffiiess  tensor.  Both  the  stress 

field  (2)  satisfying  (3),  and  the  strain  field  (4)  satisfying  (6) 
create  Iineariy  varying  strain  fields,  which  always  satisfy 
compatibility. 

The  linear  stress  and  strain  fields  are  related  as 

^  •""'S'''"  =  ^ 

These  constitutive  relations  can  be  written  using  the 
symbolic  matrix  notation  of  section  1.  Inasmuch  as  the 
result  should  not  depend  on  the  choice  of  we  define 


®  =  ’ 


(2) 

consisu  of  the  second  order  tensor  of  uniform 

components  and  the  third  order  tensor  which  defines 

the  stress  gradient  in  the  Xj^  coordinate  direction.  Also, 
o^\x)  satisfies  equilibrium  such  that  in  the  absence  of  body 
forces, 

ng^-O.  (3) 


and  rewrite  (7)  in  the  form  that  relates  the  respective  field 
averages  and  gradients. 


d= 

Li 

1 

^Md, 

(9) 

L 

0 

0 

0* 

M  0 

0 

0 

L 

0 

0 

,  M  = 

0  M 

0 

0 

.  (10) 

0 

0 

L 

0 

0  0 

hf 

0 

0 

0 

0 

L 

0  0 

0 

Symmetry  of  the  stress  tensor  implies  that  and 

accordingly.  0^?^  has  6  independent 

components,  and  has  at  most  IS;  however,  the 

constraints  (3)  reduce  the  latter  number  to  15. 

Alternatively,  the  same  body  may  be  subjected  to  surface 
displacements  Uj(x),  x  €  S,  derived  from  the  linearly  varying 
strain  field. 


(4) 


Here  L  »  M'^  is  the  (6x6)  matrix  fonn  of  the  stifibess  tensor 
and  0  is  the  (6x6)  null  matrix.  This  relationship  is  exact  and 
holds  everywhere  in  a  homogeneous  body  of  any  shape  and 
size  provided  that  boundary  conditions  (1)  or  (5)  are  derived 
from  streu  or  strain  fields  satisfying  (3)  or  (6),  respectively. 


2.2  The  Equiwalant  Inclunion  Method 
An  inclusion  is  defined  as  a  region  in  a  hom^eneous  body 
subjected  to  a  prescribed  eigenstrain  distribution.  For 
ellipsoidal  inclusions  in  isotropic  solids  (Esbelby,  1961)  and 
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anisotropic  solids,  (Asaro  lad  Barnett,  1975)  it  has  been 
shown  that  if  the  appliec  eigenstrain  distribution  varies 
linearly,  then  the  strain  neld  in  the  inclusion  also  varies 
linearly.  In  particular,  for  an  inclusion  r,  occupying  volume 

Vf  with  the  centroid  subjected  to  the  eigenstrain 


and  embedded  in  a  large  volume  V  of  an  elastic  material,  if  the 
eigenstrain  is  written  in  symbolic  matrix  notation  as 


(r) 


y(.t) 


,(r) 

T,J2 


y(r) 

L>3 


(12) 


then  the  resulting  strain  field  in  may  be  written  as 


where 


er=sa,. 


0 

Sll 

S21 

S31 


0  0  ■ 
S12  Si3 
S22  S23 
S32  S33 


(13) 


(14) 


Here,  S,  is  the  (6x6)  matrix  form  of  the  Eshelby  tensor,  and 
Sij  represent  components  of  the  linear  Eshelby  tensor 
(Zuiker,  1993;  Zntker  and  Dvorak,  199S). 

An  inhomogeneity  is  defined  in  an  otherwise  homogeneous 
body  as  a  region  with  different  elastic  properties.  Using  the 
equivalent  indnsion  method  of  Eshelby  (19S7,  1961)  and  the 
work  of  Sendeckyj  (1967),  it  can  be  shown  that  the  strain 
field  in  an  ellipsoidal  inhomogeneity  varies  linearly  when 
the  inhomogeneity  is  embedded  in  a  large  volume  V  of 
homogeneous  material  subjected  to  boundary  conditions 
derived  from  a  linearly  varying  strain  field  as  in  (4).  The 
resulting  relation  between  the  strain  in  V,  and  that  »rpHtd  to 
V  is  (Zuiker  and  Dvorak,  1994b) 


lr  =  [i-SLr'(Li-L,)pK^„  (15) 

where  i  is  the  (24x24)  identity  matrix,  L]  and  t,  are  the 

matrix  and  inhomogeneity  stiffiiess  matrices  written  in  a 
form  similar  to  (lOj), 


and  it  is  assumed  that  the  origin  lies  at  the  centroid  of  V. 


QYbr^ll  anti  Local  Field  Awmann  in 
Hetnroonnnous  Mndln 

We  consider  a  volume  of  an  elastic  solid  loaded  on  the 
surface  S  either  by  the  displacementt  of  (5)  or  the  tractions  of 
(1)  and  now  admit  a  heterogeneous  microstmctuie  that  can  be 
^proximated  by  a  coUection  of  inhomogeneities.  Our  goal 
is  to  esublish  connections  between  the  local  and  overall 
stress  and  strain  Helds  that  will  be  useful  later,  in  derivation 
of  overall  elastic  properties. 

Let  V  be  subjected  to  surface  di^lacemente  (5)  that  create  a 
linevly  varying  overall  strain  field  (4)  in  V.  With  the 
required  symmetries  and  equations  (6)  satisfied,  (4)  would 
represent  the  actual  strain  field  in  a  homogeneous  body. 
However,  in  a  heterogeneous  solid,  the  actual  field  may  be 
very  different  and  possibly  discontinuous.  Therefore,  we 
define  average  strains  and  average  strain  gradienu  by  a  first 
order  polynomial  approximation  to  the  actual  field. 


6y(X  )*!(,•  +K,j»Xt  +4(X  ).  (17) 

Where  ey(x)  is  the  actual  field,  and  define  a  lineariy 

varying  approximation  of  ey(x),  ^/x)  is  the  strain  field  error 
tensor,  and  the  origin  is  at  the  centroid  of  V.  We  define  E,j 

nunimizmg  ^y(x)  in  a  least  squares  sense  over  V 

by  defining 

(18) 

V 

and  evaluating  de/dl^  »  0  and  de/dx^  »  0,  to  obtain 

%=7Je./(*Xlv, 

V 

(19) 
^  V 

V 

Although  other  approximafious  are  possible,  the  selected  one 
reduces  to  that  used  with  uniform  overall  fields  (Hill,  1963) 
when  the  gradients  vanish. 

To  assure  that  the  linear  approximation  of  the  actual  overall 
field  satisfies  the  prescribed  boundary  conditions  (5)  and  (6), 

we  require  that  =  ej?\and  Kij^  *  k^>.  These  relatioos 

hold  for  statistically  homogeneous  volumes  and 
approximately  for  non^statistically  homogeneous  volumes 
provided  that  the  centroid  of  V  is  positioned  at  the  origin 
(Zuiker,  1993). 

Next,  let  the  represenUtive  volume  V  be  subdivided  into 
sub  volumes  Vj  that  contain  the  individual  phases  or  their 
subdivisions.  The  local  strain  in  is  written  as 
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(27) 


where  is  the  centroid  of  V,.  This  is  also  evaluated  by  a 
least  squares  ^pcoximation  and  provides 


A* 

Oj= 

r»l 


wbere 


'V, 


^tv, 

"V, 


(21) 


(22) 


Using  (19),  (21),  and  (22X  we  may  relate  tbe  local  and  overall 
strain  approximations  as 


As  in  the  analysis  of  heterogeneous  media  under  uniform 
boundary  conditions,  the  local  strain  and  stress  fields  at  a 
point,  E(x)  and  a(x),  respectively,  can  be  related  to  their 
overall  counterparts  by  certain  concentration  factors.  For  the 
linearly  varying  overall  fields,  we  write 

e(x)  = 

where  A^g224)(^)  ^  ^(6x24)^^^  ^  (6x24)  matrices 

representing  tbe  mechanical  influence  functions  for 
evaluation  of  tbe  local  fields.  We  may  substitute  (28 1)  and 
(282)  into  (21)  and  (25),  respectively,  and  write  the  resulting 
linear  field  ^)proxinutions  as 


lr  =  Ar£y  Or^BjC, 


(29) 


N  . 

cl=lc,i,. 

r-1 

where 


(23) 
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A2* 

7i3l 
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7l2l 

7221 

7231' 

$ 

A3I 

7^3! 

-^331. 
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I 

• 

0 

0 


’ 

4l^i 


(24) 


Mdc(r)»V^. 

Similar  operations  in  terms  of  stresses  lead  to  the  subvolume 
stress  field  ^)proximations 


where  and  Bp  are  mechanical  concentration  factor 
matrices.  From  (23X  (27),  and  (29)  we  find  that 

*  N  ^  ^  N  ,  . 

C=XCjA,,  (30) 

r*i  r*l 

Evaluation  of  the  concentration  factors  follows  from 
analysis  of  certain  micromechanical  models.  Here,  these 
concentration  factors  are  approximated  by  modifying  the 
Mori-Tanaka  method,  origin^y  developed  for  composites 
subjected  uniform  overall  fields.  Consider  a  particular 
inhomo geneity  embedded  in  a  continuous  matrix  that 
contains  many  inhomogeneities  and  is  subjected  to  boundary 
conditions  (5),  as  shown  in  Figure  la.  We  assume  that  the 
strain  in  this  inhomogeneity  is  equal  to  that  of  single 
inhomogeneicy  embedded  in  an  otherwise  homogeneous 
matrix  subjected  to  boundary  conditions  derived  from  the 
average  strain  and  strain  gradient  in  the  matrix  that  contains 
many  inhomogeneities,  as  shown  in  Figure  lb. 

The  strain  field  in  is 


TV, 


(25) 


Tv, 


t,ei.  (31) 

where  is  a  partial  concentration  factor  matrix  for  and, 
from  (15), 


and  the  overall  RVE  stress  approximadoos 

V 

nifmymk  *  ^  , 

V 

which  are  related  as 


T,=i,  r  =  l, 

T,=[l-SLr^(Li-Lr)|  K,.  r>l, 

(26)  where  the  Eshelby  tensors  in  (322)  evaluated  for  the 

matrix  phase.  To  relate  matrix  phase  strains  to  remote  strains 
substitute  (31)  into  (23),  solve  for  ei,  substitute  the  result 
into  (31),  and  compare  with  (29i)  to  obtain 


76 


Aj  = 


-  N-  . 

Ci+IC,T. 

s*2 


Tl 


Ap=T|«Aj,  r>l.  (33) 


E1GURE1A 

^  SUBJECTED  TO  BOUNDARY  CONDITIONS 
DERIVED  FROM  A  LINEARLY  VARYING  STRAIN  RELD 


where  L,  and  M,  are  similar  to  L  and  M  in  (9)  with 
and  MW  replacing  L  and  M,  respectively,  atxl  MW  «  is 
the  (6x6)  compliance  matrix  in  V,. 

To  derive  an  effective  stiffoess  L  which  relates  overall 
stress  and  strain,  a  and  E,  for  a  betetogeneoas  RVE,  we 
begin  with  (27).  substitute  for  a,  via  (34i),  for  I,  vu  (29i), 
and  compare  with  (9|)  to  obtain 

L=C  (35) 

r>l 

A  similar  form  of  the  overall  compliance  follows  from  (23) 
(342)  and  (292)  “ 


(36) 

r-t 

Wc  C3n  now  evaluate  the  suffoess  and  compliance 
(35)  and  (36),  using  the  general  relations  in  }23.  The 

estimate  of  found  &om  the  modified  Mori-Tanaka  method 
in  (33)  provides 


PQ^REIB 

APPROXIMATE  PROBLEM  SOLVED  BY  THE 
MODinED  MORI-TANAKA  METHOD. 


2.4  Effective  Stifinnaa  %nd  Complinnei> 

Now  that  the  local  fields  have  been  related  to  the  overall 
averages  and  to  the  prescribed  boundary  conditions,  we 
proceed  with  evaluation  of  the  effective  stiffness  and 
compliance  of  the  composite 

Ita  a  homogeneous  phase,  the  linearly  varying  fields  can  be 
written  in  symbolic  matrix  notation,  in  analogy  with  (9),  as 

Of  =  LpCr*  ,  Cp  =  MrOp,  (34) 


-C-*  C,L,+  XC,L,t, 

r-2 


(37) 


3.  FUNCTIONALLY  GRADED  COMPOSITE 
MATE  RIALS 


Formulation  of  thm  arohUn^ 

FunctioMlly  graded  materials  are  often  manufactured  by 
methods  that  mix  two  or  more  particulate  phases  in  varying 
concenb^ns  within  a  given  volume.  All  phases  may  be 
present  in  some  partt  of  the  volume,  while  only  one 
may  be  found  in  ot^  parts,  e.g..  at  a  surface.  Each  phase 
occnpiM  a  certain  distribution  of  subvolumes,  and  the  elastic 
propertiu  of  each  phase  at  a  point  are  unaffected  by  the 
surrounding  material.  Depending  on  the  local  phase  volume 
fractions,  one  of  the  phases  may  be  regarded  as  a  ’matrix” 
containing  'inhomogeneities’  of  the  other  phases.  However, 
such  roles  cease  to  bold  if  the  volume  eoncentratioh  of  the 
particulate  phase  exceeds  the  percoUtion  threshold  and  both 
phases  form  interpenetrating  networked  microstructures. 

Of  course,  under  any  definitioa,  overaU  properties  of  graded 
materials  change  with  position,  hence  a  representative 
volume  element  (RVE)  that  is  typical  of  the  material  on 
average  (Hill  1963)  does  not  exist  For  any  finite  size  RVE, 
the  internal  variation  in  reinforcement  volume  fraction  will 
induce  coupling  between  the  average  and  gradient  response  of 
the  material.  Let  us  therefore  consider  some  local  volume 
element  (LVE)  of  specified  dimicnsion  with  known  average 
and  rate  of  change  in  reinforcement  volume  fraction.  If  such 
an  LVE  is  acMpted  in  lieu  of  a  representative  volume,  the 
results  of  section  2  can  be  applied  to  ^iproximately  analyze 

the  effect  of  reinforcement  gradients  on  L.  This  stiffness 


77 


may  then  be  used,  for  example,  to  describe  element  response 
in  a  finite  element  procedure  for  analysis  of  any  ^ded- 
material  stiuctnral  shape  under  arbitrary  loads. 


Detailed  analysis  of  (10),  (14),  (24),  (32),  (33),  and  (37) 
(Zuikcr,  1993:  Zuikcr  and  I>vorak,  1995)  shows  that  if  the 
distribution  of  reinforcements  within  a  heterogeneous  volume 


V  is  symmetric  about  the  origin,  or  if  it  is  statistically 
homogeneous  and  V  contains  enough  reinforcements,  then 


terms  in  L  become  insignificant  or  reduce  to  zero. 
We  can  examine  the  forms  of  these  matrices  in  tenns  of  (6x6) 
submatrices  relating  the  average  response  and  gradienU  in 
each  of  the  material  directions.  Doing  so,  we  see  that  for 
sutistically  homogeneous  (or  symmetric)  RVEs  and  for 
functionally  graded  LVEs,  respectively,  we  have  the  general 
forms  of  the  overall  stiffness 


Figure  2  shows  componentt  of  the  (6x6)  submatrsces  of  both 
(38i)  and  (382),  Loo(331  and  Ln(33L  as  a  function  of  N,  the 
number  of  particles  along  an  edge  of  V.  V  is  taken  as  a  cube 
centered  at  the  origin  with  edges  aligned  parallel  to  the 
coordinate  directions.  Thus,  V  contains  particles.  An 
RVE  with  N«2  is  inset  in  Figure  2.  N  has  little  affect  on  the 
magnitude  of  Loo[33]  for  both  graded  and  sutisticaUy 
homogeneous  microstructures,  but  has  significant  effect  on 
Lii[3,3].  This  sensitivity  of  Ln  to  N  is  more  pronounced  in 
fibroitt  composites  and  has  been  shown  to  compare  well  widi 
experimental  measurements  (Zuiker  and  Dvorak,  1994a). 


e  2  4  i  a  10  12 

Number  of  reinloreemente  along  edge  of  RVE 


Note  that  the  (6x6)  nuU  matrices  in  (38i)  represent  the 
coupling  terms  between  average  and  gradient  refuse.  Thus, 
in  a  statistically  homogeneous  RVE,  there  Is  no  coupling.  In 
addition,  it  has  been  shown  for  spherical  reinforcements 
(Zuiker  and  Dvorak,  1994b)  and  fibrous  reinforcementt 
(Zuiker  and  Dvorak,  1995)  that  for  many  RVEs,  the  effective 

properties  of  tsH  relating  the  gradient  response  approach 
those  of  the  average  response.  That  is,  Li2«  f^l3*  f^23« 

L31.  and  L32  ^proach  0,  and  Ln,  L22.  ^  ^33  ^proach 

.... 

In  (382).  ifao  coupling  terms  are  ooo-zero.  Thus  average 
loads  applied  to  the  RVE  produce  a  gradient  response,  which 
is  unscc^un^^  for  by  the  standard  Mori-Tsnaka  mediod  and 
most  existing  micromechanics  formulations.  To  examine  the 
magnitude  and  behavior  of  these  terms,  cooskler  the  case  of 
spherical  SiC  reinforcementt  (EgiC  *  ^20  GPa,  vgiC  =  0-25) 
embedded  in  a  continuous  carbon  matrix  (Ec  *  28  GPa,  vc  > 
0.3).  The  reinforcing  s{rfieres  are  distributed  at  points  that 
comprise  a  simple  cubic  lattice,  and  variable  particle  $i»  is 
incorporated  to  produce  the  desired  volume  fr^tion  gradient 
The  particle  size  is  varied  only  tn  die  xi  direction  such  that 
the  reinforcement  volume  fraction  varies  linearly  as 

c(x)  a  Co  +  g*i.  (39) 


BQUBE2 

EFFECT  OF  NUMBER  OF  PARTICLES  ON  EFFECTIVE 
RESPONSE  OF  STATISTICALLY  HOMOGENEOUS  AND 
FUNCTIONALLY  GRADED  MATERIALS 

Hgure  3  shows  con^nents  of  Loo(331,  LiiP.3].  Loi[3.31 
,11^  Lio(3,3]  for  an  LVE  that  contains  three  particles  along 
each  1  mm  side  and  has  a  total  SiC  volume  fraction  of  0.2S. 
These  four  teim,  give  the  average  and  xi  variation  of 

O33  due  to  the  avenge  and  xj  variation  in  £33.  It  should  not 
be  surprising  that  Loot33]  and  LuP.31  grow  with  inmeasing 
g.  Starting  at  a  fixed  reinforcement  volume  fraction  c,,. 
increasing  Cq  by  a  specified  amount  will  increase  the  average 
stilfness  by  an  amount  that  is  greater  than  the  corresponding 
decrease  in  effective  stiffoess  pi^uced  when  is  reduced  by 
the  same  specified  amount  Thus,  as  g  increases,  the  LVE 
contains  material  of  high.*’  and  lower  effective  stiffness,  but 
the  contribution  of  the  increased  stiffness  region  outweighs 
(hat  of  the  reduced  stiffness  tegion. 

An  important  observatioa  from  Figure  3b  is  that  Lfcu  is 

not  symmetric  whereas  Ls//  is  symmetric  (Zuiker  and 
Dvorak,  1994b).  Figure  3b  also  shows  that  a  gradient  in  the 
applied  strain  field  produces  relatively  little  change  in  the 
resultant  average  stress  field  as  evidenced  by  the  low  value  of 
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Loi[3.3]  in  comparison  with  Loo(33]  and  LnC3.3]. 
However,  the  average  strain  field  produces  a  significant  stress 
gradient  for  large  g.  This  is  evidenced  by  the  fact  that 
Lio[3,3]  is  on  the  order  of  Loo(33]  and  Ln[3,3]  for  large  g. 


BQURE3A 

EFFECT  OF  REINFORCa^ENT  GRADIENT  ON 
EFFECTIVE  STIFFNESS  OF  PARTICULATE  SiC 
REINFORCED  CARBON, 


FIGURE  3B 

EFFECT  OF  REINFORCEMENT  GRADIENT  ON  COUPLING 
TERMS  IN  EFFECTIVE  STIFFNESS  OF  PARTICULATE  SIC 
REINFORCED  CARBON.. 


4.  CLOSURE 

The  modified  Mori-Tanaka  method  has  been  shown  to  be 
useful  in  estimating  coupling  in  the  mechanical  response  of 
functionally  graded  composite  materials.  Simple  examples 
show  that  these  coupling  effects  can  be  significant 
However,  the  magnitude  of  these  effectt  in  a  given  stnictuie 
can  only  be  determined  by  using  these  methods  within  a 
structural  analysis,  such  as  finite  element  methods,  to 
determine  the  actual  loads.  Lack  of  such  tools  has  raised  the 
question  of  accuracy  in  previous  structural  analyses  of  FGMs 
that  have  not  considered  this  coupling  phenomena 
(McManus,  1993).  These  methods  will  require  unique 
stiffness  estimates  in  each  element  due  to  the  variable 
reinforcement  volume  fraction.  The  method  presented  here  is 

attractive  in  that  estimates  of  can  be  produced  in  a 

matter  of  seconds  on  a  personal  computer  given  material 
properties  and  microstructural  information.  Aboudi  et  al. 
(1994)  have  also  investigated  the  coupling  of  the  average  and 
higher  order  response  of  FGMs  by  extending  the  Method  of 
CeUs  (Aboudi,  1987).  However,  this  method  appears  to 
require  significantly  more  compuutional  effort  than  the 
modified  MTM. 

Finally,  the  modified  Mori-Tanaka  method,  as  presented 
here,  is  suitable  only  for  particulate  microstructures  wherein 
one  phase  may  be  taken  as  the  continuous  matrix  phase  and 
all  others  may  be  approximated  as  discrete  ellipsoidal 
inhomogeneities  suspended  within  the  continuous  matrix.  In 
a  typical  functionally  graded  structure,  one  encounters  a 
smooth  transition  from  a  suspension  of  phase  A  in  a  matrix 
of  phase  B,  to  an  interpenetrating  networic  of  continuous 
phases  A  and  B,  to  a  suspension  of  phase  B  in  a  matrix  of 
phase  A.  Work  has  been  presented  on  estimating  the 
{m>peities  of  networiced  microstructures  (Herano  et  al.,  1991; 
Nan  et  al.,  1993),  but  only  within  the  standard 
micromecbanics  context  in  which  coupling  between  average 
and  higher  order  reqK>nses  is  neglected. 
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